CHAPTER 15
Vector Analysis

Section 15.1 Vector Fields

1. All vectors are parallel to y-axis. 2. All vectors are parallel to x-axis. 3. All vectors point outward.
Matches (¢) Matches (d) Matches (b)
4. Vectors are in rotational pattern. 5. Vectors are parallel to x-axis for 6. Vectors along x-axis have no
Matches (e) y = nw. x-component.
Matches (a) Matches (f)
7. Flx,y) =i+ j 8. F(x,y) = 2i 9. F(x,y) = xi + yj
IFl = v2 IFY =2 | = Vx> +y*=c
b4
B .
B e
-2 ~:1 1 2 o
D
Py I
10. F(x,y) = xi — yj 11. F(x,y, z) = 3yj 12. F(x,y) = xi
IF] = v + y? Rl =3p=c IRl = |x| = c

13. F(x,y) = 4xi + yj 14. F(x,y) = (2 + yD)i+j 15. Fx,y,2) =i+ j+k
IFl = V162 + y2 = ¢ IF| = /T + (& + y22 IF| = /3
xZ y2 y

4 = =
ct/16  c? !
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364  Chapter 15 Vector Analysis

16. F(x,y,2) = xi + yj + zk 17. y 18. F(x,y) = (2y — 3x)i + (2y + 3x)j
IFl = Va2 + 32+ 2= 2
x4y 422 = (2 A B
=4 A S
P Y
-2
20. F(x,y,z) = xi — yj + zk 21. flx,y) = 5x% + 3xy + 10y?

Slx, y) = 10x + 3y
£ y) = 3x + 20y
F(x, y) = (10x + 3y)i + 3x + 20y)j

22. flx,y) = sin 3x cos 4y 23, flx,y,2) =z — ye*’
S(x,¥) = 3 cos 3x cos 4y flx,y,2) = —2xye*”
f{x,y) = ~4sin3xsin 4y Ly, 2) = e
F(x, y) = 3 cos 3x cos 4yi — 4 sin 3x sin 4yj f=1

F(x,y,z) = —2xye™i — e¥’j + k

24, f(x,y,z)=§+§_%
ey, 2) = _é_i
fy(x:)’,z)=§+;%
R~ (5= Lo Hpe (2022

25. glxy,2) =xyln(x + y)

- xy
&%y, 2) = yln(x + y) S
&y, 2) = xIn(x + y) + xiyy

&xy,20=0

Glx,y,2) = [)—c—x;ry—y + yIn(x + y)]i + L—iy—y + xIn(x + y)]j



Section 15.1 Vector Fields

26.

28.

30

by

glx, v, 2) = x arcsin yz
8;(35, y,z) = arcsin yz

_ xz
8y 2) = = =
xy

1 - 2,2

g% y.2) =
yz

Xz

27. F(x,y) = 12xi + 6(2 + y)j

M

= 12xy and N = 6(x? + y) have continuous first

partial derivatives.

aN

Xy

G{x,y, z) = (arcsin yz)i + j+
(5 2,2) = (aresin )i + —=E + —

1 1
Fix,y) = ;z‘(yi —xj) = %i o

—_ y222

29.

M = y/x* and N = —(1/x) have continuous first partial

derivatives for all x # 0.

oON 1 oM . .
— = — = — = F is conservative.
x2 3y

ox

1. N
F(x,y) = —(yi — xj) = =i — =j
xy x oy

31.

M = 1/xand N = —1/y have continuous first partial

derivatives for all x, y # 0.

N =0 = M => F is conservative.
ox ady
X Y
2. M= LN =
Va2 +y? JxE 4+ y?

N — Xy oM .

e = A —— o =

O 2T yph 3 = Conservative
MM=——2e N= —2

) VT =27 V1= xn?
aN -1 oM 1

&

. TU-opE ey U -oh

=> Not conservative

1., .
F(x,y) = ?(yl - 2xj)

33.

35

by

37. F(x,y) = xe*>(2yi + xj)

—12x=H

3 => F is conservative.
y .

ax

F(x, y) = sinyi + xcos y}

M = siny and N = x cos y have continuous first partial
derivatives.

— =cosy= oM = F is conservative
dx y ay )

M = 15y3, N = —5xy?
%15 = —5y2 # %yAZ = 45y = Not conservative
M= zeu/y, N = 22 2y

y

oM

—2(y +
N _ _M_)elx/y =% = Conservative

ax ¥

F(x, y) = 2xyi + x%j
a

P [2xy] = 2x

a
‘a—x[xl] = 2x

Conservative

Soy) = 2xy, fx,y) = x* flx,y) = 2%y + K

38. Flx,y) = 3x%y2i + 2:5j

2 2 2 a
_ li B EJ %[nye" Y] = 2xe* + 2x3ye*™” 5;[3x2y2] = 6x?y
y y?
9 2, x2 x? 3y X2 9 sz -
i[l]__L a[xe,’]=2xe Y+ 2x3ye*™” a[ y] = 6x2y
ayly y? )
Conservative Conservative
o x| _ 2 (x, y) = 2xye*™ filx,y) = 3x%y?
ax| 2 y? Ly xye 5 Y. Y

Not conservative

£x ) = e
foy) = e + K

fxy) = 2x%y
fle,y) = x¥y* + K
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366 Chapter 15 Vector Analysis
39. F(x,y) = < SR j 40. F(x,y) = 2 f—j 41. F(x, y) = e*(cos yi + sinyj)
’ 24yt 2+ y? ’ X 32 ) ;
i[ x ]____ 2xy afy]_2 (—;a—[e‘cosy]=~e"siny
aylx? + y? (& + y2)? alx] «x Y
Q_[ y ]=_ 2xy of x*¥ 2 -aé-[exsiny]=e"siny
ax[x? + y? (x? + y2)2 ox _';5 = _;? x
Conservative Not conservative Not conservative
x
fxy) = T
-y
ffxy) 25
F6y) = 31002 +y) + K
42. F(x,y) = B b} 43. F(x,y,2) = xyzi + yj + zk, (1,2, 1)
D T@E T @y : o, (2
_i[ 2x ] _ 8y i j k
ayL (e + y?? (2 + y2? curlF=|9 9 0=, pi— wk
s ) g ox 9y o9z
— 24 =X x z
ax[(xz + yz)z] o+ 2P o
curlF (1,2,1) =2 — k
Conservative
2x
flxy) = @+
. _ 2y
L& y) = 2+ 22
1
flxy) = Y +K
4. F(x,y, z) = x%zi — 2xzj + yzk, (2, —1,3) 45. F(x,y,z) = e*sin yi — e*cos yj, (0,0, 3)
i j k i i k
e 4 2 _| @ g 9l o
curl F = o  dy oz curl F = o 3y 3zl = 2e* cos yk
Xz =2z W e“siny —e*cosy 0

=(z+2Wi-(0~)j+ (-2z- 0k
= (z + 2x)i + 23j — 22k
curlF(2,-1,3) = 7i + 4j — 6k

A F(X, yr Z) = e—xyl(i +j + k)’ (31 21 O)
i j K
9 2 [
curl F = ox 3y 9z
eTxYI  pTXYI gyt

curl F (3,2,0) = 6i - 6

curl F(0,0,3) = -2k

= (=xz + xy)e i — (—yz + xy)e ™Y + (—yz + xz)e 7k
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47. Flx,y,2) = arctan(i)i + VAT T 4k

(=x/y%)

2x
e

i j k
2} [} 9 x
curl F = ax dy Bz=[x2+y2—
x) 1 2 442} 1
arctan(y> 2ln(x ¥2)
¥z xz . xy
. = +
48. Flx, y,2) g
J k
9 9 9
curlF = | ox ay az
yz Xz xy -
y—z x—=z x-—y
_ x2 _ X2 ]i _{ _yZ _ y2
[ (x — ¥ (x— 2P x=y?* (y—27

]j * [(J—i)ﬁ B (y_—i)z]“

= [<x 5o z>2]i = AT z)z]j ¥ Zz[u e z)z}"

49. F(x,y, z) = sin(x — y)i + sin{y — z)j + sin(z — 0k

i i K
[i] d i)
curl F = ax dy az

sin(x — y) sin(y — 2} sin{z — x)
50. F(x,y,z) = V/x2 +y2 + i+ j + k)

k
[}
9z

e

i
a
curl F = ax

N N N I

51. F(x,y,z) = sinyi — xcosyj + k
i ik
a a il

curl F = o 6_y az = —2cosyk # 0

siny —xcosy 1

Not conservative

53. F(x, 5, 2) = e(yi + xj + xyk)

i k

a 4 d
curl F = ax ady dz| 0

yel xe* xye*r
Conservative

Ly, 2) = yet
56y, 2) = xe?
fx,p,2) = xye
f,y,2) = xyet + K

= cos(y — 2)i + cos(z — x)j + cos(x — y)k

(y~2i+@Ez-xj+x~yk

Vi +yr+ 2

52. F(x,y,2) = e*(yi + xj + k)
i j k
a d 9
curl F = ax dy 9z

yet  xel €

= —xe’i + yeij # 0

Not conservative

54, Flx,y, z) = y¥22i + 2xy23j + 30%%k
i j Kk
d [i] a
curl F = o  dy oz
y22® 2xyz’ 3xy?2?

=0

Conservative

fay,z=xP +K
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55. F(x,y,2) = %i - )%j + (22 - Dk

57.

59.

60.

61.

i J k
9 @8 9

curl F = |dx dy 9z [=0
1 X
= =5 2z-1
y

Conservative

1
ey =<

y
x
fy(x,y, Z) = —‘)7
Sy =22~ 1

1
f(x,y,2) =J';dx=§+g(y,z) + K,
iy 2) = f~y"—2 b=t Hed + K,

f,y. 2 = f(iz - 1)dz
=22 - z+plxy + K,

f(x,y,z)=§+zz—z+K

F(x, y,z) = 6x%i — xy%j

divF(x, y,2) = aix[éxZ] + %[—xyz]

i

12x — 2xy

F(x, y,z)

il

sinxi + cos yj + 22k

X . y .
. = + +
56. F(x,y,z) T yzl e yzj k

i j k
8 g 2
curl F = ax ay az| = ¢
X y 1
24y 2+
Conservative
x
Ly, 2) = e
-y
f;(x: Yy Z) - x2 + y2
Sy, ) =1
X
f(x!yﬁz) - fxz +y2dx

= 3162 + 5 + 00,9 + K,

flxy,2) = f

Y
X+ y2 dy
= -;—]n(x2 + y2) + hix, z) + K,
flxy,2) = fdz =z+plxy +K;
flx,y,z) = %hl(x2 +y) +z+K
58. F(x,y) = xe*i + ye’
divF(x,y) = —a-[xe"] + —Q‘[ye"]
’ x ay

=xe* + e* + ye¥ + &

ex+ 1)+ ey + 1)

. d . i} 9 .
divF(x,y,2) = a—x[smx] + 5[cosy] + 6—2[12] =cosx — siny + 2z

F(x,y,z) = In(x? + y)i + xyj + In(y? + 22k

ivF(y.9) = S line? + 5] + o) + ZlnG? + 2) =

F(x,y,z) = xyzi + yj + zk
divF(x,y,z2) =yz+ 1 +1=yz +2
diVF(l,Z, 1) = 4

2x 2z

X

+ x +
x2+y2 y2+22

62. F(x,y,z) = x%2i — 2xzj + yzk

divF(x,y,z) =2xz + y
divF(2,—1,3) =11
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63.

65.

67.

69.

70.

71.

F(x,y,z) = e*sinyi — e* cos yj
divF(x,y,z) = e*siny + e*siny
divF(0,0,3) =0

See the definition, page 1054. Examples include velocity
fields, gravitational fields and magnetic fields.

64.  F(x,y,z) = In(xyz)(i + j + k)

1 1 1

div F(x, y, [ Rt

ivF(x, y, 2) ol g
. 1 1 11
=+ ] =—
divF(3,2,1) ) 1 3

66. See the definition of Conservative Vector Field on page

1057. To test for a conservative vector field, see
Theorem 15.1 and 15.2.

68. See the definition on page 1062.

=(=1+1)i—-(—4x—2x)j + 3y — 6y)k = 6xj — 3yk

See the definition on page 1060.
F(x,y,z) =1 + 2xj + 3yk
Gx,y,z) =xi —yj+zk
i j k
FxG=|1 2x 3y|l=Qxz+3pdi~—(z—3xy)j+ (—y—2x)k
x =y z
i i K
i) i} [i]
curl (F x G) = ix 3y 32
2z +3y? 3xy—z ~—y-— 2x?
F(x,y,z) = xi — zk
Glx,y,2) = x* + yj + 2%k
i ok
FxG=|x 0 —z|=yzi — (xz2 + x22)j + xvk
2y 2
i i k
=9 9 9
curl(F x G) = pye % 3

yz —xz2-x% xy

I

=x{x+2z+1)i—zz+2x+ 1k

F(x,y,z) = xyzi + yj + zk
i j k
d 4 4 .
1F=|=2 2z Z|= -
cur aw oy ez xyj — xzk
xyz y Z
i j k
=12 2 9 |-,
curl(curl F) x dy oz zj + yk
0 xy —xz

(x+2xz+x)i—(y—y)j+ (=22 — 2xz — 2k

72. Flx,y,2) = x*zi — 2xzj + yzk

i j kK
_le o a|_ C
=2 g 2l =(; + + —
curl F FR A {z + 20)i + x2j — 2zk
X’z —2xz yz
i j k
a da 4 .
= = -~ - = -+
curl(curl F) P o j+ 2xk
7+ 2 x* -2z
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73. Flx,y,z) =i+ 2xj + 3yk 74. F(x,y,z) = xi — zk
Glx,y,2) = xi — yj + zk Glx,y,2) = x*i + yj + 27k
i j k i j k
FxG=|1 2x 3y FxG=|x 0 -—z|=yzi~— (xz22+x%)j+ xyk
X -y z 2y z?
= (2xz + 3y3i - (z — 3xy)j + (—y — 229k diviF x G) =0

div(F x G) = 2z + 3x

75. F(x,y,2) = xyzi + yj + zk 76. Flx,y, 2) = x2zi — 2xzj + yzk
i i k i j k
a a 4 . d a i) . .
curl F = | ay oz = xyj — xzk , curl F = | = dy oz = (z + 2x)i + x%j — 2zk
xyz y z . X’z ~2xz yz
div(curlF) =x —x =0 div(curlF) =2 ~2 =0

77. LetF = Mi + Nj + Pkand G = Qi + Rj + Sk where M, N, P, Q, R, and S have continuous partial derivatives.
F+G=M+Qi+N+Rj+ @+ 8k

i j k
d a 5]
curl(F + G) = ox dy 32

M+Q N+R P+3S

_[a _9 . _[8 _9 . _9

=& s &w+m}l%w+9 &w+@}4@w+m ay(z,HQ)]k
— (9P 9N\, (0P oM\. [(oN oM 95 _oR\. (oS 8Q\. (9R 30Q
-(Oy az)' (ax az)’+(ax 6y)k+(ay az>i <ax az)’+(ax ay)k

= curl F + curl G

78. Let f(x, y, z) be a scalar function whose second partial derivatives are continuous.

of, _of. . of
= —=j + + =L
vf 6xl ay" azk

i j k
da a4 9 2 2 2 2 2 2
g ¢ ¢ % af). <6f af) (af af)
= = | —% - — _— - 4o [ —— —
curl(Vf) = |ax oy oz (ayaz azdy)  \oxdz  ozox axdy  ayox)< = 0
o o o
dx dy 9z

79. LetF = Mi + Nj + Pkand G = Ri + Sj + Tk.

aM R ON  3S 9P aT
ox éx a8y dy 9z oz

=[§.‘1+21!+£]+[§£+6_S+QZ]
ox dy dz dx dy 9z

div(F + G) = %(M +R) + aiy(zv +8) + %(p +T) =

=divF + divG
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80. LetF = Mi + Nj + Pkand G = Ri + Sj + Tk.

=

i
FxG=|M P| = (NT — PS)i — (MT — PR)j + (MS — NR)k
R T

Q) (/_,25-

div(F x G) = (NT PS) + -—(PR MT) + —(MS NR)

~N£+TQIX—PG;S—S§€+P% RQ—Mﬂ*TaM BS S%—Nﬁﬁ—R@,—
dx Ix dy dy ay 6 9z 9z

3P ON oM  oP aN oM aT 88 aR oT S OR
={—-—R+|—-=—)S+t|——-—1IT ——=|+N—-—=)+ Pl —
[<3y 61) ( dz ax>s (c?x ay > ] [M(ay Bz) (az ax) <6x dy

= (curl F) - G = F - (curl G)

81. F = Mi + Nj + Pk
V x[VF+ (VxF)]

curl(Vf + (V x F))
curl(Vf) + curl(V x F)  (Exercise 77)

i

curl(V x F) (Exercise 78)
=V x(VxF)

82. LetF = Mi + Nj + Pk.

i j ok
VxR =|5 8 5
™M g
e A (2 e
i j ok

M N P

83. LetF = Mi + Nj + Pk, then fF = fMi + fNj + fPk.

af P  _af
Nay S az 0z

{5+ 5y )+ (G s v+ )

= fdivF + Vf- F

WUE) = 2 + L) + L) = p My N
Qiv(SE) = Z(/M) + L (N) + 5 (/P) = For + ML+ £5

84. LetF = Mi + Nj + Pk.

P oON oP oM oN M
= —— e — — e —— + | — - —
curl F <6y a9z )l <6x dz )J <6x ay )k

P N1 a[oP oM . o[oN oM
________ M| oafeN _ M
div(curl ) = ax[ ay oz ] ay[ ax oz ] az[ ax  ay ]

P N P M | N M
= T e = i he mixed parti 1
axoy  oxdz  ayox | ayaz T azox  ody 0  (since the mixed partials are equal)
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In Exercises 85-88, F(x, y, z) = xi + yj + zk and f(x, y, 2) = |[F(x, y, 2| = V/x* + y* + 7.

85. I f=%ln(x2+y2 +z%)
x . y . z _xityj+tzk _F
x2+y2+z2l+x2+y2+z2'l+x2+y2+z2k XAy + 2 f2

V(nf) =

1

1
- 2T+ y2 t 42

86.

~ - —z _ —Gityjtzk)

1 x
V(—) = i+ i+ k= =
]Gy T Gy 4 Ty y2 + 7232 (VT Y+ 2

87. fr=(VE+ 7+ 2)
V=V + ) it (/R F R T A — Y
n( xt +yr+z ) o n( x° Ty +z ) X ¥ Y2 + Z“‘ZJ

P yramye v A LS W
+n( x2 +y +z) ﬁ—-—__x2+y2+zzk
=n(/ZF T 2Z2) Y xi + yj + zk) = nfn2F

88, w-ito-— 1 Pw _ 22—y
) S x4yt 2 ax?  (x + y? + z2)52
w_ o x Pw _ WP-x— 2
ax (x* + y? + 2272 ay?  (x + y? + 22
L T w22 x -yt
6y (X2 + yZ + 22)3/2 622 - (x2 + y2 + Z2)5/2
w_ oz yo, = 2w O w
9z (2 +yr+ 22 S 9y ez

Therefore w = %is harmonic.

89. True. [[F(x + y)]| = /1622 + y*—0as (x, y) > (0, 0).

90. True. If (x, y) is on the positive y-axis, then x = 0 and y > 0. Thus,
F(x,y) = F(0,y) = —y%. '

91. False. Curl is defined on vector fields, not scalar fields.

[t

92. False. See Example 7.

F
£
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Section 15.2  Line Integrals

2 2
1 24+ y2= LS S
e 2 wre~l
2 2
%+%= cos?t + sin?r =1
cos?t + sin?t = 1 ‘ coslt = x
16
x2
cos?t = — )2
9 02 g D
sin? ¢ 5
2
sin2t=29— x = 4cost
x=3cost y =3sint
y=3sint r(f) = 4costi + 3sintj
r(t) = 3costi + 3sinzj 0<t< 27w
0<t<2nm
i, 0<t<3 s ,
. . t + 3tj, 05
i+ (r—3)j, 3<5r<6 TS )
3. r() = (9—£)i+g>:]i 6<1<9 4. r(t) =35i+ (9 —19j, 551<9
(12 - 1) ’92,212 (14 - 9i, 9<tr<g 14
t o+ 12, 0<r<2
i+ Vij, 0<sr<1 b
s. r(t)=[(2—t)ij+(2‘t)' 1<t<2 6. l'(t)': (4—t)l+4], 2<t<4
PR @8 - 9j, 4<1<8

7.r(t) = 4i + 3tj, 0 <1 < 2; v(f) = 4i + 3j

2 2 5272
J (x—yds = j (4t — 39S + (32 di = f Stdr = [——] =10
C 0 0 0

8. r(=4+Q2-0j, 02D =1i—j

j4xy ds = J24t(2 - ST+ 1dr = 4ﬁf(2t - dt = 4J§[:2 - ’3—3]2 = 4J§(4 - §> = 16v2
c 0 0 Y 3

9. r(t) = sinti + costj + 8k, 0 << ’ET; r'(t) = cos ti — sintj + 8k

/2
: f (2 + y? + 22)ds = f (sin? ¢ + cos?t + 641%)/(cos 1)? + (—sin 1) + 64 dt
C 0

- Lm\/ﬁ(l + 641%) ds = [Jég(’ " %ﬁ)]:/z - ‘/gg(z * 8_7Ti> - g+ 16m)

10. r(s) = 1240 + 5¢tj + 3k, 0 < £ < 2; ¥(1) = 12i + 5j

s

2 s 2 2
f 8xyz ds = f 8(120(50(3)V 122 + 52 + 0? dt = J’ 18,720¢2 dt = 18,720[3-]0 = 49,920
C 0

0



374  Chapter 15 Vector Analysis

1. () =+, 0<1r<3

f (x2+y2)ds=f3 [+ 021 /1 + 0dr T
C 0

o
3

=1 12dr
Q

12.e() =1, 1 £ <10

f (x* + y)ds = fw[o + 1210+ 1 dr
C 1

1 5 10 3 : +
= | ~- = -4
[3t ]1 333

13. r(r) = cos ¢i + sintj, 0 <

™
St~
2

/2 14
f (x* + y) ds = f [cos2t + sin?f]/(~sin N? + (cos )2 dt
c o

/2
0

ISTE

+ X
1 2 3
y
10‘[
:t
61
4
21
4 -
-2 2 4

4. r() = 2costi + 2sinrj, 0 S ¢ <

oIy

/2
f x2 + y?)ds = f [4cos?t + 4sin? ]/ (—2sin )2 + (2 cos ) dt
c o

/2
= f 8dt = 47
0

1. e() =ti+1j, 0<r <1

f(x+4\/§)ds=fl(t+4\/f)‘/1+1dt T

]

[¢29)]

[l o] -2

16. r(t) =i + 31§, 0 < 1 < 3

L(x+4ﬂ)ds=f()3(t+4ﬁ7)md, ol
[omfe 2]

3,9

=
=007 + 144 - 210
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tH, 0strsl
17.r) =@ -0i+ @ - 1j, 1 €1 <2
(3 - 1j, 2<t<3
1
f (;mL4;/§)ars=fmn=l
c, o 2

f (x+4y)ds = F[(z — 0+ 4T 1S Lt

2 2
= ﬁ[zt — ﬁ_ + §(t —_ 1)3/2] — 19_‘_/2
2 3 1 6

3

L(x + 4Jy)ds = fz&\/ﬁdt = [—2(3 _ t)3/2] =§

2

L 1903 8 19+19v3 1901 + V3)
==+ +3= =
L(x+4~/§)ds 2t T T3 6 6
t, 0<t<2
_J2i+(t-2)j, 254
18. r(1) = 6—0i+2j,4<1<6
®-19j  6sr1<8

J(x+4/§)ds=ﬁtdt=2
C, o
f (x+4\/§)ds=J4(2+4\/t-—2)dt=4+1—63Q
f(x+4ﬁ)ds=f6((6—r)+4ﬁ))dr=2+8ﬁ
J (x+4\/§)ds=js4\/8—tdt=1—6-l/—i
1642 _ o . 56

3
16V2 ) gz 162

fc(x+4\/§)ds=2+4+ 3 3 V2

19. C;: (0,0,0)t0(1,0,0): r(t) =4,0<¢< L,e'() =ifr’() =1

1
J(2x+y2—z)ds=f2tdt=t2] =1
c, 0 0
Cy (1,0,0)t0(1,0,1): r() =i+ &, 0 < ¢ < Lr'() =k r()f =1

1 X t21 3
f(2x+y2—z)ds=f(2—r)dz=[z;__] _3
G, 0 20 2

G (Lo, Dto (1,1, 1) e =i+ +k0<r<s1,r() =@l =1
£ 4
+=| ==
[t 3]0 3
4 23
4+ - =
3

6

I

1
(2x+y2‘z)ds=f(2+t2-—1)dt
C, 0

[SR R

Combining, f(lx +y2—zds =1+
c

Cs

2.2)

Cy

9
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20. Cp: (0,0,0)t0(0,1,0): r() = 4,0 < r < Lr’ () =, e’ = 1

. 1 t31 1
f(2x+y2—z)ds=ft2dt=—] ==
c, o 3o 3

Cy (0,1,000(0,1,1): r()=j+k0<r< 1,50 =k, @) =1

! 21
f(2x+y2-z)ds=f(l—t)dt-*—‘[t-‘—-] ==
< o 2o 2

Cy (0,1,1)t0(0,0,0: r()=(1-0j+ (1 -0k 0<r<1,04) = ~j—k v’ ()] = V2

1 1 3 2 -2
Qe+y?—gds=[[(1- 0P =(1-03di= | (2= )S2dr = ﬁ[i - ’—] R
G o o 3 21s 6
1.1 2 5-2
LI + 2 . — —_— =D
Combining, fc (2x + y2 — ) ds ) 3 ;
21. plx,y,2) = %(xz +y2+ 29
r(f) = 3costi + 3sintf + 2tk, 0 < ¢ < 47
r(f) = —~3sin#i + 3costj + 2k
@l = V(=3sin2)2 + Bcos )2 + QP = /13
4491
Mass = f plx,y, ) ds= f %[(3 cos £)2 + (3sin 1) + (20?]/13 dr
¢ o
/ 4m / 3\ 4w
- B O+ 4%ar= [—13<9t + 44)]
2 2 3 /1o
= 2——“;3’7(27 + 64712 ~ 49738
22, p(x,y,2) =z 23. r{) =costi+sintj, 0<r < 7
r(t) = 3costi + 3sintj + 2¢k, 0 < 7 < 49 r(f) = —sindd + cos ¢j, [r(@)] = 1
r(f) = ~3sinti + 3cos1j + 2k Mass — f olx,y) ds = f(x ) ds
'@l = (=3 sine)> + Beos )2 + (22 = VI3 c c
41 - .
Mass = f plx,y,2) ds = f 2J13 dt = 167213 = L (cos ¢ + sin ) d
c o
= [sint ~ COos t]
0
=1+1=2
2. r@=ri+2t§, 0<r<1 25, =1+ 2uj+ ik, 1 <1<3
e(1) = 21i + 2§, (0] = V4T + 4 r'()) =2t + 2j + Kk, |[r@)| = V42 + 5
Mass=fp(x,y)ds=f§yds Mass=fp(x,y,z)ds=szds
c c4 c c
1 3
= f %(Zt)\/4t2 + 4dt = f k42 + 5 dr
o 1
: k(412 + 5P
=f 32 + 1)V 2 dr = "('T)J
s} 1
1 k
=2+ 1)3/2] = 1—2—[41\/H - 27]
0

=221
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26. r(t)=2costi+ 2sin¢j+ 3k, 0 < ¢ <27
r{¢) = —2sinti + 2cosfj + 3k

e 0l = Va9 = VI3

Mass=fp(x,y,z)ds=f(k+z)ds
c c
=f27(k+3t)mdt
)

oo

= J132wk + 67%)

-

28. F(x,y) = xyi + yj

C:r(t) = 4costi + 4sintj, 0 < ¢ <

Wiy

F(s) = 16sin ¢t cos ti + 4sin 1§

r{f) = —4sinzi + 4 cos

/2
fFodr=f (~64sin2tcos ¢ + 16 sin t cos #)dr
c o

64 ., -2]7/2_-3'9
—[ BSmt+8smtO =3
30. F(x, y) = 3xi + 4yj
Cri)=ti+J4—-1%j -2<1<L2
F(t) = 31i + 44 — 12§

t
r(f) =i — —=j
(® el

2 22
jF-dr=f (3t—4t)dt=[--—:| =0
c -2 2]-2

32. Flx,y, 2) = x*i + y?j + 22k

C: r(r) = 2sinti + 2costj + %tzk, 0<t<w
F(;) = 4sin®ti + 4cos?¢j + it“k

r() = 2costi — 2sintj + tk

fF-dr=f <8sin2tcost—80032tsint+-l-ts)dt
(o} 0 4

I

8 . 8 5"
[—sm3t+—cos3t+ —

3 3 24,
_ 8,7 8 _m 16
372473 24 3

27. Flx,y) = xyi + yj
Crid=4i+1,0<r<1
F(r) = 412 + 1]

r() =4i +j

1
jF-dr=j (162 + 1) dt
C 0

_ 116, lz]‘_ﬁ
‘[3’ 2 T s

29. F(x,y) = 3xi + 4yi

C:r(t) =2costi +2sinzj, 0 £t <

o1y

F(t) = 6costi + 8sintj

r'(f) = —2sinti + 2 costj

/2
jF~dr=J' (—12sintcost + 16 sin £ cos f) dt
c o

/2
= [2 sin® t] =7
0

31. Flx,y,2) = x2yi + (x — 2)j + xyzk
Cre)=t+2j+2k, 0<1<1
F() =4+ (¢t — 2)j + 21k

r'() =i+ 2rj
1
jF-dr=f [14 + 2t(t — 2)]dt
[o) 0

28 1 17
= |— + — — 2 = e
[5 3 ]o 15

33. F(x, y,2) = x%zi + 6yj + yz’k
r() =ti+2j+Inrk, 1 <1<3

F() = t2In¢i + 6£2f + 2 In% 1k
dr = (i + 21 +—1~k)dt
3
f F-dr= j [Plnt+ 1262 + t(In5)¥]ar
C 1

== 249.49
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i oyi 4
34, Flx,y,z) = St tzk 35. F(x,y) = —xi — 2yj

36.

37.

Vxr+ y:+ 72

C: y = 2 from (0, 0) to (2, 8)

r=ti+35,0<r<2

r)=tri+tj+ek 0Sr<?2

F() = ti+1j+ek

V22 2 r'() =i+ 3r%j
dr=({+j+ k) dr F(r) = —1i — 213

2 1
. = | ———= 21+ e¥)dt ~ 691
LF dr L 2t2+e2’( e dt 9

F(x,y) = x%i — xyj
C: x = cos®t, y = sin’ ¢ from (1, 0) to (0, 1)

s, g T
r()) = cos*ti +sin’tj, 0 < ¢ < —

2
r'(s) = ~3cos?tsinti + 3 sin?s cos ¢}
F(1) = cosS ti — cos? £ 5in3 ¢j
F:r'=~3cos8rsint — 3 cos?rsin’¢

I

—3 cos* ¢ sin t{cos* t + sin*y)

—3 cos*rsin#[cost + (1 — cos? 1?]

—3cos*tsins(2cos*sr — 2cos?r+ 1)

= —~6cosrsint + 6 cosCtsins — 3 cos? ¢ sin ¢

/2
Work=jF~dr=f [—6cosPrsint + 6 cosSrsins — 3 cost ¢ sin r] dt
c o

o 105

_ [2cosgt _6cos’t + 3 cos® t]”/z __48
3 7 5

F(x,y) = 2xi + yj

C: counterclockwise around the triangle whose vertices are (0, 0), (1, 0), (1, 1)

t, 0<r<1
r(®) =14i+ (r = 1)j, 1<¢t<2
B-ni+@B~-0j,2<sr<3

OnCp: F() = 2:di, r(t) =i
1
Work=f F -dr=f 2tdt = 1
¢, o
OnCy F(®) =2i+ (t - 1)j, r'() =j
2 1
Work = | Fodr=| (t—1)dr==
c, 1 2
OnCy: F(o) =23 — i + (3 ~ 0j, r(d) = —i ~j

Work=L3F-dr=f:[“2(3—t)*(3—t)]dt= —%

—

Totalwork=fF-dr=1+——§=0
c

[ 5]

F.r'=—¢t—6°

2
Work=fF-dr=f (=t — 6% dr
c o

= [_1t2 — t6]2 = —66
2 o ’
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38. F(x,y) = —yi — xj

C: counterclockwise along the semicircle y = /4 — x?
from (2, 0) to (—2, 0)

r(f) =2costi +2sin¢j, 0<t< o
r'(t) = —2sinti + 2 cos t§

F(t) = ~2sinti — 2 cos tj
F - r’ = 4sin?¢ — 4cos’t = —4 cos 2t

Work=fF-dr=—-4f costht={——25in2t] =
c 0 0

40. F(x,y,z) = yzi + xzj + xyk
C: line from (0,0, 0) to (5, 3, 2)
r(t) =5ti+3tj+2tk, 0<r<
r'(f) = 5i + 3§ + 2k
F(r) = 6:2i + 102§ + 15:%k
F - r’ = 90s2

1
Work=fF-dr=f 90t2dt = 30
c o

2. r(=rn+2f0<r<1
r(f) =i+ 24j

L1-0
LF-dr~ 3 [5 + 4(4) + 2(4) + 4(6) + 11]

- 16
3

43, Fix,y) = X*i + xyj
@) r()=2ti+(t—-1jl<r<3
r,/()=2i+j
F(r) = 427 + 26t — 1)j

3.
fF-dr=f(8:2+zt(t—1))dt=§6-
C, 1 3

Both paths join (2, 0) and (6, 2). The integrals are negatives

of each other because the orientations are different.

44. F(x,y) = x*yi + x)*/2j
(a) n=0+1i+r2,0sr<2
r() =1+ 214
FO) = (¢t + 1221 + (t + 1)13j
L‘F s dr = f[(t + 1)22 + 2% + 1)) de = 22—6

—CONTINUED—

39, F(x,y,2) = xi + yj — 5zk
C: r(f) =2costi+ 2sintj + 1k, 0 <t < 2
rf) = —2sinti + 2costj + k
F(t) = 2 cos ti + 2sintj — 5tk
F-r'= -5

2ar
Work=fF-dr=f —5tdr = — 1072
c o

41. r(t) = 3sinti +3costj+£_tk, 0<st<2mw

F = 150k

dr = (3costi — 3sintj +1—0k)dt
2w

27 2m
[reae - ["1220 0[50 iso0n -
c o 27 27 Jo

xy |00 (i) | Gd | GH | @,
F(x, y) Si 35i+j | 2i+2§| 15i+3j| i+ 5§
() i i+055| i+j | i+155]i+2j
F-r 5 4 4 6 11

(b) i'z(t) =203 - pi + @2 - t)j,O <t<g?2
r, () = —2i - j
F() = 403 — % + 26 - D2 - 1]
j F-dr= f[—s(z — 20— )2~ H]dr
c, )

- 236
3
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44, —CONTINUED—
(b) r)() = (1 + 2cos )i + 4cos?tj,0 < -;—T

r, () = —2sin+i — 8 cos ¢sin ¢
F(1) = (1 + 2 cos )4 cos? )i + (1 + 2 cos 1)(8 cos® 1)
/2 256
f F-dr= f [(1 + 2cos )*(4 cos? 1)(—2 sin#) — 8 cos tsin ({1 + 2 cos £)(8 cos? 1) dr = -
G )

Both paths join (1, 0) and (3, 4). The integrals are negatives of each other because the orientations are different.

45. F(x,y) = yi — xj 46. F(x,y) = —3yi + xj
Crl) = ti — 2tj C:r(r) = ¢ti ~ £3

() =i - 2j r() = i — 3%

F) = —21i — tj F(o) = 331 + tj
Fer=-2t+2t=0 F-r'=32~-383=0
Thus,jF-dr=0. mus,fF'dr=O.

c c
47. F(x,y) = (x* — 2x)i + (x - %)_] 48. F(x,y) = xi + yj

, = 3sinsi + ,
C:r(t) =i + 12 C: r(f) = 3sinti + 3 cos tj
r()) =i + 21 r(f) = 3 costi — 3sintj

F() = (r* — 2t9i + <t - );2—2)1

F() = 3sinti + 3 cos ¢j

F-r'=9sintcost —9sintcosr =0

2
F.r'=(t3—2t2)+2r(t~ >=o Thus,fF'dr=0-
C

mw,fF-drzo.
c

49. x =72, y =101, 0 < t<1=>y—5xorx—-§-,0$ <10

10 10
f (x + 3yd)dy = f (Z + 3y )dy = [ 3] = 1010
c o \S 0

50. x=2,y=10,,0< <1 = y=5x, 0<x<2

2 ) 2 2
f (x+3yYde= | (x+ 75x%)dx = [ﬁ- + 25x3] =202
C 0 2 0

51.x=2 y=10, 0< s < 1 = x—% 0<y<10, dx = = dy

10 3 2710
y 190
dx + ydy = dy —_ 4+ = = —
fc"y" yay L(zs y) [75 2]0 3 OR

y=5x,dy=5dx, 0Sx<2

jxydx+ydy“f(5x2+25x)dx—[
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52.x=2,y=10,0<1t <1 = y=5xdy=5dx, 0 Sx<2

f Gy — ) dx +y2dy = J2 (3(5x) — x) dx + (5225 dx = f2(14x + 125x) dx
C (4] 0

2
_ [7)@ . %x"] 125 1084

= 4+ 22 (]) = ——
. 28 3 (8) 3

53.r(t) =1,0< <5
x) =1 y@® =0 .
dx=4dr, dy=0 1

5 T
(2x — y)dx + (x + 3y)dy = | 2tdr=25 i
C

0 Ll

5. r(t) =1j, 0 < r <2
x)=0, y@) =1 2T
dx =0, dy = dt

2 2
J'(Zx—y)dx+(x+3y)dy=f 3tdt=[§t2] =6
c o 2 o

_ i, 0<r<3 ¥
55. 1) = {3i +(t—3)j 3<1<6 i S
Cp: x() =1ty =0, 21
dx=dt, dy=0 ‘ c,
3
f(zx—y)dx+(x+3y)dy=J2:dz=9 AU
C, 0 1 2 3
Cyp xX)=3,y0)=1-3
dx =0, dy = dt
‘ 6 2 6
f (2x—y)dx+(x+3y)dy=J' [3+3(z—3)]d:=[3i—6t] -5
c, 3 2 3 2
f(zx—y)dx+(x+3y)dy=9+£=@
c 2 2
—tj, 0<t<3 y
56. r(’)'{(r—s)i—3j, 3<r< , \
1 2 3
C: =0, y(6) = ~¢ N
dx=0, dy = —dt o
3 -1
_ 2 G,
- (2x — y)dx + (x + 3y)dy = A 3tdt = 7 e 2,-9)

Cy x()=1-3 y@#= -3
dx=4dt, dy=0

J (2x — y)dx + (x+3y)dy=f5[2(t—3) + 3]dt = [(t—3)2+3t]5= 10
c, 3 3

27 47

f(Zx—y)dx+(x+3y)dy=—+10=—
. 2 2
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5T. x) =4 y)=1—-t% 0< 1< 1, dx=dt, dy = —2tdt

f(2x~y)dx+(x+ 3y)dy=fl[(21— 1+ £2) + (¢t + 3 ~ 312)(—20)] de
C 0

1 3t 3 ]’ 11
— 3 L2 _— = | — - = = 2 — ——
fo(ét 2~ 4t —1)dt [2 3 2t t0 G

SB.x() =1 y0) =0, 0< 1< 4, do=d, dy= %tl/z dt

—_ ¢ — 2 2 —3 1/2
JC(Zx y)dx+(x+3y)dy—Jo[(2t t3/)+(t+3t3/)<2t/)]dt
592

= 4<2t2 w1y 2t> dt = [éﬁ + iy t2]4 =96 + l(32) + 16 = —/—
b \2 2 2 5 o 5 5

5. x(5) =1, () =262, 01 <2
dx = dt, dy = 4rdt

2
f (2x—y)dx + (x + 3y)dy = f (2t — 219 dt + (t + 619)4r dt
C (4]

2 2
= f (248 + 282 + 20)dt = [Gt“ + %ﬂ + 12]0 =
0

316
3
60. x(r) = dsint, y(r) = 3coss, 0 < ¢ S%T

dx = 4costdt, dy = —3sintdt

w/2 )
f (2x ~ y)dx + (x + 3y) dy =f (8sinr — 3cost)(dcoss)dr + (4sint + 9 cos (3 sin 1) dt
C 0

/2
=f (5sinzcost — 12cos?¢ — 12sin2 1) dr
o

wf2
= [§5m2t - 12t] =3 6

2 0 2
61. f(x,y) = h 62. f(x,y) =y
C: line from (0, 0) to (3, 4) _ C: line from (0, 0) to (4, 4)
r=3t+4j0<t<1 r() =ri+1j,0<sr<4
r'(e) = 3i + 4j ) =i+j
[l =5 el = V2
Lateral surface area: Lateral surface area:

jf(x,y)ds=f15hdz=5h ff(x,y)ds=f4t(ﬁ)dt=8ﬁ
c 0 ) c

o
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64, flx,y) =x+y

63. f(x,y) = xy
C:x2+y?=1from(1,0)to0 (0, 1)

C:x* + y? =1 from (1, 0) to (0, 1)

r(t)=costi+sintj,0$t£g r(t)=costi+sintj,0$tsg
r’(f) = —sinti + cos ¢ r’(f) = —sinti + costj
'@l = 1 el = 1

Lateral surface area:

/2
ff(x,y)ds =f (cos ¢t + sin f) dt
C o}

Lateral surface area:
/2
Jf(x,)’) ds=J cos ¢ sin ¢t dt
C 0

_ [sin2 t]”” _ /2

=[sint—cost] =12
o

1
2 Jo 2

65. flx,y) = h
C:y=1-x*from(1,0)t0 (0, 1)
=0 -ni+[1-0-9ljo<i<1
r'() = —i+2(1 —1)j
IOl = T+ 41— 1?2
Lateral surface area:

ff(x,y)ds———flh\/l +4(1 — 02dt
o 0
_2[2(1 -0V +H 41— 2+ Inf2(1 — ) + V1 + 40 ~ ? |];

I

- ;’;.[2\/5 +1n(2 + /5)] ~ 1.4789h

66. flx,y) =y +1
C: y=1-— x2from(1,0)to(0, 1)
r=0-0i+{1-(1-9%j,0<<1
() = —i+2(1 — 1)j
[0l = T+ &1 = 72
Lateral surface area:

J'f(x,y)ds=f][2—(l =DV + 41 — ) dr
c 0
=2f1\/1+41-t2dt—J1(1—1)2\/1+4(1— )2 dt
0 )

i

—%[2(1 -1 +4(1 - 02+ 21 =5 + /1 + 4(1 — t2|]:)
+ ?‘12[2(1 - 241 -2+ 1]V1+ 40 =~ 21 — ) + V1 +4(1 — ¢ 2|]:)
= %[2\/5 +1n(2 + V5) - 6i4[18\/§ ~1In(2 + /5]

=23 3 -1 ~
=55+ 641n(2 +J5) 64[46J§ +33m(2 + /5)] ~ 2.3515
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67. f(x,y) = xy
C:y=1-—x*from (1,0)to (0, 1)
You could parameterize the curve C as in Exercises 65 and 66. Alternatively, let x = cos ¢, then:

y = 1 — cos?t = sin?t

r(t) = costi + sin?tj, 0 <t < g
() = —sin+i + 2 sin tcos 1
@) = sin?r + 4sin? t cos’t = sin1/1 + 4 cos? ¢

Lateral surface area:
/2

/2
ff(x, y)ds = f cos ¢ sin? t(sin t/1 + 4cos? t) dt = f sin? ¢[(1 + 4 cos?#)!/?sin ¢t cos t] dt
c o o

Letu = sin®sanddv = (1 + 4 cos?1)/2sintcos #, thendu = 2 sint cos tdt and v = —35(1 + 4 cos? )>/2.

/2 w2
fx,y)ds = [—L sin? ({1 + 4 cos? t)3/2:' + 0 . (1 +4cos?1)3/?sintcostdt
¢ 12 o 6 J5

/2
= [~—1—sin2 t(1 + 4cos? )32 — -—1—(1 + 4 cos? t)5/2]
120 0

12
= (——L - L) + (5 = (255 - 11) ~ 03742
12120/ 120 120 '

68. f(x,y) =x2— y> + 4
C:xt+y*=4
r(t) = 2costi + 2sintj, 0 < 1 < 27
r(f) = —2sinti + 2 cos tj
@l = 2

Lateral surface area:

27 2r 2
ff(x, y)ds = J (4 cos?t — 4sin?r + 4)(2) dt = SJ (1 + cos2t) dt = [8<t + %sin Zt)]o = 167
c o o

69. (@) flx,y) =1+
r(t) = 2costi + 2sintj, 0 <t < 297
r{t) = —2sinti + 2 cos ¢j

el =2

S= ff(x,y)a’s = fh(l + 4sin? £)(2) dt
C [
21
0

= [Zt + 4(r — sint cos t)] = 1247 =~ 37.70 cm?

(b) 0.2(127) = _l%_-r =~ 7.54 cm®
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70. f(x,y) = 20 + ix

C:y=x¥20<x< 40
() =i+ 132, 0 <1 <40

r) =i+ %tl/zj

+(2)s
4 ! 5
Lateral surface area: f Sx,yyds = f (20 + -—t) 1+ <—>z dt
c

i 4 4
Letu=/1+ (3)t, thent =

@l =

%(uz — 1)and dr = %u du.

J;20+—t‘/1+ tdtj 20 + (uz—l)](u)<—u>du—§8TJ (u* + 1792) du

w1798 ]Jf’? 850,304./91 — 7184
+ ==
81[ 5 3 1215 SIARL:
71. r(t) =acosti +asintj, 0 <t < 27 72. r(t) =acost + asintj, 0 <t < 2

0l = a
I, = J yplx,y) ds = f 2'”(112 sin? £)(1)a dt
o 0

r(f) = —asinti + acostj,

2
= a3J sin? tdt = a’w
o
2
I, = j x2plx, y) ds = f (a? cos? 1)(1)a dr
c o

12
= a3f cos?tdt = a’w

(=)

z

73. S=25
Matches (b)
§=~8

74‘ f(x’ }’) = y
C: y = x*from (0,0) to {2, 4)

Matches (c)

r'(f) = —asinti + acostj, e’ = a

2
I = j yplx,y)ds = f {a? sin? £)(sin H)a? dt
c o
2m
= a“f sicdtdr =0
0
29
1, = f x2p(x, y)ds = j {a? cos? 1)(sin t)a? dt
c 0

2w
= a“J cos?tsintdt =0
0

75. (a) Graphof: r{t) =3 cossi+3sintj+ (1 +sin?2¢)k, 0 <t <27

b
b constant, 3sins = b => sin¢ = —and

F
ory = 3

it

1+ sin22t = 1 + (2 sintcos ¢)?

1 + 4sin?tcos?t

[

1 + 4sin? ({1 — sin?¢)

b2
+ 2 — -
! 9b (1 9)

i

—CONTINUED—
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75. —CONTINUED—

(b) Consider the portion of the surface in the first quadrant. The curve z = 1 + sin® 2¢ is over the curve r(¢) = 3costi +
3sintj, 0 < r < /2. Hence, the total lateral surface area is

w/2
4ff(x, y)ds = 4f (1 +sin?21)3dr = 12(3777) = Q47 5q. cm.
c )

(c) The cross sections parallel to the xz-plane are rectangles of height 1 + 4(y/3)2(1 — y%/9) and base 2/9 — ¥2. Hence,

3 2 2
Volume = ZJ 29 — y? (1 + 4%—(1 - %)) dy = 2—27—’. =~ 42.412 cm3.
o

76.W=jF-dr=fde+Ndy X
M = 15(4 — x%y) = 60 — 15x%(c — cx?)

N = —15xy = = 15x(c — cx?)
dx = dx, dy = —2cxdx

W= fl [60 — 15x%(c — cx?) + (—15x(c — cx))(—2 cx)] dx

= 120 — 4c + 8? (parabola)
w=16c~4=0=> c= % yields the minimum work, 119.5. Along the straight line path, y = 0, the work is 120.

77. See the definition of Line Integral, page 1066. 78. See the definition, page 1070.
See Theorem 15.4.

79. The greater the height of the surface over the curve,

¥y
the greater the lateral surface area. Hence, ‘_t
23 < 2y < 2, < Z,. 3t
2L
i+
I S S
80. (a) Work = 0 81. False
. . . . 1
(b) Work is negative, since against force field. J’ xyds = V32 f (24t
c ()

(c) Work is positive, since with force field.

82. False, the orientation of C does not affect the form 83. False, the orientations are different.

f flx, y) ds.
c

84, False. For example, see Exercise 32.
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85. F(x,y) = (y — 0)i + xj 1
() =kl — i+, 0<t<1 2
r(e) = k(1 — 20i + 1o

Work=1=jF'a'r
c

= fl[(t — k(1 — )i + k20 — 0] - (k{1 — 20i + j]ar
0

= fl[(t — k(1 = O)k(1 — 2¢) + ke2(1 — 1)) dt
0

1
= f (—2k%3 — kt® — ke + 3k%? — k% + k) dt
o

_—k

12
=-12

Section 15.3  Conservative Vector Fields and Independence of Path

1. Fx, y) = x% + xyj

@r@=t+r,0sr<1 (b) r,(6) = sin 6i + sin? 6j, 0 < 6 < 75’

)y =i+ 2t}

n() =i H r,’(f) = cos 6i + 2 sin 6 cos 8]
F() = 1% + 3§

®) =i+ 0 F() = sin? 6i + sin® 6

1
11 .
F-dr= 2+ 2% dr = ¢ /2
fc ar fo(t )dt 15 jF'dr=j (sin? @ cos @ + 2 sin* 6 cos 6) df
c o
_ [sin3 0 + 2 sin® B]"/l _ 1
3 5 0 15

2. F(x,y) = (& + yH)i — xj
@r@)=rn+/1j,0<1r<4 (®) rw) =wi +wj, 0 <w<2
ry(w) = 2wi + j

1
() =i+ —j
2/ Fw) = (w* + wdi — w?j

F(t) = (12 + pi — ¢j

2

4 ) jF-dr=J R2ww* + w2 — widw
fF'dr=f<t2+t——\/;>dt ¢ ©
[o 0 2 [WG w? w3]2 80

_+———-—— =

NN BRI )
2 3 b 3
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3. Flx,y) = yi — xj

(@) r,(6) = sec i + tan 6j, 0 < 9 <

wig

r,(6) = sec Otan 6i + sec? 6j
F(6) = tan 0i — sec 6j

n/3 /3
f F- dr= f (sec 9tan? @ ~ sec® 6) dO = f [sec &(sec? 8 — 1) — sec3 6] 4o
c o )

/3
0

/3
= —f sec §d6 = [—In|sec 6 + tanf)I] = —In(2 + V/3) ~ —1.317
0

Or=Vr+li+J/rj, 0<:r<3

1 1
()= —L 1.
E by LA
F() = Vii— Vt+ 1j

Y /s | P Y L W I !
LF‘d”‘Hzm o/ }d’— zfo Jidiri T zf(,\/z2+,+<1/4)~<1/25dt

- -%f\/[i T (1/21)]2 =7 Rl [m%l“ (’ " %> e ’]:

(T4 0u8) - wfd — L7+ 4v3) ~ —1317
ol +28) - mlz)] - -3

4. Flx,y) = yi + 2
@r=2+0i+3-0j,0<+r<3
@) =i—j

F() = (3 - )i+ (2 + 1%j

fF-dr=f3[(3—t)—(2+t)2]dt=
C [¢]

2 3 -

[_(3 - @2+ t)3]3 -8
0 2
w< el

B r,w)=R2+mwi+3—Inw)j, ! <

) 1, 1,
rz(w)=;1-;;1

Fw) = 3 = Inw)i + (2 + Inw)?j

LF - dr = fles[(z, - 1nw)(—3;> -2+ lnw)2<é):|dw= [_(3 —21!1W)2 _@ +31nw)3]:” _ __622

5. F(x,y) = e*sinyi + e* cos yj 6. F(x,y) = 15x2y2i + 10x%yj
N M
—=eF — = ¢ — = 30x2 — = 30x2
ox e‘cosy 3 e*cosy ax x“y Jy Xy
oM .
Si e,iN— = ﬂ”—, F is conservative. Since N = — F is conservative.
ax  ay dox  dy
7. F(X»Y)=%i+)%j 8. F(x,y,z)=y1nzi—x1nzj+2—yk
N _ 1 oM 1 curl F # 0 so F is not conservative,
ax y? dy y? :

. ON oM _ . .
Since — # —, F is not conservative.
ox ay
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9. F(x,y,2) = y2zi + 2xyzj + xy%k - 10. F(x, y, z) = sin(yz)i + xz cos(yz)j + xy sin(yz)k

curl F = 0 = F is conservative. curl F # 0, so F is not conservative.

11, Fx, y) = 2xyi + x%j

@ r=r+1%,0<r<1 O r@m=ri+j0<r<1
r, () =i+ 24 ry () =i+ 3¢%j
F(r) = 2231 + 1% F(r) = 214 + 12§

1 1
J'F-dr=f4t3dt=1 fF-dr=f5t“dz=1
C 4] C 0

12. F(x,y) = ye™i + xe™j.

@r=1-0-3)j,0<r<3 (b) F(x, y) is conservative since
00 =i j oM _ N
F() = ~ (= 3)e 7 + 141 ay o

3 T
fF . dr =f [—(t — 3" — 1 " ]dt
C 0

= xye* + e®.

The potential function is f(x, y) = e¥ + k.

3
= f (3 — 2y dr

0

3
= [631—12] — eO _ eO =0
0

13. F(x,y) = yi — xj

@r()=ri+rj, 0<r<d B rf) =i+, 0<r<1 © ) =+r+rj 0<r<1
r/)=i+j r/() =i+ 24§ () =1+ 3%
F(s) = 1i ~ 1j F(o) = 12 — 1j F() = £3i — 1j

1 1
jF-dr=0 J'F-dr=J—t2dt=—%- fF-dr=f—2r3dt=~%
C C 0 c 0

14. F(x,y) = xy?i + 2x%yj

(a) rl(t)=ti+—i‘j, 113 ®) () =@+ l)i—--;—(t‘— 3)j, 0<rsg2
p I , A
r()=1i-3j () =i-3ij
1. . 1 .2 .
F() = e + 2¢j - F() = 5(1 + Dt - 3)% - E(t + 1)t — 3)j
| T 2
F-dr= ——dt F-.dr= =@+ DE =32+ + D —3)|dr
c I c o L9 9
3 1 2
= [~1n|t|] =-In3 = —f (3 = 712 = 7t + 3) dr
; 9 Jo

1[34 73 72 2 a4
= | e — e E IR
[ 3t} “
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15. J’y2dx + 2xydy
c

Since 9M/dy = aN/dx = 2y, F(x,y) = y*i + 2xyj is conservative. The potential function is f(x, y) = xy? + k. Therefore, we

can use the Fundamental Theorem of Line Integrals.

4.4

(a) f yidx + 2xydy = [xzy] = 64
o (0.0

(c) and (d) Since C is a closed curve, f y*dx + 2xydy = 0.

C

16. f (2x=3y+ Ddx— (Bx+y—15)dy
c

(1,0

b) f yrdx + 2xydy = [xzy] =0
c (=1,0

Since aM/dy = 0N/dx = ~3, F(x,y) = (2x — 3y + 1)i — (3x + y ~ 5)j is conservative. The potential function is

S, y) =2 = 3xy —~ (y¥2) + x + 5y + k.

(a) and (d) Since C is a closed curve,f (2x =3y + 1}dx— (3x+y—5)dy = 0.
c

(b)f(zx—3y+1)dx—(3x+y—5)dy=[x2—3jcy—
. ‘

(c)f(2x~3y+1)dx—(3x+y—-5)dy=[x2—3xy-
c

17. f 2xydx + (x2 + y¥) dy
c

Since M /3y = IN/dx = 2x,

F(x,y) = 2xyi + (x? + y?)j is conservative.

The potential function is f(x, y) = x% + % + k.

y3 ©, 4 64
(a) 2xydx + (x2 + y2) dy = ,:xzy + -—} =
c 3ds00 3
370, 49
(b) f 2xy dx + (x2 + y2) dy B l:xzy + X—] = .6;4‘
c 3leo 3

19. Flx,y,2) = yzi + xzj + xyk

Since curl F = 0, F(x, y, z} is conservative. The potential
function is f(x, y, z) = xyz + k.

@) r,() =i +2j+ 1k 0<t<4

(4,2,4)
fF-dr=[xsz = 32
ol 0,2,0)

) r) =r2i+1j+12%k 0 <2

(4,2, 4)
jF-dr=[xyz] =32
c (©,0,0)

©.1
-2— +x+ 5y:l(0,-l) =10
' (2,69 1
+x+ Sy](o' b = —2-(3 — 2e* — ¢

18. f (x2 + y) dx + 2xydy
f

Since dM/dy = aN/ax = 2y,
F(x,y) = (x* + y)i + 2xyj
is conservative. The potential function is

S y) = x3/3) + xy? + k.

3 @4
(a) f (2 + y)dx + 2xydy = [x_ + xyz} - 86
c 3 0o 3
b) | &2+ yDdx + 20y 4 ["3 + 2](0' 08
-+ = | ~— = ——
) C(x ¥?) Wy = | ot =3

20. Flx,y,2) =i+ zj + yk

Since curl F = 0, F (x, y, z) is conservative. The potential
function is f(x, y,z) = x + yz + k.

@ r(®) =costi+sintj+¢?k, 0 <r< 7

" T=1,0, 7Y
Fedr={|x+yz = =2
c

1(1,0,0)

® ) =0-20i + w2k, 0 < < 1

J(~1,0, mw?)

-
F-dr=|x+ = -2
fC | yZJ(I.O.O)
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2L Fx,y,2) = 2y + x)i + (2 — 2§ + (2y — 4k
F(x, y, z) is not conservative.
@r@H=rn+2j+k 0<r<1
r(0) =i+ 24
F(r) = Q2+ i+ (12— 1)j + (212 — 4k

1
fF-dr=f (2t3+2t2—t)dt=§
C ]
(b) rz(t)=ti+tj+(2t— 17k, 0<1<1
O =i+j+4Q2r- 1k

F(t) =3¢ + [12 — (2t — 1)3)j + [2t — 42t — 1)k

J F - dr= fl[3t + 12— (2t — 1%+ 8(2t — 1) — 16(2t — 1)*] dr
C 0

t 3 2 —1)3 1
= | [17 = 5t — (2t — 1) = 16(2t ~ 1)*]dt = [lﬁ_ S @1 221 — 1)4] .y
o 3 2 6 o 6
22. F(x,y,z) = —yi + xj + 3xz°k
F(x, v, z) is not conservative.
(@ () =costi+sintgj +rk, 0 << 7
r () = ~sinti + costj + k
F(s) = —sin¢i + costj + 3r2cos tk
f F-dr= f [sin?t + cos?t + 312 cos t]dt = f [1 + 3t2cost]dt
c 0 o
w r " T
= [t] + 3[t2sint] - 6] tsintdr = [t + 3t2sint — 6(sint — tcost)] = —57
0 0 [} [\]
®) e =1 -20i+ 7k, 0 <1
/(1) = —2i + 7k
F(t) = (1 — 20j + 37%2(1 — 20k
1 ! PR I w3
F-dr= f 37331 — 20)dr = 37r3j (=209 dt = 37r3[—~ - —] = -
R X A 3 2L 2
23. Flx, y,2) = ¢¥(yi + xj + xyk) 24. F(x,y,z) = ysinzi + xsinzj + xy cos xk
F(x, y, z) is conservative. The potential function is @r@=1+17j,0<1rs2
= xyet + k.
flx.3,2) = xye r/() = 2¢i + 21
= i+ i + < <
(@) r,(t) = 4costi+4sintj +3k, 0 <r < 7 F() = 14 cos 1’k

¥ (-4.0.3) .

. = z —

Foar [xye ](4,0.3) 0 fF - dr =f 0dt =0
C 0

= (4 — 8)i + <1<
® ) = (4-8)i+3k 0<r<1 ®) 0,() = 4ri+ 41, 0 1< 1

(-4,0,3) )
f F-dr= [xyez] =0 r,(t) = 4i + 4j
c 4,0.3)
F(s) = 1612 cos(4)k

i
fF°dr=JOdt=O
c o
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3,8 (4,3)

25, f (yi + xj) « dr = [xy] =24 26. f [2(x + )i + 2(x + y)j] - dr = [(x + y)2]

P ©,0) c (-2,2)

= 49
(3m/2, w/2)

27. cosxsinydx+sinxcosydy=[sinxsinyl ) = -1

C 0, —m

ydx — xdy [ (x)](z‘/i Y2 o7 ow . " [ . ](2”' 9
.| S = — === . * * dy = |e* =0

28 L 2Ty arctan s 3731 29 Ce sinydx + e*cos ydy e*siny 0.0

2x 2y 1 (.s) 1 1 -12
. + = | ——— == —— o e
30 fc(x2 + y)? d (x? + y¥)? dy [ x?+ yz]w. 5) 26 74 481

31. j (y +22)dx + (x — 32) dy + (2x — 3y) dz
c

F(x, y, 2) is conservative and the potential function is f(x, y,z) = xy — 3yz + 2xz.

- (1,1,1)
(@) x)"‘3)’z+2xz] =0~-0=0
| ©,0,0)
B ©,0,1) (1,1,1)
(b) xy—3yz+2xz] +[xy—3yz+2xz] =0+0=0
{0,0,0) (0,0, 1)

r (1,0,0) (1,1,0) (1,1,1)
© xy*3yz+2xz] +[xy—3yz+2xz] +[xy—3yz+2xz] =0+1+(-1)=0
(©,0,0) (1,0,0) (,1,0)

32. fzydx + xzdy + xydz
c

Note: Since F(x, y, z) = yzi + xzj + xyk is conservative and the potential function is f(x, y, z) = xyz + k, the integral is
independent of path as illustrated below.

T, 1, 1)
a =1
@ [xsz (©,0,0)
70,0, 1) (1,1,1)
b + =0+1=1
®) [xyzﬂ 0,0,0) l:xyz](o, 0, 1)
o0 [ 1,0 11
c + + =0+0+1=1
(c) [xyZJ(O. 0,0) [xyz](l.o,O) [xyz}(lv 1.0)
(7/2,3,4)
33.[—sinxdx+zdy+ydz=[cosx+yz] =12-1=11
c ©,0,0)
“.3,1)
3. | 6xdx ~ dzdy — (4y — 202) dz = [Bx2 — 4yz + 1022] = 46
c ©.0,0
. Ou2u2% 3 .. . 2x, A2 .
35. F(x, y) = 9x2y%i + (6x3y — 1)j is conservative. 36. F(x,y) = —y—l 7 ] is conservative.

5.9
Work = l:3x3y2 - y] - 30,366 xz]“"‘) 1 9 17

, Work = | %= =
©0 or [y sy 4 2 3
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37.

38

39.

40.

4?2

.

43.

47.

49.

r(t) = 2 cos 2arti + 2 sin 27t
r'(t) = —4arsin 2mti + 4ar cos 277t

a(t) = —8z2cos 2arti — 872 sin 271

2
F(s) = ma(t) = —312—3(1) = —%(cos 27ti + sin 2art)

2 .
W= J’ F:dr= f —%(cos 2arti + sin 27t§) - 4m(—sin 27ti + cos 2awej) dt = —7r3f 0dt=0
c ¢ c

Flx,y,2) = a)i + a,j + a;k

Since F(x, y, z) is conservative, the work done in moving a particle along any path from P to Q is

Q=(‘ip‘hv ‘h)
flx,y,2) = [alx +a,y + a3z:|
P=(p,. P2 P3)
=a(q, —p) + a)g, — py) T aslgs —py) =F - FQ
F = —150j
(@ () =ri+ (50— 1)j, 0<t<50 (b) r(r) = i + (50 — 1?j
dr = (i — j)dr dr = (i — %(50 — 9)j) dr
50
50
LF"" ‘JO 150ds = 7500 ft - Tbs f F-dr= 6f (50 — 1) dt = 7500t - Ibs
c o
No. The force field is conservative. : 41. See Theorem 15.5.

A line integral is independent of path if f F - dr does not depend on the curve joining P and Q. See Theorem 15.6.
o

(a) The direct path along the line segment joining (—4, 0) to (3, 4) requires less work than the path going from
(—4,0) to (—4, 4) and then to (3, 4).

(b) The closed curve given by the line segments joining (—4, 0), (—4, 4), (3, 4), and (— 4, 0) satisfies f F-dr+0.
c

. No, the amount of fuel is not independent of the flight 45. Conservative. f F - dr is independent of path.

path. The vector field is not conservative. <

Not conservative. The value of f
c

path is below the x-axis.

False, it would be true if F were conservative. 48. True

True 50. False, the requirement is 9M/dy = dN/ax.

F - dr from (—1, 0) to (1, 0) is positive if the path is above the x-axis, and negative if the
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51. Let
F=Mi+Nj=%i—%j.
2—3—;+§sz;.= Owehave%=%-

Thus, F is conservative. Therefore, by Theorem 15.7, we have

U g ) I
L(aydx 3 dy)—L(de-i—Ndy)—J'cF dr =0

X

for every closed curve in the plane.

52. Since the sum of the potential and kinetic energies remains constant from point to point, if the kinetic energy is decreasing at a
rate of 10 units per minute, then the potential energy is increasing at a rate of 10 units per minute.

Y . _x
53. Fx,y) = e y21 o yz_[
(@ M =—2 R
2+ () r(e) = costi + sintj, 0 < ¢ < 7
M _ (2 +y)(1) —y(2y)  x2-y? F =sinti — cos tj
dy (2 +y?)? (? + y?)? dr = (—sin i + cos 1]) dr
X m k.
T X T, F-dr= (—sin2t~coszt)dt=[—] = -
y c o ’ 0
ON _ 2+ y)(=1) +xQ2x) _ _x2—y?
ax (x? + y2)2 (x2 + y2)2
oN oM
Thus, P 3y
(©) r(t) = cossi —sinzj, 0 < 1 < 7 (d) r() = cos i + sinzj, 0 < ¢ < 2
F = —sinti — cos ¢j F = sin ti ~ cos #j
dr = (—sinti — cos tj) dt dr = (—sinti + cos tj) dt
T 27
f F-dr= f (sin? ¢ + cos? t) dt f F-dr= f (—sin?t — cos?¢) dt
c o c )

27
= |t = qr . 0
This does not contradict Theorem 15.7 since F is not

—_— 2
Ly i+ x/y j continuous at (0, 0) in R enclosed by curve C.
L+ (x/y* 1+ (x/y)?

(e) V(arctan i)
Yy

Yy . X .
= - =F
x2+y2l ,\:2-ﬁ—y2J
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Section 15.4  Green’s Theorem

t, 0<r<4 y
CJai+G-4a) 4<r<8
Lr@ =Y pi+45, s<r<12
(16 — 1)}, 12<1<16

J yidx + x%dy = J4[0dt + 12(0)] + fg [(t — $)2(0) + 16 d1]
c o 4

+ Ju [16(—dt) + (12 — *(0)] + J-lé [(16 — £*(0) + O(—d1)]
8 12
=0+64—64+0=0

4 r4 4
By Green’s Theorem, ff (M = QM) dA = J f (2x — 2y)dydx = j (8x— 16)dx = 0.
3 o Jo o

ax ay
y
i, 0<r<4 1 (4,4)
2. r()) = {4i + (t — 4)j, 4<r<8 /
(12-ni+(12-9j, 8<r<12

J yirdx + xtdy = fd [0dr + r2(0)] + J‘S [(z — 4%0) + 16 dr]
c o 4

12
+ f [(12 - )2(~dp) + (12 = P(=d)] = 0 + 64— 120 = &
8
N oM ‘o N 64
By Green’s Theorem, (-— - —) dA = f f 2x — 2y)dydx = f x2dx = —.
Y JlJ dx dy o Jo ( ) dy o 3
_ i+ /4§, 0<r<4
3 r(t)—{(S—t)i+(8‘t)j, 4<r<38

L Vide + xtdy = fo ) [{—;-(d:) 4 t2<édt)] ; L 1@ = D(—di) + & - §(—dD)]

4 4 3 8
t t 224 128 32
— _ 4 — —_ — )2 = — e — = ———
j [ 2]dt+£ 2(8 — )2 dt 5 3 T

By Green’s Theorem,

aN M o “( - x4) 32
— i =] — — —— e — = —
Lf(ax P )dA fo XZ/A(Zx 2y)dy dx fo x >+ 16 dx 5

(4,4
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4. r(t) = costi +sintj, 0 < t < 2o

f yidx + x¥dy = f [sin? t(—sintdt) + cos? (cos t d1)]
c b

27
= f (cos®t — sin31) dt
(4]

2
= f [cos {1 — sin®r) — sin {1 — cos? 1] dr
o

ind 3 )27

. sin® ¢ cos> ¢

=[smt— + cost — ] =0
3 3 1o

By Green’s Theorem,

[ [ [ -

27 {1 2w
=f f (2rcos0—2rsin0)rdrd6=gf (cose~sin0)d0=—2-(0)=0.
o Jo 3Jo 3

5.C x*+y*=4

Letx=2cosrandy = 2sint, 0 S t < 2.

fxeydx+exdy—J [2 coste?simt (=2 sinf) + e205¢(2 cos )] dt =~ 19.99

2 4—x 2
ff — - A=j j (e"—xey)dydx=f [2\/4—x2e"-—xe‘/“"‘l+xe“/4"‘l]dx~ 19.99
~2J~Va=% -2

6. C: boundary of the region lying between the graphs of y = xand y = x3

fxe"dx+e"dy*f (xe* +3x2e")dx+j (xe* + &%) dx =~ 2.936 — 2.718 =~ 0.22

fj Ty V‘Lf;(e"—xey)dydx=fo (xe® — 2 €9 dx ~ 0.22

In Exercises 7-10, -— 8N '?;vl 1.

2 fx
7-f(y—x)dx+(2x-y)dy=fj dy dx
C 0 Jxt-x

=L2(2x—x2)dx

&
3

8. Since C is an ellipse witha = 2 and b = 1, then R is an ellipse of area 7ab = 2. Thus, Green’s Theorem yields

f(y—x)dx+(2x~y)dy=ffldA=Areaofellipse=277.
c 3



Section 15.4

Green’s Theorem

397

9. From the accompanying figure, we see that R is the shaded region. Thus, Green’s
Theorem yields

fc()"‘x)dx+(2x—y)dy=fRfldA

= Area of R
= 6(10) — 2(2)
= 56.

10. R is the shaded region of the accompanying figure.

J(y—x)dx+(2x—y)dy=fjldA
fo R
' = Area of shaded region

= %77[25 - 9] =8~w

11. Since the curves y = 0 and y = 4 — x? intersect at (—2, 0) and (2, 0), Green’s Theorem yields

42
f2xydx+(x+y)dy=fj(l—2x)dA=fJ (1 —2x)dydx
c R -2Jo

2 41—
= f [y = 2xy] dx
_a 0

2
=f (4 —8x —x2+ 2x% dx
-2

3 472
_42_x_+£.]
[4x X 3 7 |-,

I
|
[
|
[

+

N
I

12. The given curves intersect at (0, 0) and (9, 3). Thus, Green’s Theorem yields

fyzdx+xydy=ff(y~2y)dA
c r

9 (Vax 9 _ 2V 9 —x279
y —X X 81
= —vydydx = [—] d=_f—d=[—]=_—'
LJO ¥ @y ax L 2 b T 2T T s
13. Since R is the interior of the circle x> + y2 = a2, Green’s Theorem yields

f(x2—y2)dx+2xydy=ff(2y+2y)dA
c I3

a va—x a
=J' f 4ydydx=4f 0dx = 0.
~at—VaT=53 —a
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14. In this case, let y = rsin 6, x = r cos 6. Then dA = r dr d0 and Green’s Theorem yields
27 (1 +cos@
f(xz—yz)dx+2xydy=ff4ydA=4j J rsin Or dr d@
c R o Jo

27 (1 +cosd
=4 f f r?sinf dr d6
0 Jo

4 2T
=—J sin (1 + cos 6)° d6
0

3
[ (1 + cos 0)4]2"
o L )
3 o
oM 2x _ON’ BM oN
15. Since y Rt R 16. Smce 2e*sin 2y = o e have
h th i d d
we have path independence an f f dA 3

aN oM
_Lf(ax ay)dA»O.

17. By Green’s Theorem,

Jsinxcosydx+ (xy+cosxsiny)dy=jj[(y——sinxsiny)— (—sin x sin y)] dA
c 3

1% 1
- 1 2 _lff_fy_
——jf ydydx—zo(x x)dx—2[2 3l =

Sl

18. By Green’s Theorem,

f (2 = y)dx + (7?2 + x)dy = ff 2dA = 2(Area of R) = 2[w(6)* — m(2)(3)] = 60
c R

19. By Green’s Theorem,

Lna+u+w@=qu—ﬁm

27 3 2 26
=j f(l—rcos())rdrd0=f <4~—cos(9>a’0=87r.
o N1 ) 3
20. By Green’s Theorem,
f3x2eydx+eydy=ff—3x2e’dA
c R
2 2 1 2
=ff —3x2eydydx+f f —~3x% dy dx
f f 3xe’dydx+ff —3x2%dy dx
—2J-2 ~1J-2

=—~T(e?—e?) ~2et—e) — Ner —e72) — 2e™! — 7?)

= —16e? + 1672 + 2¢ — 2¢71,

21. Fx,y) = xyi + (x + v)j
C: x? + y? =

2w 2 2
Work:fxydx+(x+y)dy=fj(1 —x)dA=f f (1 —rcose)rdrd0=f (2—§c050>d9=4#
c R o Jo

0
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22. F(x,y) = (e¥ — 3y)i + (& + 6x)f
C.r=2cos@

Work = f (e —=3y)dx+ (& + 6x)dy = ff9 dA = 94 since r = 2 cos @ is a circle with a radius of one.
c

R.
23. Fx,y) = (x3/2 — 3y)}i + (6x + 5\/;)j
C: boundary of the triangle with vertices (0, 0), (5, 0), (0, 5)

Work = f (x3/2 = 3y)dx + (6x + 5y ) dy = j f 9dA = 9(})5)(5) = &
C R

24. F(x,y) = (3x2 + y)i + 4xy?j

C: boundary of the region bounded by the graphs of y = Jx, y=0,x=9

’ 558

(%x”z - x1/2> dx =

9 rVx
Work=f(3x2+y)dx+4xy2dy=ff (4y% — l)dydx-——j
c o Jo o

25. C: letx=aqacost, y=asint, 0 < t £ 27. By Theorem 15.9, we have

2 2m 2 2w
A=l xdy—ydx=l [acost(acost)—asint(-—asint)]a't=l a2dt=[g—t] = ma?,
2)c 2 ), 2)s 2 Jo

26. From the figure we see that

Cl:y-*—%x, dy=%dx,05x52

1
Cyy= —%%—4, dy = —de

Cyix=0,dx=0.

1 2(3 3) 1 ( 1 x ) 1
=—1 [=x-= +=l t—x+Z~ + =
A ‘ZL A 2f F 5 4)dx 2(0)

27. From the accompanying figure we see that
Cry=2x+1,dy=2dx
Cpy=4~-~x2 dy= ~2xdx.

Thus, by Theorem 15.9, we have

A =%L[x(z) —(x + 1)]dx+%j;_ [x(~2x) = (4 — x2)] dx

1 (! 17
=3 (—1)dx+5J (—x? — 4)dx
-3 1

1! 1! ) 1! 1 x3]‘ 32
— — - + —— + 2 — + = = =
2]_3( 1)dx+2f_3(x 4) dx 2’(_3(3 x2) dx 2[3x 3 3
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28. Since the loop of the folium is formed on the interval 0 < ¢ < oo,

3(1 — 26) 32t — %)
3+ 1)? (B +1)2

_1 (= 3 \3(2r =19 [ 32 \3(1 — 28
A= 2f0 [(:3 + 1) (3 + 1) <t3 + 1) (3 +1)2 :ldt

5+ t2 9T A+ 3 (% 00 [ -3 ]” 3
- —_— I e + -2 = | — = —
f AT, Wrp Ty, WerD= sl T2

dx = dtand dy = dt,

29. See Theorem 15.8, page 1089. 30. See Theorem 15.9: A = %fxdy — ydx.
fos

31. For the moment about the x-axis, M, = j f ydA.Let N = 0and M = —y?/2. By Green’s Theorem,
R,

S D S B Mo 11,
M, J; 2dx 2[ dxand y 2A A ydx.

For the moment about the y-axis, M, = J’ f xdA.Let N = x2/2 and M = 0. By Green’s Theorem,

2, L 2 M1 2
My—chd 2fcxdya.ndx 24 2A xdy

32. By Theorem 15.9 and the fact that x = rcos 6, y = rsin 6, we have

A =-;—fxdy —ydx=%J(rcos 6)(r cos 6) 49 — (r sin 0)(—rsin¢9)d0=-1—f 2d6.
Al

3 2 32
33. A= (4—x2)dx~[4x——] ==
3j]-2 3

% 2 _ 2
X = ZAJ dy + f dy

For C,, dy = —2x dx and for C,, dy = 0. Thus,

_ 1 2 . 3/ x\]?
= 2(32/3)f2 a-aa =[G (F)] =0
To calculate ¥, note that y = 0 along C,. Thus,

[\

8 X’ 8
5 M2 gy = = — 832 + 1) dx = = LI R -}
y= 2(32/3)J 4 - dx f (16 — 8x% + xY) dx 64[16x 3t 5]_2 5

w9 - (0.)

3

2
34. Since A = area of semicircle = —71(—1—, we have - L Note that y = 0 and dy = 0 along the boundary y = 0.
2 24 7ma?
Ietx =acost, y=asint, 0 £t < m, then

™

1 (7 a T a7 . al . sin® ¢
=——| a%cos?rlacosf)dt =~ | cosPsdr=—1 (1 —sin?f)costdr = —|sint — =0
ma? |, T Jo T Jo T 3 Jo
=1 (" . . a ™. a cos® ] 4a
y=—=| a*sint(~asintds) == | sin’rdr=—f ~cost + = —
wa* J, T Jo 3 Jo 3w

(0:57)

=i

)

<

S
i
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1 2 4t
35. Since A =f x—xdx= [%—xz]o=%, wchavei= 2.0n C,; we have y = x3, dy = 3x? dx and on C, we have

0
y = x,dy = dx. Thus,

i=2fx2dy=2j x2(3x2dx)+2f 2dx )
9 [ C,
l 1,1
=6fx4dx+2fx2dx=-6———2=£ s
] 1 5 3 15 c
JcC
?=”2fy2dx 3
c ; .

: =1 = g v 1_1
36. Since A = 2(2a)(c) = ac, we have A" Dae

c
C2:y—b_ (x—a),dy=b~adx
¢ c
C3.y—b+a(x+a), dy—b+adx.
Thus,

_ 1 . 1 a b c - c ] 1 [ 2abc] b
e - + 2 + 2 _—— + = =
* 2acfcx @ 206[ _ao xb—-adx J; xb+adx 2ac0 3 3

a

._=__1 24 =:_1[0+ b( C )z(x_ )2d + - c >2( +a)2d]
Y~ 2ac)” T 2ac L \b-a et \b+a) x

—1fcdb—a) cHbt+ta)]_c
[ 33 }'3'

27
37. A= lf a*(1 — cos 6)2d6
2 4]

a* [*" 1 | cos26 a*[3é . 1, m gt _ 3ma?
—zfo (1 2cos(i+2+ 3 )d0_2[2 2sm0+4sm20]0 —2(377)— 5
17 a®> [T1 + cos 60 az[ sin60]” ma?
38. A== 2cos?30do=—| ————do=—{6+ e
‘ 2,[0 a‘cos* 36040 Zfo 2 dae " [ ' 2
Note: In this case R is enclosed by r = acos 30 where 0 < 0 < 7.
. . .27 4
39. In this case the inner loop has domain 3 <6< ER Thus,
1 41/3
A== (1 + 4cos 6+ 4cos? ) dé
2 2mw/3
d1/3 an/3
=—f (3+4cos0+200520)d6=1[30+4sin0+sin20] =7r—&§-.
2573 2 27/3 2
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40. In this case, 0 £ 0 < 27rand we let

sin 1 — u? 2du
“=1 +cost9’cose_ 1 +u2’d6—1+u2'

Nowu = ocoas 8§ = mand we have

2du
0N 9 o 1+ u? 1+
A_2<2>L (2—cos€)2d0_9j; 4_4(1~u2>+(1—u2)2—18J; (1+3u2)2d“
1+u?) (1 + u??
“ 173 = 2/3 6 ]w 12(1)[ u V3 ]w
= RSt St — = | —— — - +
18f0 1+3u2d“+18J0 0+ 30 ™ [\/iaman‘/g"oJ“\/iz T+32 T ) T+ a2 %,
6 (7 6 u o 6 ® 3 37
==t == —] +|—= ==4+0+"==2 .
3<2> \/5[1-1'3142]0 [ﬁarctan\/iu]o \/5 0 ﬁ \/517
41 lzjyd’z‘_xzdy
c Xty
y X

F is conservative since IN _ M _ -—'Yi:—lz——
ax oy (4 )Y

F is defined and has continuous first partials everywhere except at the origin. If C is a circle (a closed path) that does
not contain the origin, then

fF~dr=Jde+Ndy=fj(ﬂ—a—A!)dA=0.
© c ® ax ady

(b) Letr = acosti — asintj, 0 < r < 27 be a circle C, oriented clockwise inside C (see figure). Introduce line segments
C, and C; as illustrated in Example 6 of this section in the text. For the region inside C and outside C;, Green’s Theorem
applies. Note that since C, and C, have opposite orientations, the line integrals over them cancel. Thus,

C,=C +C,+C+C,and '

fF-dr=fF-dr+fF-dr=O.
c, c, c

But,

fF.drsz”[(—asint)(—asint) . (—acost)(—acost)]dt
(e 0

a’cos?t + a?sin®t  a%cos?t + alsin?t
27 27
= f (sin?t + cos?f) dr = [t] =2
0 [¢]

Finally,fF'dr=—fF-dr=—2m
c fo

Note: If C were orientated clockwise, then the answer would have been 24T,
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42. (a) Let C be the line segment joining (x;, y,) and (x,, y;).

Y2 =N

=y — x)) +
y xl—xl(x x1) b
dy=y2—y1dx

X2 T X

% - - X -
Y2 ™0 Y2 ™ N Y270
~ydx + xd =f [~—(x—x)— +x< )]dx=f [x(——)—y]dx
fc Y Y X, X2 T X ! 7 Xy T X %, 1x2_x1 !

[ b= (=) =

=x(y, - )’1) = yilx, — x) =Xy, — %¥

I

(b) Let C be the boundary of the region A =lf —ydx+xdy=%ff(1 —(=1)dA = ffdA.
C R R

2
Therefore,
jjdAZ%[J —ydx+*xdy+j —ydx +xdy + - - - +f —ydx+xdy]
R C, C, C,
where C, is the line segment joining (x,, y,) and (x,, y,), C, is the line segment joining (x,, y,) and (x3, y;), . . . ,and C, is

the line segment joining (x,, y,) and (x,, y,). Thus,

1
deA = 5[y, = xy) ey = xy) ot Gy = X yan) by - xy,)]
R

43, Pentagon: (0,0), (2,0),(3,2),(1,4), (-1, 1)
A=30-0+@-0+(12-2)+(1+4+0-0]=%

44. Hexagon: (0,0), (2,0),(3,2),(2,4),0,3), (=1, 1)
=30-0+@-0+(12-D+E-0+0+3)+(0-0]=5%

45, fy"dx-%x"dy:ff(iv——m)dA
c ) \Ox &
2a-+

For the line integral, use the two paths
Cir(x)=xi, ~a<x<a /\q

Cy ryx) =xi+ Va? - x*j, x=atox=—a [ ..
f yidx + x"dy =0

G,

—a
ndx + xtdy = [ 2 2)n/2 4 n____:-_x____]d
Ly x + x"dy j; (a? — x?) x R X

a ~a —Xx
ﬂ_% — n—1 _. n—1
J;f(ax ay)dA_f_J; [nx ny"~dy dx

(a) Forn = 1, 3, 5,7, both integrals give 0.

(b) For n even, you obtain
16 32 256

4
=n. 23 — 4. =25 — 6. 2% 7 =g. 222 9
n=2: 3a n=4: 15a n==6: 35a n=28: 31Sa

(c) If nis odd then the integral equals O.
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46. SincefF'Nds=ffdideA,then
R

C

ijNgds=ff'Vg~Nds
c c

=LfdiV(ng)dA=Lf(fdiv(Vg)+Vf.vg)dA=Lf(fV2g+Vf.Vg)dA'

47. f (fDyg — 8DNf) ds = JfDNg ds — f gDy fds
c c c

=”<fvzg+Vf-Vg>dA—H<gVZf+Vg-Vf>dA=U(fv2g—gv2f)dA

48. Lf(x)dx+g(y)dy=ﬂ[;jg(y)—%f(x)]dA=U(0—0)dA=0

49. F = Mi + Nj

N _ M _ 0N oM
dx ay dx ay

ch'dr=fchx+Ndy=JJ(%—%%{A%LJ@[M:O

Section 15.5 Parametric Surfaces

L r(u,v) = ui + vj + uvk 2. r(u,v) = ucosvi + usinvj + uk

7= 2xy 2+ y= g2
Matches (¢) Matches (d)

3. r(u,v) = 2cosveos ui + 2 cos vsinuj + 2sin vk 4. r(u,v) = 4cosui + 4sin uj + vk
x2+y2+22= x2+y2=16
Matches (b) Matches (a)

1

5. r(u,v) = ui + vj + %k 6. r(u,v) = 2ucosvi + 2usinvj + Suk

y—2z=0 z=%u2,x2+y2=4u2=>z=%(x2+y2)

D Paraboloid

z
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7. v(u,v) = 2 cos ui + vj + 2 sin uk
xt+z2=4

Cylinder

For Exercises 9-12,

r(u,v) =ucosvi+ usinvj+u2k, 0 < u <2 0<vy<2m

Eliminating the parameter yields

=x2+y2, 0<z<4.

9. s(u,v) =ucosvi + usinvj —u?k, 0 < u<2 05svs2w

z= =07 +y?)

The paraboloid is reflected (inverted) through the xy-plane.

10. s(u,v) = ucosvi + u%j + usinvk, 0 < u

y=x2+22

The paraboloid opens along the y-axis instead of the z-axis.

11. s(u,v) = ucosvi + usinvj + u2k, 0 < u <3, 0< v < 2%
The height of the paraboloid is increased from 4 to 9.

12. s(u,v) = ducosvi + dusinvj + u’k, 0 S u <2, 0

2ty
16

2,05 v £ 2

8. r{u,v) = 3cosvcosui + 3 cos vsinuj + 5 sinvk

x2 4+ y2 =9cos?vcos?u + 9 cos?vsin?u = 9 cos? v

2+

4 = 2y + sin?y =
9 25 cos?v + sin‘v = 1
2y 7
_.+.—. —
g tgtas=l
Ellipsoid

v £ 27

Z2

The paraboloid is “wider.” The top is now the circle x> + y2 = 64. It was x% + y2 = 4.

13. r{u,v) = 2ucos vi + 2usinvj + u'k,

0<u<1,0<v<2nw

_ (x2 + y2)2
- 16

15. r(u, v) = 2 sinh u cos vi + sinh u sin vj + cosh uk,

0 u<20<Lv<2n

0L us<s2m 0<v £27

x2 y2

Z+1—6-+

2
Z._
1—1

14. r(u,v) = 2 cosvcos ui + 4 cos vsinuj + sin vk,
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16. r{u,v) = 2ucos vi + 2usinvj + vk, 17. r(u,v) = (u — sinu) cos vi + (1 — cos u) sin vj + uk,

0<fu<l1,0<yv <37 0Lusm0<v<27

tanz =2
x

18. r(u, v) = cos® ucos vi + sin® usinvj + uk, 19. z=y

OSMS";I,OSVSZ'IT ['(u,V):ui+Vj+Vk
20. z=6—x—y 2L X2+ y2 =16

G, v) =ui+vj+(6—u~vk r(u,v) = d4cos ui + 4sinuj + vk
22, 4x2 + y2 =16 23, z = x?

r(u,v) = 2 cos ui + 4sinuj + vk r(u,v) = ui + vj + u’k

2 2 2
u 5+ L= 25. z = 4inside x? + y2 = 9,

. ., - r(u,v) =vcosui + vsinuj + 4k, 0 < v <3
r(u, v) = 3 cos vcos ui + 2 cos vsinuj + sin vk @ v) J

. x
26. z = x* + y? inside x2 + y2 = 9, 27. Function: y = > 0<x<6
r(u,v) = veosui + vsinuj + v?k, 0 < v € 3 Axis of revolution: x-axis
X=U —Ecosv = —sinv

28. Function: y = x2, 0 < x < 4 29. Function: x = sinz, 0 € z £ 7
Axis of revolution: x-axis Axis of revolution: z-axis
x=u, y=u¥?cosv, z=1usinv x=sinucosv, y=sinusinv, z=u
0<u<40<v<2r O0Sfusm0O0<v<2nw

In
[}

30. Function:z =4 - y2, 0 < y
Axis of revolution: y-axis
x=(4—-uY)cosv, y=u, z=(4 — u?)sinv

0fu<2 0<v<2r
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31.

33.

3s.

rlu,v) =+ v)i+ w—-v)j+vk (1,—-1,1)
ruv)=i+j rvy=i—-j+k
At(l,-1,D),u=0andv = 1.
r,O)=i+jr01)=i-j+k

i j ok
=r,(0,1) xr (0, 1) = |1 1 Ol=i—-j—-2k
1 -1 1

y+1)-2z—-1H=0
x—y—-2:=0

Tangent plane: (x — 1) —

(The original plane!)

r(u, v) = 2ucos vi + 3usinvj + 12k, (0,6, 4)
r(u,v) = 2cosvi + 3sinvj + 2uk
r(u,v) = —2usinvi + 3ucos vj

At(0,6,4), u = 2and v = /2.
™ . ™.
ru<2, 2) = 3j + 4k, rv<2, 2) = —4i

= o n
N = ru(z, 2> x rv<2, 2)

i j Kk
=| 0 3 4]=-16j+ 12k
-4 0 0

Direction numbers: 0, 4, —3
Tangent plane: 4y — 6) —3(z —4) =0
4y —3z7=12

v, v) = 2ui —2j+ ok, 0<Su <2, 0<v<1

2 2
r(u,v) =2i, ruv) = 11+lk
" v 2 2
i i k
r,xr,=|2 0 Ol=-j—k
1 1
0 -2 3
e, x r) = V2

=L1L2\/§dudv=2\/§

32, r(u,v) = ui + vj + Vuvk, (1,1, 1)

Y u
ru,v) =i+ —=Kk, r(u,v) =j+ k
"(u ) 2V uv (w, ) = J 2V uv

At(l,1,1),u = landv = 1.

r(1,1) = 1+—k r(l,1)=j+

J
N=r/(,1)xr(l,1)= 0 = 21—2J+k
1

i
1
0

Rl k= P R

Direction numbers: 1, 1, —2
Tangentplane: (x — 1) + (y — 1) = 2(z - 1) =0
x+y—-2z=0

. t(u,v) = 2ucoshvi + 2usinhvj + %uzk,

r(u,v) = 2 coshvi + 2 sinh vj + uk
r(u,v) = 2usinhvi + 2u cosh vj
At(—4,0,2), u= —2andv = 0.
r(—2,0) = 2i — 2k, r(—2,0) = —
N=r,xr, = —8i - 8k
Direction numbers: 1,0, 1

Tangent plane: (x + 4) + (z —2) =0

x+z=-2

Parametric Surfaces 407
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36. r(u,v) = ducosvi + dusinvj+ uk, 0 < u<2 0<v<2n

r(u,v) = 4cosvi + 4sinvj + 2uk

r(u,v) = —4usinvi + 4u cos vj
i i k
r,xr,=| 4cosv 4sinv 2u|= —8u?cosvi ~ 8u?sinvj + 16uk

~4usinv 4ucosv 0

e, % vl = /68u® + 25612 = 8u/u® + 4
2w 2 2

A= f f 8uv/i ¥ Adudv = f (M - %) dv =27 (27 - 1)
0 o

o 3
37. r(u,v) = acosui + asinuj + vk, 0 < u <27 0<v<bh
r(u,v) = —asinui + a cos uj
r(u,v) =k
i i Kk
r,xr,= |—asinu acosu 0| =acosui+ asinuj
0 0 1

e, xr)l=a

b (2w
A=ff adudv = 2mab
o Jo

38. r(u,v) = asinucosvi + asinusinvj + acosuk, 0 S u<m 0<v<27
r(u,v) = acosucosvi + acos usinvj — asin uk
r(u, v) = —asinusin vi + asin u cos vj
i i k
r,Xr,=|acosucosv acosusinv —asinu| = a?sin?ucosvi + ¢?sin®usinvj + a2 sin u cos uk
—asinusinv asinucosv 0

e, x )| = a?sinu

2w
A=J j a?sinududv = 4ma?
o Jo

39. r(u,v) = aucosvi + ausinvj + uk, 0 Su<b 0<v <27
r(u,v) = acosvi + asinvj + k
r (4, v) = —ausinvi + aucos vj
i i k
r,xr,=| acosv asinv 1|= —aucosvi— ausinvj+ a%uk

—ausinv aucosv 0

e, x )l = au/1 + a2
27 b .

A=f f a1 + a*ududv = mab*/1 + a*
b Jo '
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40. r(u,v) = (@ + bcosv)cosui + (a + bcosv)sinuj + bsinvk, a > b, 0 u <2m 0< v < 27

r(u,v) = —(a + bcosv)sinui + (a + bcos v) cos uj
r{u, v) = —bsinvcosui — bsinvsinuj + bcos vk
i i k
r,xr,=|—{a+ bcosv)sinu (a+ bcosv)cosu 0
—bsin v cos u —bsinvsinu bcosv

= bcosucosv(a + bcosv)i + bsinucosv(a + bcosv)j + bsinv(a + bcos vk

[k, x r]| = bla + bcosv)

i 27
A= f f bla + beos v) dudv = 4n%ab
o Jo

41 r(u,v) = Vucosvi + Vusinvj+uk, 0 S u<4 0<v<2w

cosv, sinv,

r(u,v) = i+ + k
oo v) 2/n 2Ja
r,(u,v) = — Jusinvi + ucos vj

i i k
cos v sin v

_ 1 = - invi + L
r,xr, 2/ N Vucos vi — Vusin vj Sk
~Vusinv Jucosv 0

e, xeff = (fu+

27 (4
A= e+ tauay = 21757 - 1) ~ 36177
b Jo 4 6

42, r(u,v) = sinucosvi + uj + sinusinvk, 0 S u < m 0 < v < 27

R

r(u, v} = cosucos vi + j + cos usin vk
r(u, v) = ~sin usin vi + sin u cos vk
r, X r, = sinucosvi — cos usinuj + sin u sin vk

e, xr)l = sinu /T + cos?u
2w
+
A=f sinu\/l+cos2ududv=w[2\/§+ln%”
o Jo -

43. See the definition, page 1098. 44. See the definition, page 1102.

45, (a) From (—10, 10, 0)
(b) From (10, 10, 10)
(¢) From (0, 10, 0)
(d) From (10, 0, 0)
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46. Graph of r{u, v) = ucos vi + usinvj + vk
0<u<aa0<v< gfrom

(@) (10,0,0) ®) (0,0, 10) (c) (10, 10, 10)

47. (a) r(u,v) = (4 + cosv) cosui + (b) r{u,v) = (4 + 2 cos v) cos ui +
(4 + cosv) sinuj + sin vk, (4 + 2 cos v) sin uj + 2 sin vk,
0Su<2m0<v<2y 0<u<2m0<vs 2w

(¢)  r(u,v) = (8 + cos v) cos ui + (d) r(u,v) = (8 + 3 cos v) cos ui +
(8 + cos v) sin uj + sin vk, (8 + 3 cos v) sin uj + 3 sin vk,
0<su<2m 0<v <27 0<u<2m0<svslr

The radius of the generating circle that is revolved about the z-axis is b, and its center is a units from the axis of revolution.

48. r(u,v) = 2ucosvi + 2usinvi+ vk, 0 < u < 1,0 < v < 37

(@ Ifu=1. ()] va=:z3—77:
r(l,v) = 2cosvi + 2sinvj + vk 2 -
= —yi+ P —
Xty = r(u, 3> ui \/gu_] 3 k
0<z< 37 y=-3x
. 27
Helix ==
T3
Line

(c) If one parameter is held constant, the result is a curve in 3-space.
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49. r(u,v) = 20sinucosvi + 20sinusinvj + 20cosuk,0 €< u < 7w/3, 0 S v < 2w

50.

51.

52

r, = 20 cos ucos vi + 20 cos u sin vj — 20 sin uk

r, = —20sin usin vi + 20 sin u cos vj
i j k
r,xr,={20cosucosv 20cosusinv —20sinu
—20sinusinv 20sinucosv 0

= 400 sin? u cos vi + 400 sin? u sin vj + 400(cos u sin u cos*v + cos u sin u sin? v)k

= 400[ sin? u cos vi + sin? u sin vj + cos u sin uk]

fr, x )l = 400/sin*u cos? v + sin® u sin? v + cos? u sin? u

= 400-/sin* u + cos? usin?u

= 400-/sin?u = 400 sin u

2m /3 27 /3 2
S=deS=] 400sinududv=f [—400(:osu:l dv =f 200 dv = 4007 m?
S. o Jo 0 0

o

x4yt -t =1

Letx = ucosv,y = usinv,and z = /u? — 1. Then,

L u
r(u,v) = cosvi + sinvj + \/L—tl-:—lk

r,(u,v) = —usinvi + u cos vj.

At(1,0,0), u = 1 and v = 0.r,(1, 0) is undefined and r (1, 0) = j. The tangent plane at (1,0,0) isx = 1.

r(u,v) = ucosvi +usinvj+ 2vk, 0 < u <3, 0< v <27 :

r(u, v) = cos vi + sin vj

r(u,v) = —usinvi + ucosvj + 2k
i A k
r,Xr,=| cosv sinv 0| =2sinvi — 2cosvj + uk

~usinv wucosv 2

fIr, < r )l = /4 + 4

27 (3 B /
A=f f \/4+u2dudv=773\/13+41n<3%—1—3~)}
[0} o} L

r{u,v) = ui + f(u) cosvj + f(u)sinvk, a S u < b, 0<v <27 53. Answers will vary.
r(u,v) =i+ f{u) cosvj + f(u) sin vk
r,(u,v) = —f(u) sin vj + £() cos vk 54. Answers will vary.
i i K
r,xr,= |1 f{u)cosv fiu)sinv
0 —f(w)siny flu)cosv
= fu)f (Wi — f(u) cos vj — f(u) sin vk

Ir, x £ = fG)/T + [P
2w b
A= fo f FVT + [F@Edudv
= 27rfbf(x)\/1 + TP dx  (since u = x)
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0z 0z
LS z=4 - <x < Sys4 —=—-1, —
L. S:z=4—-x0<x<40<y 4ax 3

ff(x—2y+z)dS="r4f4(x—2y+4—x)‘/l + (=1)2 + (02 dydx
s o Jo

=0

= ﬁL4J;4(4—2y)dydx=0

2. S:z=15—2x+3y,0$x£2,0Sy$4,§§=—2,g—§=3,dS=\/1+4+9dydx=\/l4dydx

2 r4
ff(x—2y+z)dS=ff(x—-2y+15—2x+3y)‘/14dydx
S. 0 Jo

2 r4
= Jﬁf](ls—x+y)dydx= 128./14
0 JO

: dz 0z
.5 z2=10, x2+y2 <], ==—==0
3 z 0, x y x  ay

1 JI=x3
ff(x-—2y+z)d$=f f (x = 2y + 10)/1 + (02 + (0)2dy dx
S ~1J=-VT==2
27 1
=J f(rcosO—erin0+ 10)r dr dé
o Jo

27 1 2
= —_ —— QT 4
J; (3cos0 3sm0 5>d6

1 i 2 27
=|=sinf+—-cos@+ 50| = 10w
3 3 o

2 az 9z
4. S 3/2 <x<1 <y<x ==4x72 ZL_ ¢
k4 3x ,0x<1,0<y<x, i x1/2 %

1rx
ff(X.~ 2y+z)dS=ff<x—2y+§x3/2)\/1 + (x/3)?% + (0)2 dy dx
s o Jo
1 fx 2
=J’f<x—2y+§x3/2)\/1 + xdydx
oJo
5 (!
=-3*j0x5/2\/x+ ldx
2[1 rosft
=Z =21 + 132 - = B2/ + xdx
314 o 12)

1 s 3/2]1 2.(1)[ 3/2 3/2]l 5[ 1/2
- _— — -— — +
[6x (1 +x) , 123 (1 +x) O+240Jc V1 + xdx

—CONTINUED—
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4. —CONTINUED—

V2 sf
T 24 Nt
85l o la
V2 51)[( 1> 1 ( 1) ]1
BT S\ ts +x— < +=)+ ¥
T U LA At Ry R 1§
. - [3ﬁ—-m|+f\+ ol
V2 | 152 _61/2 s
BT NETY) + -
18 9% 192 |3+2f 83~ Jop I3 + 22| ~ 0.2536
iz=6—x— 2 _ %z _
5. 8 z=6 — x — 2y, (first octant) o 1, 3 2
6 (3~ (/2
[foas= [ miTETTE s
S. o Jo
3(x/2)
._\/—f x
\/— <9—3x+lx>dx
0 4
\/8[9x2 s x“]G 276
= — - x® + —] = —
212 16 1o 2
dz _ 9z _
. 81z = <x< <y < —x2 ==
6. SSz=h 0<x<2, 0<%y 4 X%, = "

e 12 i ]
dxdS = R PPN | PR 2l
fJ Lfo wdyds =5 x4 = 2% dx 2[2"‘ 4]0 2

7.8 2z=9~x30<x<2,0<y <y,

%=—2x az =0

jjxde ffxydl +4x2dxdy=§2l-5i%-j—l

1 1 9z 1
. i = - < < < < v T e
8 5 z 2xy,O x<40<y 46x y, X

2 2
”"y"s ” \/iddx_?’%‘* L

9. S:z=10-x2—-y2% 0 <

/\
IA
()

ff(xz—ZU)dS ff(x 2xy)/1 + 4x? + dyldydx ~ —11.47
.
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10.S:z=cosx,0$x$—§,0$y£%

/2 (x/2 /2 X3
jf(xz 2xy) dS = j (x? = 2xy)/1 + sin xdy dx = f =1 + sin?xdx ~ 0.52
s

11. 8 2x + 3y + 6z = 12 (first octant) = z=2—-;—x—-;—

plx,,2) = x2 + y?

o [fioen e
—_—.%f J"* (lx/S)(x2+y2)dydx
IC T R OO N

12. §: z= Ja? — x2 — y?

plx,y,2) = kz

:H"“’Sz”"‘“z”xz'yz\/l“L J(I—-_;cxz——y)z“L(\/(z—-_xy'f‘——yz)d“
”’W o ‘y(—;fT—_;)dA

=ijadA=kaLfdA=ka(2m2)=2ka3w

13. S r(u,v)=ui+vj+§k, 0<su<1,08v<2 14. §: r(u,v) = 2cosui + 2sinuj + vk, 0 < u S%T,
0<sv<2
. , 1

r,=Lr=j+-k e, x rJ| = |2 cos ui + 2 sinujff =2
-1 2 rm/2

r,xr,=—j+k fj(x+y)dS=f (Qcosu+2sinu)2dudv =16
2 s o Jo

Ieoxr = | g3+ k] =22

fsf(y+5)dS=L2J;](v+5)§dudv=6\/§

15. S: r(u,v) = 2cosui + 2sinuj + vk, 0 S u < —722 0gsv<2
r, = —2sinui + 2 cos uj
r,=k
r,xr,=72cosui + 2 sin uj

r, x )l = 2 cos ui + 2 sin ujj| = 2

2 /2
ffxdezjf 8cosusinududv = 8
s. 0 Jo
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16. S: r(u,v) = 4ucosvi + dusinvj +3uk, 0 < u <4, 0< v g

e, x v )l = = 12u cos vi — 12usin vj + 16uk] = 20u

X w4
ff(x*—y)dS:f](4ucosv+4usinv)20ududv=—19-"3%4—0
s o Jo

17‘ f(x’)’vz) =x2+y2+22

S z=x+2,x2+y?2<1
1 (Vi-xm
J'ff(x’y,z)dng f (X2 + y2 + (x + 2)2]/T + (1) + (0 dy dx
s Y
27 {1
= ﬁf f [r* + (rcos 8 + 2)*lr dr d6
o Jo
27 {1
= ﬁf J [r* + r2cos? 8 + 4rcos @ + 4]r dr do
o Jo

2m 4 4 3 1
=\/§f [%+Lcos29+~4Lcos¢9+2r2] do
o 0

4 3
27'r +
_\/_f 1 c20s20 3cose]d0
1 4 . P 187 @] 192w
- +_ — —3 ———— —_— =
\/—[ -(0 25m20) 3sm(a’]0 ﬁ[ p +4] 4
18. f(x, v, 2) =%
S z=x>4+y% 4<x2+y2< 16
2

jff(x,y,z)ds=f oAU dydx—f fr—jm_@(‘)‘s‘g‘/l‘“"l’d’do
S. S.

. 27
= f f r/1 + 4r%sin 6 cos §dr df = f [ Lo+ 4r2)3/2] sin 6 cos 6 d6
0 2 0
_ [65\/65 - 17/17sin? 0)}2" _o
0

12 \ 2

19. flx,y,2) = V/x2 + y2 + 22
S z=Vx2+yh 2+ yr <4
X2

Lff(x,y,z)ds=fzf_i\/x2+y2+(m)z\/l+<\/xszy2>2+(\/xzyTy2)2dydx

_\/"fj /—‘z+y‘f\/x2+yz+x2+y2dydx
-2 NZ )

2+y

2 V4-—x2
—ZJ VxT+ y2dydx

NZ e

3 2
—zf frzdrdB—ZJ’ﬂ[r ] - 32w
0 3
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20. flx,y,2) = Vx2 +y* + 72
S z=Vxt+yL (x— 12 +y2 <1

Lff(x,y,z)d5=fJ\/x2+y2+(m)2\/1 +(\/3c2_xm)2+(\/xlyTyl

2(x2 + y?
=LJ\/2(x2+y2) szj—)%;—ldydx

w (2cos 6
=2fj\/x2+y2dydx=2ff rldrdf
s o Jo

:léj cos30d0=Ef (1 ~ sin? §) cos .46
3 o 3 0

_ |16 . _s'm30)]"_
—[3(sm0 = 0~—0

2L flx,y,2) = x2 + y2 + 22
S x2+y2=9,0<x<3,0<y<30<gz<9
Project the solid onto the yz-plane; x = /9 —y2, 0 < y £ 3,0 <

fff(xy, as = ff[(9—y2)+y2+z2]\/l+ 2 +(O)2dzdy
g\ <9+z>Fdzdy—m+_—yz<9~;—ﬂ>]zdy

s e il - i o) -
324j0 wdy [97221rcsm(3 5 972 2 0 4867

IN
had

22, flx,y,2) = x* + y2 + 22
S x?+y2=9,0<x<3,0<z<x
Project the solid onto the xz-plane; y = /9 — x2,

fJf(x,y, 2)ds = ff [x2+ (9 — x?) + zz]\/l + (%)2 + (0)? dz dx

=L3J:(9 +22)\/—§—:%:——;-;dzdx=f:['-\/§f§:7(9z+%i)]:dx

3

=
= | —=={o
fo 9 — x?
Letu = x2, dv=x(9 — x?)~1/2dx, thendu = 2xdx, v = —/9 — x%

[ o[ [

0 0

3
- [81 - %—(9 - x2)3/2]0 ~81 418 =99

2
)dydx

3 3
+ %—)dx = f 279 — xH)~ 12 dx + f (9 — xH)~V24x
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23. Fx,y,z) = 3zi — 4§ + yk
§:x+y+z=1 (firstoctant)

G.(x,y,z)’=x“"y+z_1

VGx,y,z) =i+ j+k

[[rwas= [ [r-vou

1fl-x
=ff Bz — 4+ y)dy dx
0 JO

=LIL1—X[3(1—x—y)—4+Y]dyﬁ

I fl—x
=jf (-1 - 3x—2y)dydx
0JO
1 1—-x
[l
B o

—fl[(l —-x)+3x(1 —x) + (1 — »4
o

1

4

[0 -20 a0 = -

i

24. F(x,y,2) = xi + yj
8§ 2x + 3y + z =6 (first octant)

Gx,y,2)=2x+3y+z-6
VGx,y,z) = 2i + 3j + k

—(2x/3)+2
ffF'Ndszij.VGﬁsz (2x + 3y) dy dx
s R 0 Jo
3
~ [T+ acr Y2+ 2]
_L[ 3* +4x+2( 3x+2) dx
~ [+ 20 -Y(-Zera)] -
[9x + 22— 7 3¥ 2 0—12

25. Flx,y,z) = xi + yj + zk

S:z=9—-x2—-32,0¢< ¢
Gl y,z) =x*+y*+z-9
VG(x, y,z) = 2xi + 2yj + k

LIF.Nds=LfF-VGdA=LJ(2xz+2y2+Z)dA
ZU[zxuzyu(g-xl—ﬁ)]dA
=U(xz+y2+9)d/a
=f"f(r2+9)rdrde

0
2 4 273
o 2437
= —_ 4+ — =
LT4 2]od0 2

dx
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26. F(x,y,z) = xi + yj + zk
S x2 + y? + 72 =36 (first octant)

- BTy
Glx,y,z) = 72— /36 — x2 — y?
X A y A
VG, y,2) = i+ +k
.32 36 — x? — y? \/36—x2—-y2]
3 2 2
F-VG = L 2 36

+ e ——c—
V36 —xtT -y /36— xZ—y? V36 — x2 —y2
ffF'NdS=jJF'VGM=ff—2§'—M
s, R k) V36 — x2 —y?

rdrd@  (improper)

w/2 6
a J(; fo V36 —r?

= 1087

27. F(x,y,2) = 4i — 3j + 5k
Siz=x+y% x2+y2< 4
Glx,y,z) = —x2 = y2 + z
VG(x,y,z) = —2xi — 2yj + k

fJF“NdS=J;JF~VGdA=fRf(~8x+6y+5)dA

27 2
= J J’ [—8rcos @ + 6rsin 8 + 5]rdrdé
o Jo

s 5,
= j T——r3 cos 6 + 2r3sin 6 + -r2] d
o 3 2 Jo

27
=f [—63—4cos9+ 16 sin 6 + IO]dO
0

2w
= [—%sme— 16 cos 6 + 10(9]0 = 207

28. Flx,y,z) = xi + yj — 2zk

Sz = "‘/2_.x2_y
Glx,y,2) =z — Va? — x2 — y2
X A y A
VGix, y,2) = i+ +k
xy,2) Jat—xI = y? \/az—x2—y2"
2 2 2 2 9.2
F-VG = x b N e e W SR ) ot
Var=xT=y?  JaT—x? - y? \/m
2 2
ffF~NdS=ffF VG dA = f—-L—dA
s R Var=x2 -2
2 a32
f \/_zrdrde
- r

27w (a
r r
=3 ———~—drd0—2a2f f — === dr df
j;) _L /a? — r2 o Jo /a? — 2

a

27 a 2%
3U [—-r2\/a2 —r2-—- %(a2 - r2)3/2] dﬂ} - 2a2f [— a? — r2] do
0 o 0

0

i

2772 27
3f —a3d0—2a2f adg=0
o 3 ) 0
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29. Flx, y,2) = dxyi + 22§ + yzk z
S: unitcube bounded byx =0, x=1, y=0,y=1,2=0,z=1

S;: The top of the cube
N=k, z=1

JfF-NdS=f1f1y(l)dydx=%
s, 0 Jo

S,: The bottom of the cube
N=-k z=

[fr-x H—y

S The back of the cube
N=—-i x=

ff +NdS = fj —4(0)ydydx 0

X

S;: The front of the cube

N=i,x=1

[[froxas[ [ sommac-2

Ss: The right side of the cube

-va_l

[fr v [[ o

Se: The left side of the cube
N = _J’ y =

[ frwas- fj-f&a-__

Therefore,

w|>—.
b-)lh—l

ffF NdS=—+0+2+O
s 2

30. Fx,y,2) = (x + y)i + yj + zk
Sz=1~x2—-y% z=0
Glr,y,z) =z +x*+y2—1
VG(x,y,2) = 2xi + 2vj + k
F-VG=2x+y)+2(y) + (1 — 22— y) = x2+ 20y +y2+ 1

LfF-NdS=J;fF-VGdA=Lf(x2+2xy+y2+I)dA

7 (1
=j f(r2+ 2r2cos Osin 6 + )rdrd@
o Jo

2 0
31 _ 13, sin?dP" 37
-J; (4+zsmﬂcose)d6—[40+ 7 ]o =

The flux across the bottom z = 0 is zero.

31. The surface integral of f over a surface S, where § is given by z = g(x, y), is defined as

fff(x, y,2)dS = ”gli',mo > F(x yi, 2:)AS,. (page 1108)
S : —0 =1

See Theorem 15.10, page 1108.

32. A surface is orientable if a unit normal vector N can be defined at every nonboundary point of S in such a way
that the normal vectors vary continuously over the surface S.
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33. See the definition, page 1114. 34. Orientable
See Theorem 15.11, page. 1114.

35. E = yzi + xzj + xyk

S z=J1—x2—y?

ffE~NdS=ffE (gl )i - glx,y)j + k) dA
s, R .

. . X . y .
= zZi + xz +xk-( i+ +k)dA
LJ'()) §+ xyk) \/l*xz—yz \/1'362")’2.I

fj 70— +xy ffl’»xydA f f 3xydydx =0
V1 =372 -1J-VT532

36. E = xi + yj + 2zk

S:z=J1—-x*—y*=g(xy)
jfE-NdS=ffE-(—éx(x,y)i—gy(x,y)j+k)¢4
S. R

. . X Yy
= i+ +22k°< i+ +k>dA
JJ(x yi ) N sz
2
=ff< i + 2 +2z)dA
RINVT —x2—y2 /T —=x—y2

=ffx2‘+y2+2(l—x2—y2)dA
VIT=2=y2

_ 2—-x2—y
‘”Jﬁ“* Zo
27 1 _
f jl_f_irdrdo
- r

_ 8w
3

37.z2=Vx*+y%, 0<z<a

e[ T T - e

I, = J;fk(xZ +y9) dS1= ij(xz +y)J/2dA

—fkf fﬂdrde- (2)

\/_kqm (\/_ 2kma )
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38. x2 + y2 4+ 2= g2

z=%Va? —x? - y?

m= 2ffkds 2kJ’f\/1+ T y>2+(\/(%——y2)2‘m

drde

w {a
a r
= 2| |t dA = 2| | ——L—
[[ == [ 2=
a
= 2ka[~\/a2 - r2:| 2w) = dka?
o

L= 2Jfk(x2 +y7)dS
s
2 (a r3
= 2 )— — A . .
ZkJJ(x +y dA ZkaJO L mdrd@ (use integration by parts)
= 21«1[—r2\/a2 -2 — %(a2 - r2)3/2] @2n)
o

= ol 23 =2, 2y = 2 2
2ka(3a )(277 34 (477ka?) =3a’m

Letu =r% dv =ra? — r)~Y2dr, du = 2rdr, v = —Va? — r2

39. x2+y2=4g%,0<z<h z
plx,y,2) =1
y=+/a% - x?

Project the solid onto the xz-plane.

L= 4U(x2 +y2)(1) dS

_ 4[:' 0“[x2 + (a2 - x2)]\/1 n (7%’?)2 + (02 dvdz

=4a3

[ 7=
= dq foh[arcsm ] dz = 4a3( )(h) = 2madh

40. z=x2+3y2, 0< z<h

Project the solid onto the xy-plane.

I = fJ(xz + y3)(1) dS
s

NOW N
= J f (x2 + y)J1 + dx? + dyidydx
—Vi)-vim

2 (VR
- f f /T T 4 dr do

1 2w
= —(1 + 4h)P2 — —(1 + 4h)52| + —
211{ 1 + 4h) 120 1 + 4h) ] 120

i[mh {1 + 4h)] + — = —[(1 + 4R)¥/26h — 1) + 1]
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41. S z=16—x2—3y2 2 20
Flx,y,z) = 0.5zk

fpr'NdS=fpr~(—gx(x,y)i—gy(x,y)j+k)dA = ffO.szk < (2xi + 2yj + k) dA
s R

ijszdA JfOSp(16—x2—y2)dA

2ar

'OSpJ’ (]6—r)rdrd9—05pf 64 d6 = 64mp

Q2. 8 7= J16 — x2 —y?

F(x,y,z) = 0.5zk

prF-NdS=prF-(—g,(x,y)i—gy(x,)’).i“Fk)dA

=] |os k-[ = i+ 2 ’+k]dA
fkf Pz V16— xT =2 \/16—x2—y2j

=jf0.5psz=fj0.5p\/16—x2—y2dA
R R,

e 64 64mp
= O.Spf V16 = rirdrdf = 0.5p —3-d0 =3
o Jo o

43. (a) (b) If a normal vector at a point P on () r(x, 0) = 4 cos(2u)i + 4sin(2u)j
the surface is moved around the
Mobius strip once, it will point in

the opposite direction. ¢

This is a circle.

—44

(d) (construction) (¢) You obtain a strip with a double twist and twice as long as
the original Mdbius strip.
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Section 15.7 Divergence Theorem

1. Surface Integral: There are six surfaces to the cube, each with dS = J1dA.

z=0, N = -k, F-N=-72 fdeA=O
Sy

z=a, N-=Kk, F-N-=7% ffasz—*—JJazdxdy:a“
5, o Jo

x=0, N=—j F-N= -2, ijM=O
S

a fa
x=a, N=j F-N=2x, ffZadydz=fj 2adydz = 2a°
Ss 0Jo
y=0, N=-}J F - N =2y, fdeA=O
S
a fa
y=a N=j F-N= -2y, jf_zadA:ff—Zadzdx=~2a3
S5 0Jo

Therefore, ffF NdS = a® + 2a3 — 2a% = a4
§

Divergence Theorem: Since div F = 2z, the Divergence Theorem yields

a a fa a a
fjfdivFW=fff2zdzdydx=Jfazdydx=a“.
Q 0 Jo Jo o Jo

2. Surface Integral: There are three surfaces to the cylinder.

Bottom: z=0, N= ~k, F- N = ~72

fdeS= 0
5

Top: z=h, N=k, F-N=22

j fhl dS = h?(Area of circle) = 4mh?
s

Side: r{u,v) = 2 cosui + 2sinuj + vk, 0 < u <27, 0<v<h
T, = —2sinui + 2cosuj,r, =k

r,xr, = 2cosui+ 2 sinuj
1 v

. = 2, — 8 sin?
F-(r,xr,)=8cos?u— 8sin’u

h 21
ffF-NdS=f (8 cos>u — & sin”u) dudv = 0
s, 0 Jo

Therefore, f fF *NdS =0+ 47h* + 0 = 4oh2
S.

Divergence Theorem: divF =2 — 2 + 27 = 2z

27 2 (h
ffszdV—“—f Jf 2zr dz dr d6 = 4mh?.
B o Jo Jo
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3.

Surface Integral: There are four surfaces to this solid.
z=0,N=—-Kk, F-N= —2

ijdS=0
S

y=0,N=—j F-N=2y—z dS=dA = dxdz

66—z (] xf";
ff—zdS=ff —zdxdz=f(zz—62)dz= -36
5, 0 Jo 0

x=0,N=~i, F-N=y—2x, dS=dA = dzdy

3 r6—2y 3
nydS=fj ydzdy=f(6y"2}’2)dy=9
s, o Jo o

i+2j+k 2x — S5y + 3z
x+2y+z=6 N=—""—— F -N="—""—""4S= /644
4 V6 NG

3 62 3
ff(lx-5y+3z)dzdy=ff y(18-‘x— 11y)dxdy=f(90~90y+20y2)dy=45
54 o Jo

0

Therefore,ffF~Nds=0—36+9+45=18.
s

Divergence Theorem: Since div F = 1, we have

f f f dV = (Volume of solid) = %(Area of base) x (Height) = %(9)(6) = 18.
Q

- F(x,y,2) = xyi + zj + (x + y)k

§: surface bounded by the planes y = 4, z = 4 — x and the coordinate planes
Surface Integral: There are five surfaces to this solid.
z=0,N= -k, F-N=~(x+y)

4 4 4
J’f—(x+y)dS=ff—(x+y)dydx=-—f (4x + 8)dx = ~64
s, o Jo 0
y=0,N=—j F-N=—

4 r4—-x 4 . 2
jf—zds=ff —zdzdx=—f il
S, 0 Jo 0 2 3

=4 N=jF-N=:

4 r4—x 4 Y
ffzds=ff zdzdx=f-(£—2idx=?;—2
S, o Jo 0

x=0 N=—i F-N= —xy

4 ra
fJ’—xde=ff0dS=O
S, o Jo

i+k 1
L F-N=—xy+x+yl, dS= J2dA
V2 Y o

404
ffL[xy+x+}’]\/idA=J (xy + x + y)dydx = 128
S \/5 o Jo

x+z=4 N=

Therefore,LfF-NdS=—64—33—2 +2 40+ 128 = 64.

Divergence Theorem: Since div F = y, we have

4 (4 f4-x
fff divF dV = fj ydzdydx = 64.
A o Jo Jo
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5. Since div F = 2x + 2y + 2z, we have

fjjdideV=fff(2x+2y+2z)dzdydx
0 Jo Jo
Q

=ff(Zax+2ay+az)dydx=f(2a2x+2a3)dx=[a2x2+2a3x] = 3g4,
0 Jo 4]

[o]

6. Since div F = 2xz2 — 2 + 3xy we have

a a a a a
ffjdivFa’V=jjj(2xz2~2+3xy)dzdydx=ff<§xa3—2a+3xya>dydx
o JoJo o Jo
[o]

7. Since divF = 2x — 2x + 2xyz = 2xyz

a (2w (/2
fffdideV= fffl\fyde:ff f 2(p sin ¢ cos 6)(p sin ¢ sin 6)(p cos P)p? sin ¢ dp dO dp
) , o Jo Jo
a (27 (/2
=ff f 2p%(sin 6 cos 6)(sin® ¢ cos ¢) dp d6 dp

2 2m
ff —p sin @ cos 8d0dp = j[( )sz 0]0 dp = 0.

8. SincedivF =y + z — y = z, we have

a (Jal—xt m 2w (a Jal-rt
ffjdideV=f j f zdzdydx=f ff zrdzdrdo
2 —at-Va¥=xJo [0} 0 Jo

27T 2,2 4 27,
a‘r r ma*
f f drd@ fo 4 8} dé = 3 d0 i

9. Since div F = 3, we have

fff3 dV = 3(Volume of sphere) = 3[%71-(2)3] = 32
Q

10. Since div F = xz, we have
J‘J‘J‘ 4 73 \/9—)'i 4 13
xde=fff xzdxdydz:}f 200) dy dz = 0.
A 0 J-3J-/5-3 b _32() Y az

11. Since divF = 1 + 2y — 1 = 2y, we have

43 /9=y 4 (3 4
2ydV = 2 - ) = X 2)3/2 —
J[[prav= [ L] = [ [0 30 -7 =0
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12. Since div F = y2 + x? + ¢%, we have

16 /256 -2
fff(x2+y2+ede jf f (x2 + y2 + &) dzdy dx
- VT56—2 J(1/2) /5y

2m (16 (8 2 (16 |
f f (r* + &rdzdrdf = f J 8r3 + re® — Er - re’/2> drdo

2w
- (%éz . 100e8> a0 - 221% 2008
[}

13. Since divF = 3x2 + x2 + 0 = 4x2, we have

6 4 f4-y 6 4 6
fjj4x2dV=fff 4x2dzdydx=ff4x2(4-—y)dydx=J’32x2dx=23O4.
2 0 Jo JO 0 Jo 0

14. Since div F = €% + &% + &% = 3e%, we have
6 (4 f4—y 6 (4 6 ‘
fff3e‘dV=jff 3ezdz@dx=ff3[e4‘y— 1]dydx=J3(e4—5)dx= 18(e* — 5).
, o Jo Jo o Jo )

15. Flx,y,2) = xyi + 4yj + xzk
divF=y+4+x

JfF'NdS=JJ'JdiVFW=f[f(y+x+4)dV
5 Q
w21
=jf (psin ¢ sin 8 + psin pcos 8 + 4)p*sin pdOdd dp
=ffwfw[ﬁsin2¢sin0+p35in2qbcosﬂ+4pzsin¢>]d6d¢dp
o Jo Jo
3w 2w
=fj [—p"sin2¢cos0+p3$in2¢sin0+4p2sin¢-0]0 d¢ dp
o Jo
3 rw
=ff 87rp? sin pd¢ dp
o Jo

= J:[—Swpz cos ¢]:dp

= f:167rp2 dp = [ﬁ;jﬁ] = 1447

16. divF = 2
ffF~NdS=fffdideV=ffJ2dV.
5 Q Q
The surface S is the upper half of a hemisphere of radius 2. Since the volume is %(% 71(23)) = 167r/3, you have

f f F - NdS = 2(Volume) = %7—7
s
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17. Using the Divergence Theorem, we have

ffcurlF~NdS=JJJdiv(curlF)dV
s Q
i

i k
curl F(x, y, z) = % 56; 6% = —6yi — (2z — 22)j + (4x — dx)k = —6yi

dxy + 22 2x? + 6Gyz  2xz
div (curl F) = 0.

Therefore, J f f div (curl F) dV = 0.
Q

18. Using the Divergence Theorem, we have

J;fcurlF-NdS=j£fdiv(curlF)dV
; .

J k
curl F(x, y, 2) = % % a% = (xz — ysinx)i — (yz + xysin 2)j + (yz cos x — x cos z)k.

xycosz yzsinx xyz

Now, div eurl F(x,y,z) = (z — ycosx) — (z + xsinz) + (y cosx + xsinz) = 0. Therefore,

J’fcurlF-NdSr-fffdiv(curlF)dV=O.
s
Q

19. See Theorem 15.12. 20. If div F(x, y, z) > 0, then source.
If div F(x, y, z) < 0, then sink.

If div F(x, y, z) = 0, then incompressible.

21. Using the triple integral to find volume, we need F so that

oM N 0P _

divF =
v dx dy 9z

Hence, we could have F = xi, F = yj, or F = zk.

For dA = dy dz consider F = xi, x = f(y, 2), then N = ~2d LK oy is - T 77T aya
or = dy dz consider F = xi, x = f(y, z), then —\/1_+.fy2+—fz23n = 5+ frdydz

. . Li+j+ fk
For dA = dz dx consider F = yj, y = f(x, z), then N = ————— and dS = V1 + f2 + f*dzdx.
T+ 2+ [

i +fj+k
For dA = dx dy consider F = zk, z = f(x, y), then N = Jdthitk A and dS = /1 + f? + f,2dxdy.
VI I

Correspondingly,wethenhaveV=ij-NdS=fodydz=ffydzdx=ffzdxdy.
s s s. s.

a fa a fa a
22. v=ffxdydz=ffadydz=fazdz=a3
o Jo o Jo o
SMilmly,nydzdx=jfzdxdy=a3.
0 Jo o Jo
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23. Using the Divergence Theorem, we have f

F(x,y,z) = Mi + Nj + Pk

fcurlF-NdSszfdiv(curlF)dV.Lct
s
Q

P ON oP oM oN oM
=f— = — - — - — ] + | — — =
curl ¥ <6y 9z )l <6x az )J < ax dy )k
. 3P N 3P M 3°*N M
div (curl F) = —/— — —~ — —— N oM
dxdy dxdz dydx dydz 0z6x  0zdy

Therefore, IJ’curlF +NdS = ffJOdV = 0.
s.
Q

24. If Flx, y,2) = a;i + a,j + a;k, thendivF = 0,
Therefore,

[ [

26. IfF(x,y,z) = xi + yj + zk, thendivF = 3.

25. IfF(x,y,7) = xi + yj + zk, then div F = 3.

[fovo [ Jorro- [

Lo [forar - g o= iy o

27. J'ffDNgdS=ffng-NdS
S. S

=fffdiv(fvg)dt/:f”(fdwvngVf-Vg)dV= fff(fv2g+Vf°Vg)dV
Q Q Q

28, J;f(fDng—gDNf)dS=LffDNgdS‘LngNde

=f”(fvzg+Vf-vg)dv—fH(gv2f+Vg-Vf)dv=”f(fv2g~g\72f)dv
Q Q Q

Section 15.8 Stokes’s Theorem

1. F(x,y,2) = 2y — 2)i + xyzj + ek

i j kK
i) i) 3 s .
curl F = | o= B oz | = Wi +(yz—2)k

2y —z xyz ¢t

3. F(x,y,z) = 2zi — 4x?j + arctan xk

i J k
=2 4 R I P S
curl F = % 9y 3z = (2 I xz)‘] — 8xk
2z —4x* arctanx

2. Flx,y,z) = 2% + y2j + 22k

i K
(2 B8 8 |_ _g.
curl F = | 5= 3y oz 2xj
2y 2

4. F(x,y,z) = xsinyi — ycosxj + yz2k

i i k
= & KA 8

curl F = T 3y 3z
xsiny —ycosx  yz®

= 72 + (ysinx — x cos y)k
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5. Fx,y,2) = e i + & *2j + xyzk 6. F(x,y,z) = arcsinyi + /1 — x*j + yk
i ] k i i k
9 9 9 = 2 9 9
curl F = | == 3y oz curl F = F" 3y 3z
eF Y e+ 2 xyz arcsiny /1 —x2 y?

= (xz — 2ze”*¥)i — yzj — 2ye” 'k - 1
(xz ~ 2ze”* )i — yzj — 2y i+ [ x_ ]k
J1=x2 /1 —y?

= z{x — 2e¥* )i — yzj — 2ye” Yk

x 1
= 2yi — + k
I [Jl =2 —y2]

7. Inthiscase, M = -y +z, N=x—z, P=x—yand Cisthecircle x2 + y2 =1, z=0, dz = 0.

LineIntegral:JF-drzj(—~y+z)dx+(x—z)dy+(x—y)dz=f —ydx + xdy
c c c

Letting x = cost, y = sint, we have dx = —sintdf, dy = costdt and

2
f —ydx + xdy = f (sin?¢ + cos?t) dt = 2.
c o

Double Integral: Consider F(x,y,z) = x> + y2 + z2 = 1.
Then

C 4 oovi 4
VF i+ 2yj 22k~xi+yj+zk.

N = = =
IVEl 257457+ 722

Since

—-2x _ —x -y / 22 ¥ 1
2 — — 2~ Y2 == —_—= — = — = 4+ — 4 = = - A.
z 1 —-x ¥, 2, 2 . ,and z, 2 ds 1 2tz dA . d

Now, since curl F = 2k, we have
j J (curl F) - NdS = J sz(-i-) dA = f J2dA = 2(Area of circle of radius 1) = 2.
8 R R

8. In this case Cisthecircle x2 + y2 =4, z =0, dz = 0.

LineIntegral:JF «dr = J —ydx + xdy
c c

2w
—ydx + xdy = f 4dt = 8.

Letx =2cost, y=2sint, thendx = —2sintdt, dy=2costdt,andf
0

c

| VE  2xi+ 2§+ k
Double Integral: F(x,y,z) =z +x*+y2— 4, N = = ,dS = J1 + 4x + 4y2dA
ouble ntegrals £k ) =2 12ty VA Asaerar ©7 T

curl F = 2k, therefore

2 J4—x? . 2
ff(curlF)-NdS=fJ2dA=f j 2dydx=2f 2V4 — x2dx
R -2 J-Va=5E -2
2

2
= 4f VE=dx = 2[x\/4—x2 + 4arcsin %] i
-2

= 81r.
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9. Line Integral: From the accompanying figure we see that for
Ciz=0,dz=0
Cyx=0,dx=0
Cyiy=0,dy=0.

Hence,JF-dr=fxyzdx+ydy+zdz
c c :

=j ydy+f ydy+zdz+f zdz
Cl CZ C3

3 0 6 0
=fydy+fydy+fzdz+fzdz=0.
o 3 o 6

Double Integral: curl F = xyj — xzk
Considering F(x, y, z) = 3x + 4y + 2z — 12, then

VF  3i+4j+ 2k

N= =
IVF V29

and dS = /29 dA.

Thus,

ff(curlF) «NdS = f f(4xy — 2xz) dA
s R
4 f(—3x+12)/4 3
= Jo.[) [4xy o 2x(6 - 2y - Exﬂ dy dx

4 ((12-30)/4
=ff (8xy + 3x? — 12x) dy dx '
o Jo

4
=J'de=0.
0

10. Line Integral: From the figure we see that z
Cry=0,2z=0,dy=dz=0
Cyrz=y% x=0,dc=0, dz = 2ydy
Cyy=a z=a* dy=dz=0
Cpz=y, x=a, dc=0, dz = 2ydy.

Hence,

jF‘dr=jzzdx+x2dy+y2dz
c c
=f de+f 2y3dy+f a“dx-l—f [a2dy + 233 dy]
[ C, Gy C,

0 0 a o a
= J 273 dy + f a‘dx + f (@22y’)dy = [a“x] + [azy] = —g% + a3 = a¥(1 — a).
a 4] a 0

a

Double Integral: Since S is given by —y* + z = 0, we have

—%%—;‘—2 and dS = VT + 42 dA.
y

Furthermore, curl F = 2yi + 2zj + 2xk. Therefore,

Lj(curlF)'NdS=fRf(4yz~2x)dA=Ef(—4yz+h)dA:Lafoa(_a,ys+2x)dydx

= J (—a* + 2ax) dx = [—a“x + axz]o =—a + a = d¥(1 - &Y.
o

N:



Section 15.8 Stokes’s Theorem 431

11. LetA = (0,0,0), B = (1,1,1)and C = (0,2,0). ThenU = AB =i + j + k and V = AC = 2j. Thus,

N = UxV _-2i+2%k ~—itk
lu=<vi 2.2 V2
Surface § has direction numbers — 1, 0, 1, with equation z — x = 0 and dS = /2 dA. Since curl F = —3i — j — 2k, we have

ff(curlF) NdS = fjf dA= jfdA (Area of triangle with s = 1,b = 2) =

12. LetA = (0,0,0), B = (1,1,1),and C = (0,0,2). Then U = AB = i + j + k, and V = AC = 2k, and

k, wehaveff(curlF) +NdS = ijdS=0.
s 3

UxV _2i—2j_i—j
oxvl 22 V2°

Hence, F(x,y,z) = x — y and dS = /2 dA. Since curl F =

N =
2+ 2

13. Fx,v,2) = 22i + 22 + yk, S:z=4—x2—-y%, 0 < ¢
J k
|4 9 9| :
curtF = == 3y oz = 2yi + 2zj + 2xk
xZ y2
Gy, =x2+y*+z-4

VG(x,y, 2) = 2xi + 2yj + k
ff(curlF)-NdS fj(4xy+4yz+2x)dA f f [4xy + 4y(4 — x2 — y?) + 2x] dy dx
s -Va-x2
= f f [4xy + 16y — 4x%y — 4y + 2x]|dy dx
-2J-V4-x
2
=f 4x/d = x2dx =0
-2
4. Flx,y,2) = dxzi + yj + 409k, $$9—x2—y2 2<0
curl F = 4xi + (4x — 4dy)j

Gy, 2) =x>+y2+2z-9
VG(x,y,2) = 2xi + 2yj + k

3 (TR
ff (curl F) - NdS = JJ‘[&YZ + 2y(dx — 4y)] dA = f j [8x2 + 8xy — 8y?]dydx
s -3J-/6-2

= f (16x2\/§_x2 - —~(9 - xi)3/2)dx =0

15. F(x,y,2) =22 + yj + xzk, Siz= /4 — x2 — 2

i j k
J d i) .
curl F = % 9y oz =2)
2y xz
Glx,y,z) =z— Jd—x2—3?
x . y .
VGix, y,z) = i+ +k
&, ,2) N T ep——t

fj( 1F) - Nds fJ S S— jf - 'y dA = ff T dydx=0
cur) . = X =
s ® x/4—x2—y V4 —x? —y -2 —myy
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16. F(x,y,z) = x%i + 22j — xyzk, S:z= V4 — x2 — y2
i j k
il a i) . .
curl F = | 0= » 9 = (—xz — 22)i + yzj
x* 2 —xyz
Glx,y,2) =z— V4 —x*—)?
X . y .
VGix, y,z) = i+ +k
x,3.2) 4 —x2—y? \/4—x2—y21

) B —z(x + 2)x Yk
Lf(curlF) NdS_Lf[\/4—x2—y2+ V4= 22— y?

2

S
:fj[“x(x+2)+y2]dA=j J (=x2 = 2x + y}) dydx
R -2J-VEa=3

52 — 2xy + —
x%y y -

fz - ya] ViR
3

-2 L

-
=f =234 — X2 — x4 — K2 +§(4—x2)\/4—x2]dx

—2L

2 r
=f —gxzx/4—x2—4x\/z_——x—2+g 4—x2]dx

-2 L

17. F(x,y,2) = —In/a% ¥ y%i + arctanfj +k

]dA

——g—(—;—)[x(bcz —4)V/4—-x2+16 arcsin%] + —;:(4 ~x?)32 4 g(%)[x\/4 — x2 + 4 arcsin

[
= [(_%)(37,) + %(2#) + %(—8#) = g(—Zﬂ)]

i j K
- Kl 9 9 1 _ (1/y)
curl F = x 3y 5z |~ [

—1/21n(x?> + y?)  arctan x/y 1

Stz =9 — 2x — 3y over one petal of r = 2 sin 26 in the first octant.

G(x,y,Z)=2x+3)’+z—9
VG(x,y,z) =2i +3j + k

_ 2y
Lf(curlF) NdS-fo2+y2dA

/2 [2sin20 .
= f f 2506, 4rdo
0 8]

r

w/2 (4sinfcos 8@
= f f 2 sin 8dr df
0 0
/2

=f 85in29c050d0=[
o 3 Jo

qumz

+
1+ (x%/y?)  x*+

8
3

X

2

|

2

-2
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18. Flx,y,2) = yzi + (2 — 3y)j + (x2 + y)k

i K
d il d . .
curl F = | =~ Iy Er =2yi + (y — 2x)j — zk

vz 2—=3y xZ+y?
S: the first octant portion of x2 + z2 = 16 over x? + y? = 16
Glx,y,2) = 2 = V16 — x?

X

VGix,y,z) = ;/TE*—:—‘

jj(curlF) Nds = Jf 2 z]dA

- [ |2 - v

itk

4 /16-%2 2xy
” [7‘1‘5——_—,@““6**2]"”*

4 J16=x2
- . S S _2]
= 16 d
| [ - o] e
4
= f [x\/ 16 — x? — (16 — x2)]dx
o

= [—1(16 ~ x2)32 ~ 16x + 3‘3]4

3 3o

64 64 64

+ ) - {2 = =
-(rer 9= (-5)- -5

2xi —

19. From Exercise 9, we have N = ————— and dS = /1 + 4x? dA. Since curl F = xyj — xzk, we have
\/— vj

1+4

5

ff(curlF%NdS ffxsz ffxmydx faxadx ‘”‘] “7,
A

20, Flx,y,z) = xyzi + yj + zk

i j k
=18 9 4l_ ._
curl F = ax ay oaz| =W xzk
xyz y z

S: the first octant portion of z = x? over x? + y? = a?. We have

—jf_k and dS = 1 + 4x2 dA.

fj(curlF) Nds = ffxsz fJ'wa
=LL T s dydx

a
= | x3/a® — x*dx
o
= [__l_xz(az ~ X232 — i(az - x2)5/2]‘z
3 15 0
2,
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21. Flx,y,z7) =i+ j— 2k

i j k

a 0 J 1 _
curl F = x dy o =90

1 1 -2

Letting N = k, we haveJJ'(curl F) - NdS=0.
s

23, See Theorem 15.13.

25. If curl (F) = 0, then Stokes’s Theorem gives

jF'dr=ff(curlF)'NdS=0
c s

The circulation is zero.

26.
fVg = f—l + f f—ﬁk
i i Kk
curl (fVg) = % % a%

flog/ax) f(ag/ay) f(ag/oz)

i

g

i

+

+

of

(G
()
ol -1G)G

of  of af

=|dx Jy 9dz|=VfxVg
dg dg g
ax dy 9z

Ge) + e - 2
[l
[l

(5 ><‘3§)-(

22, Flx,y,z) = —zi + yk
Sxt+yr=1

i

curl F = =i—-j

X
-z

k
]
3z

o8le
23

y

Letting N = k, curl F - N = O and

Jf(curlF) *NdS=0.
s

24. curl F measures the rotational tendency.

See page 1031.

(a) f fVg -dr = ff curl{ fVg] - N dS (Stokes’s Theorem)
c s

|GG - GG

Therefore,fng < dr = ffcurl[ng] - NdS = fj[Vf x Vgl - N dS.
c s s

(b) f (f91) 'dr=ff(Vf>< Vf) - N dS (using part a)
C S

= O since Vf x Vf = 0.

—CONTINUED—
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26, —CONTINUED—

© L(ngJrgi)-dr:L(ng)-dr+L(gi)'dr
=jf(foVg)~NdS+fJ(Vngf)-NdS (using part a)
s s

=ff(foVg)-Nds+Jj—(fovg)-Nds=o
A s

27. flx,y,2) = xyz, glx,y,2) =2, Siz= J&— x? = y2
(@) Vglx,y,2) = k
fx,y, 29)Velx, y, 2) = xyzk
r(f) = 2costi + 2sintj+ Ok, 0 <t <27

L[f(x9y’ Z)Vg(x,)” Z)] cdr =20

®) Vflx,y,z) = yzi + xzj + xyk

Vg(x, y,2) =
i j k
VfxVg=1lyz xz xy|=xzi— yzj
0 0 1
N = x i Y _j+k

= i+
V4= xt -yt 4 =xT =~y

dS=\/1+< — )2 ( — >2dA= 2 dA
V4 —xr—y? V4= x*—y? V4= xT—y?

H[Vf(xy,z)xvg(x,y,zﬂ Nds = ” T |

22—y
- A
=J2f2"2r2(c0320—sm20)
J4 - r?

2 273 1. 207
= jo [——_—4 = r2<~2—sm 20)]0 dr=20

lszc.Nau*:ffcwds
25 N

rdodr

28. Let C = ai + bj + ck, then

-l-j(er)-dr=ljfcurl(er)-NdS=
2 Jc 2 s

since

-

Cxr=|la b c|=(pz—cy)i—(az~ cx)j+ (ay— bx)k

X
and
i i K
carlCxr)=| £ e 2| = 2ai + bj + cl) = 2C.

bz—cy cx—az ay— bx

2 -

dA
2



436 Chapter 15 Vector Analysis

29. Let S be the upper portion of the ellipsoid
X2+ 4y +2=4,720
Let C: r(#) = (2cost,sint, 0), 0 < ¢ < 27, be the boundary of S.
If F = (M, N, P) exists, then

0= ff(curl F) - NdS  (by (i)
s.

= J F -dr (Stokes’s Theorem)
c
= f G- dr (by (iii))
c
2w s
= f <—SEE w, O> + (—2sint, cost, 0) dt
B 4 4

27
=-1-f (2 sin?tr + 2cos?#) dt =
4Jo

Hence, there is no such F.

Review Exercises for Chapter 15

L. Flx,y,2) = xi+ j+ 2k 2. Flx,y) =1 — 2yj

z

3. flx,y,2) = 8x% + xy + 22 4. f(x,y,2) = x2"
F(x,y,z) = (16x + y)i + xj + 2zk F(x,y,2) = 2xe*?i + x%ze’7j + x?ye’’ k
= xe”(2A + xzj + xyk)

5. Since aM/dy = —1/y* # dN/ax, F is not conservative.

6. Since 9M/dy = —1/x* = 6N/ox, F is conservative. From M = 8U/ox = —y/x* and N = aU/dy = 1/x, partial integration
yields U = (y/x) + h{y) and U = (y/x) + g(x) which suggests that U(x, y) = (y/x) + C.

7. Since dM/dy = 12xy = aN/dx, F is conservative. From M = aU/dx = Sxy2 ~ 3x2and N = aU/dy = 6x%y + 3y? — 7,
partial integration yields U = 3x2y2 — x* + h(y) and U = 3x%y? + y* — 7y + g(x) which suggests A(y) = y3 — Ty,
gy = =P, and Ulx,y) = 3x»y2 - B+ — Ty + C.

8. Since 3M/dy = —6y® sin 2x = IN/ox, F is conservative. From M = aU/dx = —2y%sin 2xand N = aU/dy = 3y?(1 + cos 2x),
we obtain U = y*cos 2x + h(y) and U = y*(1 + cos 2x) + g(x) which suggests that A(y) = 3, g(x) = C, and
Ulx,y) = (1 + cos2x) + C.
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9. Since 10. Since
oM oN oM oN
= 4y = — = 4y = —,
dy dx oy ox
oM P oM aP
oz 7 e 0z - BT oy
F is not ive.
1S nOt conservative. ﬂ B 6 " E
az Y ay

F is not conservative.

F is conservative. From

U 1 U  —x U —x

Coax yZ gy yk 9z  yz
we obtain

X X X X
== 4 ,z2), U==—+ L 2), U==+ h(x, EEN LY, ==+ K.
vz f(2) vz g(x, 2) vz (x, ) flxy,2) vz

12, Since
M _ N oM _ 9P
3 2= oy T ycesz# s

F is not conservative.

13. Since F = x%i + y?j + z%k:

(@) divF = 2x + 2y + 2z

dP oON oP oM aN oM
(9P _ 9N\, (0P oM\. (N M\, _ . ¢ 4 Ok =

(b) curl F (ay az)l <6x 62)‘] <6x ay)k 0i—0j+0k=0
14. Since F = xy?j — zx%k;

(a) divF = 2xy — x?

(b) curl F = 2xzj + y’k

15. Since F = (cosy + y cos x)i + {sinx — xsin y}j + xyzk:
(@) divF = —ysinx — xcosy + xy

(b) curl F = xzi — yzj + (cos x — siny + siny — cos x)k = xzi — yzj

16. Since F = (3x — y)i + (y — 22)j + (z - 3x)k:
C @divF=3+1+1=5
) curl F = 2i + 3j + k

17. Since F = arcsin xi + xy2j + yz?k: 18. Since F = (x2 — y)i — (x + sin2y)j:
1
a) divF = ————= + 2y + 2 T 5
@ M- 2 344 (@) divF = 2x — 2sinycosy

(b) curl F = z%i + y?k ) curl F =0
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19. Since F = In(x* + y2)i + In(x? + y2)j + zk: 20. SinceF=§i +§j + 22k
. 2x 2y
(a) divF = + +1 MR z _ 1 1
X2+ y2 o x2 4y (a)leF——;E—F+2z— 2—;2-—})—
2x + 2y
_ + 1, 1
x? + y? ! (b) curl F = —;i+;j
_ -y
(b) curlF—x2+y2k

21. (@) Letx=1t,y=1—1 <t < 2 thends = /2du.
2 3\ |2
f(x2+y2)ds=f 222 dr = [2\5(%)] =62
C -1 —1i
‘(b) Letx =4cost,y=4sint,0 <t < 27, thends = 4dt.

27
J x?2 + y¥ds = j 16(4df) = 1287
c

0

22. (@) Letx =51,y = 41,0 < ¢t < 1, thends = /41 dt.
1 Sa1
fwds=f 20!2\/41dt=20341
C 0

® Cix=1ty=0,0<17<4,ds=dt
Cpx=4—4,y=2,0<1<1,ds =25 dt

Cyuix=0,y=2—-1,0<1r<2,ds=dt
4 1 2
xyds=f 0d¢+f (8:—8:2)2J§dz+f 0dr
(4] (8] [}

_ 2 P8} 85
—16\/5[2 3]0- 3

Therefore, J
c

. . dx d .
23. x =cost + tsint,y =sint ~ rcost,0 <t < 27r,z;=tcost,?);=tsmt

297 27
f (x? + yH)ds = f [{cost + tsin£)? + (sint — tcos )]/Pcos?t + ?sin? ¢ dr = f [£ + f]dt
c o o

=271 + 27Y)

dx d
24.x=t—sint,y=1—cost,0$t£27r,——=l—cost,—xzsint
dt dt

27 ' 2
des = f (t — sint) /(1 — cos#)? + (sin 1) dt = f (t — sin#)/2 — 2 cos tdt
fo o o
21 27 2
= \/ff [t 1 — cost — sint</1 — cos t]dt = ﬁ[—%(l — cos t)3/2]O + \/ij t/1 = cos tdt
o )

21w
= ﬁf t/1 — cos r dt
0

= 87

2

)
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25.

26.

27.

28.

29.

30.

(@ Letx=2t,y=—3,0<1r< 1.
1 1 35
f(lx—y)dx+(x+3y)dy=j [7t(2)+(—7t)(—3)]dt=f 35tdt=7
c 0 0
(b) x=3cost,y =3sint,dx = —3sintdt,dy =3costdt,0 <t < 2w

27
f(Zx”y)dX+(X+3y)dy=j (9 + 9sinzcos ) dr = 187
C 0

. . . T .
x=cost+tsint,y =sint —tsint,0 £ ¢ < E,dx=tcostdt,dy= (cost — tcost — sint) dt
/2

j 2x —y)de+ (x + 3y)dy = J' [sin £ cos #(5¢2 — 6t + 2) + cos? 1t + 1) + sin? #(2¢ — 3)] dt ~ 1.01
c 0

f(2x+y)ds,r(t)=acos3ti+asin3tj,0 <t <
c

NIy

x{f) = —3a -+ cos?tsin ¢

y{(#) = 3a - sin®tcos ¢

w/2 2
J (2x + y)ds = J' (2(a  cos* ) + a - sid )Vx () + y' () de = 2?*
C o]

r()=ti+r2j+ "k 0<r<4

X =1,y0=2 20 = %,1/2
4 / 9
f(x2+yz+z2)ds=f B+rr+8) /1 +4t2+zt dr =~ 2080.59
C o}

flx,y) =5 + sin(x + y)

C:y = 3x from (0, 0) to (2, 6)
r() =ti+3tj,0<r<2
r’() =i+ 3j

e @] = /10

Lateral surface area:

2 2 /

Jf(x,y)ds =f [5 + sin(t + 39)])/10dt = 10f (5 +sindt)dt = 710(41 — cos 8) =~ 32.528

c 0 ' 0
fy)=12-x—y 31. dr = (2ti + 312j) dt
C:y = x2 from (0, 0) to (2, 4) F=ri+1,0<r<1

=t +125,0< < !
() =r+12j,0< <2 jF-dr=jSt6dt=§

C 0 7

r’() =i+ 2tj
e = V1 + 412

Lateral surface area:

2
ff(x, y)ds = f (12 — ¢~ )1 + 42 dr = 41.532
c o



440 Chapter 15 Vector Analysis

32. dr = [(—4sinpi + 3costjldr

F = (4cost—3sin#)i + (4cost+ 3sin)j,0 < ¢ < 27

2m 7 sin? £ |27
fF-dr=f (12—7sintcost)dz=[12t———-—~—] = 247
c A 2 Jo
33. dr = [(-2sindi + (2cos n)j + k]dr M x=2-ty=2—tz=V/MH—-1,0<r<2
F=@2cost)i+ (2sint)j+1k,0<1< 27 [ 2t ]
dr=|—i-j+——tk|ar
27 r ! J \/4t“[2
JF-dr=f tdt = 272
¢ 0 F=(4-2~ Var—2)i+(Jar—2—2+1)j+0k

2 2 2
JF-dr=f(t—2)dt=[———21]=—2
c o 2 0

3. Letx=t,y=—1r,z=22% -2 <t £2,dr=[i - j+ 4rk] de.
F={(—t—2%i+ 22 - 9j + 2k

2
43712 64
. = 2 = | — —
fCF dr J'_24t dt [3]‘2 3

36. Letx = 2sint,y = —2cost,z=4sin?1,0 <t < 7
dr = [(2 cos #)i + (2 sin #)j + (8 sin ¢ cos k] dt
F=0i+ 4j + (2sink

™

fF-dr=j (8sinr + 16si112tcost)dt=[—8cost+%6sin3t] =16
c o 0
37. Fory =x%r () =i+ 25,0 <t £ 2 s
Fory=2xr,(0)=Q2-0i+@-2)j,0s <2 T .
3 2
fxydx+(x2+y2)dy=f xydx+(x2+y2)dy+j xydx + (x2 + yH dy 24 l&'
C C, &Y

100 4 1,
=22 4 (= S ey
3 (-32) 3 e x

38.fF-dr=f (2x —y)dx + 2y — x) dy
c c
r(t) = (2cost + 2¢sin )i + (2sint — 2tcos9)j,0 S r < 7

fF-dr=4772+47r
c

39. F = xi — /yj is conservative.

- 12_23/2}(4'8)=l _(Z> 32 - 8(a _
Work [2x 700 =200 (5 5(3 4v2)
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i

40. r(t) = 10sinti + 10 costj + ZQ()O—/S—gﬁgtk, 0t < —272 41, j 2xyzdx + x¥zdy + xtydz = [xzyz](o 0.0 =12
c , 0,

/2

10 sin#i + 10 cos tj + —25—tk

337
F = 20k
dr = (10cos ti — 10sin¢tj + 323—5k)
w/2
500 250
LF-dr—fO 337rdt_ e mi ¢ ton

1 4,44
42.fydx+xdy+—dz=[xy+ln|zi] =16+1n4
c z ©.0,1)

1
43, (a) jyzdx + 2xydy = f [(1+ 02(3) +2(1 + 301 + )] dt
C 0

1

= f 32+ 20+ 1) + 20322 + 4¢ + 1)] ar
0
1

= f Or2+ 14t + 5)ar
0

1
= [3:3 + 712 + St]O =15

(b) Lyux + 2xydy = f [r(l) + 2(:)(\6)2—1\2] dt

1

=f(z+t)dt
[

44, x=a(6 ~sin),y=a(l —cos6),0< 6< 27

1
@ A =§f xdy — ydx.
c

Since these equations orient the curve backwards, we will use

A=%f(ydx—xdy)

(1,4,3)

(©) Flx,y) = y% + 2xyj = Vf where f(x, y) = xy?

Hence,

f F-dr =427 - 101)7 =
C

:

- %fzﬂ [a*(1 ~ cos 6)(1 — cos 6) ~ a*(6 — sin §)(sin 6)] 6 + %fzm (0 - 0)d6
0 o

2 (2w
=%f [1 —2cos @+ cos? § — fsin @ + sin? 0] d6

& [ a>
== (2—-2cos0— Bsin ) do = —2—(677) = 3qq2.

(b) By symmetry, ¥ = 7ra. From Section 15.4,

<l

1
yidx = — 30 — 27 —
~53 dx = f (1 — cos O)X1 — cos 6) d6

——a*(5m) =

2(3 2) 6
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2 12 2 2 (2
45.fya’,x+2xdy‘=ff (2-I)dydx=f2dx=4 46.fxydx+(x2+y2)dy=ff (2x — x) dy dx
c o Jo o c o Jo
2
=f2xdx=4
o
R
47.fw2dx+xlydy=Jj(2w—2w)dA=0 48.f(x2—y2)dx+2xydy=jf 4y dy dx
c : P ¢ —ad_ Jm

i

f O0de=0

1 rx 1
49.J-xydx-kxldyzfjxdydx=f(x2—x3)dx=i
c o Jx o 12

(1 xz/z)a/z
50. f 2dx+x4/3dy—f f ‘/3—2y>a'ydx
C

(1 ~x2/3)3/2

n (1 —x2/3)32
= x! dx
1 [3 A ] (1—x23)12

= fl gxl/B(l — X2/3)3/2 gy
-1

It

_8 oy — e - 16 _ /35/2]1
[7x (1 — 223) 35(1x2) .

=0
51, r(u,v) = secucosvi + (1 + 2tanu) sinv j + 2uk 52, r{u,v) = e"%4cosvi + e “/*sinvj + %k
OSusg, 0<su<4, 0<v<2r :
2
2 2
53. (a) b)

(© @

The space curve is a circle:

r(u, z_r) _ 32 3V/2 V2

cosui + ——sinuj + —~k
—CONTINUED— 4 2 2 2
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53. —CONTINUED—

(&) r,= —3cosvsinui+ 3cosvcosuj
r,= —3sinvcosui— 3sinvsinuj + cosvk
i i k
r,xr,=|—3cosvsinu 3cosvcosu O

~3sinvcosuy —3sinvsinu cosv

I

(3 cos? v cos u)i + (3 cos? vsin u)j + (9 cos v sin v sin? u + 9 cos v sin v cos? wk

= (3 cos?vcos w)i + (3 cos? vsinu)j + (9 cos vsin v)k

e, x 1, || = /9 cos*vecos?u + 9 cos*vsin? u + 81 cos?v sin? v

= /9 cos*v + 81 cos?vsin?v
Using a Symbolic integration utility,
w/2 (2
f flr, xr, |l dudv = 14.44,
n/4 JO

(f) Similarly,

/4 /2
f f v, xr, || dvdu~ 4.27.
o Jo

M, Sruvy=@+vi+t+wu—v)j+sinvk, 0<u<20<vsw
r,(u,v)=i+]j

r,(u,v) =i—j+cosvk

i j Kk
r,xr,=1|l 1 0 [=cosvi—cosvj— 2k
1 —1 cosv

Ie, >, = vZeov T 4
Uzdszfo” zsmvmdudv=2[\/€+\/§ln<%>}

0

55. S:r(u,v) = ucosvi+usinvj+ (u— 1)2 - wk, 0 S u<20<v<27

r,(u,v) = cosvi + sinvj + (3 — 2wk

r,(u,v) = —usinvi + ucos vj
i i K
r,Xr,=| cosv sinv 3 —2u|=Q2u- 3ucosvi + Qu — 3usinvj + uk
—usinv wucosv 0

e, <, || = u/Qu—-3P% + 1

2w (2
fj(x+y)ds=f f (ucosv + usinv) u~/(2u — 3> + tdudv
s o Jo ,

2 27
= f f (cosv + sinv)ut/Qu — 32+ ldvdu =0
0 Jo
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56. (a) z=a(a—\/x_z*l——yi),OSzSa2
z2=0=x*+ )= q?
®) Sigley) =z=a*~a/P+ )
plx,y) = k/E + 32

m=Ue(x,y,z)ds

=ffk\/x2+yl\/1 + g2 +g2dA

_k”W\/H 2

=kffm(m)dA
R

27 (a
=k\/a2—+lf frldrde

0 JO

27ra3
=kmf e

o
-/ F e

57. Flx,y,7) = x*i + xyj + zk
Q: solid region bounded by the coordinates planes and the plane 2x + 3y + 4z = 12

Surface Integral: There are four surfaces for this solid.

z=0 N = -k, F-N=—g fdeS=0

y=0, N=-j F-N=-x, fdeS=0
Sz

x=0, N=-ij, F-N= —x2 IJOdS=O
S

2i + 3j + 4k 1 (9) V29
+ + - e B — +{—)+ = _
2x + 3y + 4z = 12,N 7% . dS 1 <4> g)dA =" dA

LfF-NdS=lfj(2x2+3xy+4z)dA

1-Qx/3) ;
—-ff (2x% + 3xy + 12 — 2x — 3y) dy dx
o

A e B e B e e I e I

(=x3 + x% + 24x + 36) dx
o

1If x* x &
=~ == 4+ = 2+ =
6[ 7 3 + 12x 36x]0 66

—CONTINUED—
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57. —CONTINUED—

Divergence Theorem: Since divF = 2x + x + 1 = 3x + 1, Divergence Theorem yields

) 6 (12—2x)/3 £(12~2x—3y)/4
[[[avear= [ [ 6w s
0 0JO 0

6 (12—2x)/3 _ _
= f f Bx + 1)<1—2—54"——3—y—)dydx
a Jo
6

1 3 Ja2-24/3
=~| (Bx + 1)[12}1 - 2xy ~ —yl] dx
4), 27 Jo .

-4 e ofae 29 - 2{1252) - Y252

_—_—— 2+
7 3 48x% + 36

4 6
1 [3x 3543 x] - 66,
0

] |
=1f 2 (328 — 3522 + 96x + 36) dx =
44, 3

6
58. F(x,y,z) = xi + yj + zk
Q: solid region bounded by the coordinate planes and the plane 2x + 3y + 4z = 12
Surface Integral: There are four surfaces for this solid.
z=0 N = -k, F-N= —z fdeS=O
S,

y=0, N=-j F-N=—y, fdeS=0
5

x=0, N=—i F:«N= —x ijdS=O
Ss

2i + 3j + 4k <1> (9) V29
+3y+4r=]2. N=~—"=4 _ "2 = =)+ 1= ) e,
2x + 3y + 4z , N 55 , dS 1 I 16dA 7 dA

ffN-FdS=%ff(2x+3y+4z)dydx
sJ 4/

6 (f(12—-2x)/3 6 276
=lff 12dydx = 3 (4—§>dx=3[4x—’i] = 36
4)s Jo A 3 3o

Triple Integral: Since divF = 3, the Divergence Theorem yields.

f f f divFdv = f f f 3 4V = 3(Volume of solid) = 3[%(Area of base)(Hcight)] = %(6)(4)(3) = 36.
Q Q :

59. F(x,y,z) = (cosy + ycosx)i + (sinx — xsiny)j + xyzk
S: portion of z = y? over the square in the xy-plane with vertices (0, 0), (a, 0), (a, a), (0, a)
Line Integral: Using the line integral we have:

Ciy=0, dv=0 R A
Cyox=0, de=0, z=y2 dz=2dy

LAY

EEE RN

Cyy=a, dy=0, z=a% dz=0

)

1}
Cix=a, dx=0, z=y% dz=2ydy ¥ \\':’,»

—CONTINUED—
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59. —CONTINUED—

jF s dr = f (cosy + ycosx)dx + (sinx — xsiny) dy + xyzdz
c c

=f dx+f 0+j (cosa+acosx)dx+f (sina — asiny)dy + ay*(2y dy)
G, [ G C,

a

a 0 a
=f dx+] (cosa+acosx)dx+j (sina—asiny)dy+f 2ay* dy
o a o o

(6]

a 5ta
=g+ [xcosa+asinx] + [ysina -I-acosy] + [2(125—]
a 0 0

. . 2a%  2a°
=a—acosa—asma+asma+acosa—a+—5—=—5——

Double Integral: Considering f(x, y, z) = z — y2, we have:

Vi  —2yj+k . .
N=roe = 22— g9 = /] + 4y2dA, and curl F = xzi — yzj.
M~ T s ” ™

Hence,

a {a a fa ﬂzas 2‘16
ff(curlF)-NdS=ff 2yzzdydx=ff 2y4dydx=j —dx ="
s o Jo o Jo o 5 5

60. F(x,y,z) = (x — 2)i + (y — 2)j + x2k
S: first octant portion of the plane 3x + y + 2z = 12

Line Integral:
12 = 3x _ 3
Cpy=0, dy=0, z= 7 7 = 2dx
C22x=0’ dx=0, = 122—}’, dz=_%d)’

Cy:z=0, dz = 0, y =12 — 3x, dy = —3dx

fF°dr=f(x‘z)dx+(y—z)dy+x2dz
c c

[l Y [ [ oo

2

0 3 5 12 3 4
=j (—-—x2+—x“6>dx+f (——y~6)dy+f (10x ~ 36) dx = 8
4 2 2 0 2 (4] .

< Double Integral: G(x,y,z) = % S

Z

1
V65,9 = ~3i- 3j- k

curl F =i — (2x + 1)

4 12—-3x 4
ff(curlF)-NdS=ff (x — 1)dya'.x=f (=3x2+ 15x — 12)dx = 8
s, o Jo o

61. If carl (F) = xi + yj + zk, thendiv(curl F) = 1 + 1 + | = 3,
contradicting Theorem 15.3.
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Problem Sol‘ving for Chaptei’ 15

—25 . .
L. (a) VT=W{ﬁ+yl+zk]
‘ , 5
N=xi+\/1'—;.5k ‘
1
ds = ,--——-;sz
:

ux—ff —~kVT - NdS§

. |
-3 (i 7T 7] 4

2 11—
} 25"L,J L (s T e (e ] o

1/2
25"L, e

1 R
- e [ e

0 -
- 25k(——2‘/:)(3) 5142

®) r(u, v) = {cos u, v, sin u)
r, = {—siny, 0,cosu),r, =<0, 1,0)
r, X r, = (—cos u,0, —sin u)
AR -25 L ~25 . .
vr “Eiri D" ¥ Zz)3/2[x1 +yj+zk] = —~—~—-—(v2 " 1)3/2[003 ut + vj + sin uk]

Vr-(x,xr,) = W( cos’ u — sin’ ) = (P ¥ 1)3/2

1 f2u/3
Flux = ff = dudy = 251:[—7—7

s (vz T 1)3/2

uy

- - 9z —X 9z -y
B e e Y =y
- Y\ (62) (S
a5 \/ (& + w AT A

-25

VT = ‘m(xl +y1+zk)———25(x1+y3+zk)
_%i—%j-{—k x y . V
- - (= L kT

eV, (2P,

\/(ax) +(6y) 1
=xi+yj+ /T -2 -7k =xi+yj + 2k

Flux = -kVT-NdS=kffZS i+ yj+2k) - (xi + yj + zk dA

fJ R (i + yj + zk) - (i i z)*—lff——xa—:—f*ﬁ ,

=k“~——~ﬁ——~—dA=25ka' L drd6 = 50mk

R VT=5 =¥ Jo b /T=72 7°

—CONTINUED—
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2. —CONTINUED—
(b) r(u, v) = (sin u cos v, sin u sin v, cos u)
r, = {cos u cos v, cos u sin v, —sin u)
r, = {—sin u sin v, sin u cos v, 0)
r, X r, = (sin® u cos v, sin? u sin v, sin u cos u sin? v + sin u cos u cos? v)

e, x r )l = sinu

27 /2
Flux = 25kf f sin u du dv = 507k
o Jo

3. r(t) = (3cost, 3sint, 21)
r(t) = (—3sint, 3cost, 2), Ir(®) = V13

2
L= f(y2 + Ppds = J (9sin? 7 + 42)/13 dt = %\/ﬁﬂ.(g,zﬂ.z +27)
¢ 0

27
I, = f(x2 + PHpds = f (9cos?t + 40 /13 dt = %\/1377(32712 +27)
[} 0

21
I, = f(xz + y)pds = f (9 cos?t + 9sin21)/13 dr = 187-/13
(o} (]

K = <’2—2 : 2‘/2’m>

r() = (1,1, V202, e@) = ¢+ + 1

1
pds—l+t(t+l)dt—1

t/.4
= 2 2 = L+§3) =_2_
1, J;(x + P)pds fo(“' 5 dt 5

18

! 8 5
Ix=f()’2+Z2)Pds=f<tz+—t3)dt=-
¢ o 9 9

174
t 23
- 2 2 - 2 =«
Iz-—fc(x +y)pds—J;(4+t>dt 60

27
s, % f xdy — ydx = % [a(6 — sin 6)(a sin 6) 46 — a(1 — cos 6)(a(l — cos 6)) 6]
C 0

27
=%azj [6sin@ — sin?@ — 1 + 2 cos 8 — cos® 6] d8
o

27

—21-a2j (6sin 6 + 2cos 8 — 2)dé
(4]

= — 3742

Hence, the area is 37a2.

1 " 2
6. -l xdy —ydx=2 [—sinZtcost—sintcosZt]dt=2(—)
2)c b L2 3

Hence, the area is 4/3.
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7@ r)=10<r<1
r) = j

o 1
W=fF-dr=f(ti+j)'jdt=fdt=1
c 0 0

® r=0-i+13,0<<1
r{) = (1 —20i +j

W=F- dr= fl((2t — i+ -2+ 1) - (1 —20i+ j)dt
0
‘= fl[(l =202 -+ (- 28 + 2+ 1]dt
(3]
=f01(t4—4t2+2t+ l)dt=%
© r=clt—i+1+5,0s1r<1 '
r(=cl —20i+j
F-dr=(c(t —1%) + 0)(c(l —28) + (@ — 22 + 1)(1)

=%t - 2¢%% + ¢t — 2ct? + et + 1

1, 1

= - Ee —_—— +
W LF dr 3Oc 6c 1
daw 1

LS T G
dc 15 6 )
ﬂ=l>0 c=§minimum
dc? 15 2 )
8. F(x,y) = 3x%y%i + 2x%j is conservative. 9. vxr ={a,a,a x{x,y2)
fx, y) = x®»? potential function. ' = (a,z — ayy, —a;z + a;x,a;y — a,x)
Work = f(2,4) — f(1,1) = 8(16) ~ 1 = 127 curl(v x r) = (2a,, 2a,, 2a;) = 2v
By Stokes’s Theorem,
f(vx r)dr = ffcurl(vx r) - NdS
c s
= fva + NdS.
S.
10. Area = mab

r(t) = acosti + bsintj, 0 < ¢ < 27

r(f) = ~asinti + bcos tj

.. 1 .
f e S—, + —_
F= 2b sin ti 24 cos tj

1 1 1
. =]~ in2 - 2 =1
F - dr [Zab sin‘ ¢t + 2abcos t] dt 2ab

27
W=f F.dr= %ab(Zw) = qab
o

Same as area.
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11. F(x,y) = M(x, y)i + N(x,y)j = m[h}'l + (2y? — 29)j]

3mxy

=Gy Rl

= 3mxy|:—-§(x2 + y2)_7/2(2y)] + (2 + )5/ (3m)

~ _ Bma(x® = 4y?)
= 3mx(x? + y2) VY -5y + (x2 + yY)] = (2 + y2)1/2

m(2y? — x?
N = W = m(2y? — x)(x? + yz)'5/2

B oy = ] =202 4 3| + (2 4 =2
= male? + )22y = x)(=5) + (2 + y)(=2)]

B ~ _ 3mx{x® — 4y?)
= mx(_x2 + yz) 7/2(3x2 - 12)’2) - (x2 + y2)7/2

Therefore, N = M and F is conservative.
ox dy



