CHAPTER 14

‘Multiple Integration

Section 14.1  Iterated Integrals and Area in the Plane
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59. The first integral arises using vertical representative rectangles. The second two integrals arise
using horizontal representative rectangles.
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60 . The first integral arises using vertical representative rectangles. The second integral arises using horizontal
representative rectangles.
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75. An iterated integral is a double integral of a function of two variables. First integrate with respect to one variable
while holding the other variable constant. Then integrate with respect to the second variable.
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76. A region is vertically simple if it is bounded on the left and right by vertical lines, and bounded on the top and bottom by
functions of x. A region is horizontally simple if it is bounded on the top and bottom by horizontal lines, and bounded on the
left and right by functions of y.

77. The region is a rectangle. 78. The integrations might be easier. See Exercise 59-62.
79. True 80. False, let f(x,y) = x.
Section 14.2  Double Integrals and Volume

For Exercise 1-4, Ax; = Ay, = 1 and the midpoints of the squares are >
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and f(M, N) = the maximum value of fover R. Then

f(m,n)fkjdA < Lff(x,y)dA Sf(M,N)L[dA.

43 z2=9—-x2—-y2,z=0

3 AT
V=4fj (9—x2—y2)dydx=8l7
o Jo 2

2 —05x+1 2
45 V= ff —————dydx ~ 12315
o Jo 1+x+y

SincerdA =1land0 < fim,n) < fIM,N) < 1, wehave 0 < f(m, n)(1) < fff(x,y)dA < fM,N)1) < 1.
3 3

Therefore, 0 < fff(x,y)dA < 1.
R

x
48, — + = +
8 b
= _x_2
z c<l 2 b)

V=Lff(x,y)dA

il I

I

il
o
=

]

]
2| &
TN

[

|
SR
SN

[~

|
i

3

bl

1 r1/2 1/2 f2x
49. J’J' e“zdxdy=f f e *dydx
0 Jy/2 o Jo

172
= f 2xe™* dx
0

1/2
[
[

= —e 144 ]

=1 - ¢ /4~ 0221

1—-=—-=

Jajb[l—bc/a)] ( e
cf
o Jo a
a 27741 — (x/a)]
cf [y = X_:' dx
o a 2bjo

of o1 -2)-2(
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In 10 £10 10 my

o [ e [
x Jmy

= d

ﬁ[lﬂ}’]o y

22 2 Vy
52. ff ﬁcosydydx={f ﬂcosydxdy
(1/2)x* o Jo
2
=f\/§cosy\/5dy
o

2
= ﬁjycosydy
0

2
= ﬁ[cosy + ysin y}
0
= 2[cos2 + 2sin2 — 1]

1 {*[? 1 x4
M-AVemgCZ—fnydydx=—j zxdxz[—] =2
8 Jo Jo 8 Jo 8 o
1 (2(?
55. Average = — f f (x% + y?) dx dy
4JoJo
L5 fo=i[ (o)
= — — + 2 = - -+ 2
2 2 8
+ = ==
Y 3y3)]0 3

57. See the definition on page 992.

59. The value of f f f(x, y) dA would be kB.
R

325 (250
= 0.6,,0.4
61. Average 1250 f 100x%6y%4 dx dy

128,844.1

1 325 o 250
~ 1250 J, [(Ooy) ] Y=

1 farccosy
51. ff sin x+/1 + sin? x dx dy
0 Jo
/2 fcosx
=f j sinx~/1 + sin® x dy dx
0 0

/2
==f (1 + sin? x)1/2 sin x cos x dx
()

1
'5[2\/5 = 1]

12 /2
=12 201 + sin2 3/2] -
[2 3(1 sin? x) R

1 4 2 1 4 x24
53. Average—-é-J;Lxdydx~8 2x dx = [8]0—2

11 1
56. Average = —l—jf e*tvdydx = 2f e*tl — 2 dx
1/2 0 Jx o

=2[e"+‘——1-e7"‘]1=2[82—le2—e+~1-]
2 Jo 2 2
=g —2e+1

=(e— 1)?

58. The second is integrable. The first contains f sin y? dy

. which does not have an elementary antiderivation.

60. (a) The total snowfall in the county R.
(b) The average snowfall in R.

YL
f y%4dy = 103.0753 [—] ~ 25,645.24
300 L4 ]300
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50
62. Average = ISOJ J [192x + 576y — x* — 5y% — 2xy — 5000] dx dy = 13,246.67
4s

63. f(x,y) = 0forall (x, y) and

fff(xy)dA ff dy dx = f —dx =1
-1
PO<x<21 LJ; dydx floa—S

64. f(x,y) 2 0 forall (x, y) and

o0 (oo 2024 2.
j J f(x,y)dA=ff—xydydx=f—dx=1
—ooJ -0 0 04 02

POSx<l,1<ys<2= ff xydydx = fodx—~

65. f(x,y) = 0for ail (x,y) and

fjf(x)’)dA ff*(9“x— y) dy dx
P g 2P (L L) [2_ 2T
J027[9y 4 2]3‘1*_1)(2 9")‘1"—[2 18]0‘1
PO<x<1,4 =Jolf—(9-—x—y)dydx f27 — x)dx = 277

66. f(x,y) = Oforall (x, y) and

J f flx, y) dA =j f e Vdydx
—oo J—co 0 0
(o] b o b
=f lim [—e”"“y] dx=f e *dx = lim [—e”"] =1
o b [4] o b—oyoo [4]
‘ 11 1 N 1
PO<sx<1,x<y< 1)=ff e”"ydydx=f [—e“‘y] dx=f (7% — e~ ") dx
0 Jx o x 0

- [_le-u + e-x“l]l g Lo L < 01998,
2 o 2 272

67. Divide the base into six squares, and assume the height at the center of each square is the height of the entire square.
Thus,
=~{(4+3+6+7+3+2)(100) = 2500m°.

(15,15,

as5, 6)‘, T 6.53)
i
i
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12
68. Sample Program for TI-82: 69. f f sin Vx+ydydx m=4,n=38
o Jo

Pr N
ogram: DOUBLE (@) 1.78435

 Input A (b) 17879

: Input B

: Input M

: Input C

: Input D

: Input N

0>V
:B-A)/M-SG
:D-C/N->H

:For (I, 1,M, 1)
:For(J,1,N, 1)

A+ 05GRI-1) — x
:C+05HRI - 1) -5y
:V+sin(\/m) xGxH-V
: End

: End

: Disp V

2 r4 6 (2
70.ff 20e " dydx m = 10,n = 20 71.][ ycos Vxdxdy m=4n=38
0 Jo 4 Jo

(a) 129.2018 (a) 11.0571
(b) 129.2756 (b) 11.0414

402
72.fj\/x3+y3dxdy m=6,n=4 73. V=125 i
1 Ji 40,16 1
Matches d. !

(a) 13.956
(b) 13.9022

74. V = 50 z 75. False

e
V=8ff V1 —x2~yrdxdy
0 Jo

Matches a.

76. True
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1 1rx 111 2 1 2 e~ — e_Zx
77. Average = f fx) dx = J j e dtdx = —j f e’ dtdx 78. ] e vdy = l:——e“"y] = L —
0 0 J1 0 Jx 1 x 1 x

) 1
—fje‘zdxdt=—f te' dr Thus,
o Jo o
i

FeTE — g o 2
1 1 1 f _T‘“d":ff"wdxdy
et = — i — = =(1 — 0 0 Ji1
¢ ]0 2(e 1) 2(1 e) o
=fj e ¥dxdy
1Jo
2
e”‘y]‘”
"
J -5

2] 2
; >z f -—dy=[]ny] = In2.
! : 1 Y 1

I I
]

i

I

79. z =9 ~ x2 — y? is a paraboloid opening downward with 80. z = x2 + y? — 4 is a paraboloid opening upward with
vertex (0, 0, 9). The double integral is maximized if vertex (0, 0, —4). The double integral is minimized if
z 2 0. That is, z £ 0. That is,
R ={(x,y):x% + y2 < 9}. R = {(x,y): x* + y? < 4}.

8l

[The maximum value is f f © = x2 — y?) dA = ____] [The minimum value is —8r.]
5
R

2
81. f {(tan™! ¢ — tan~! x) dx
o

2 fax 1
ZLL 1 +y2dydx
21y 1 i 2 2 1
= —dxdy + —dx d
J(;J;/ﬂ'l +y? i’ 2 J;/a'rl +y? ’
2 y 2m 2
x x
= dy + d
L [1 +y2]y/w Y L [1 +y2]y/ﬂ Y
2 2
y y/m 2 y/w]
= —— “+ B o
J;[1+y2 1+y2]dy L[1+y2 T+ 2]
= [l<l - —1—> In(1 + y2)]2 + [2 tan~ly ~ iln(l + yz)]n
2 T o 27 2
1

I ;_1. n—1 __l_. 2) — -1 _1_
2(1 7T>1n5+2tan @) 277_ln(1~4-4-rr) 2 tan (2)+27rln(5)

- W A o~

= 3105+ 210w = 2tan"'@) - 5o In(1 + 47

=~ (.8274

3 (ST ‘ 9
82. J f V9= —yldxdy = >
o Jo
because this double integral represents the portion of the sphere x2 + y2 + 22 =9
in the first octant.

9mr

14
V=33700 =3
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a (b
83. Let] = f f emaxitixl, a3’} oy
0 Jo

Divide the rectangle into two parts by the diagonal line ay = bx.

On lower triangle, 52x? > a?y? because y < %x.
a (bx/a b (ay/b

I=fJ' ebz"zdydx-kff e*Y dx dy
0 Jo o Jo
a b b

=f 2 ot gy + fﬂe“2y2dy

o a o b
1

a i b
= | e 4o ay?
2ab [e ]o Zab[e ]0

= ﬁ[dﬂa’ -1+ eaibi — 1]

ert —
ab
84. Assume such a function exists.

1

ulx) = 1 +)\f u(y)u(y—x)dy;/\>%,0SxS 1

a=folu(x)dx=lex"i-/\j‘)ljxlu(y)u(y-x)dydx

Change the order of integration.

a=£u(x)dx= 1 +A£Lyu(y)u(y~x)dxdy

=1+ /\J:u(y)jjoyu(y —x)dx}dy

Hold y fixedand let z = y — x,dz = —dx.

1 [ ro
a=1+A L u(y) f u(z)(—dz)} dy

=

=1+ Af()lu(y)_ J; yu(Z> dZJ dy

Let £() = j "u(z) dz Then £(3) = u(y), £0) = 0,£(1) = a.

1
a=1+ /\fof’(y)f(y) dy

o]

L+ A 3707 - 2107

i

1+ /\%az2

A2 —2a+2=0.

For a to exist, the discriminant of this quadratic must be nonnegative.

b2 ~d4ac=4-81=20 = A<

B | =

1 .
But, A > 5 a contradiction.
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Section 14.3  Change of Variables: Polar Coordinates

1. Rectangular coordinates 2. Polar coordinates
3. Polar coordinates 4. Rectangular coordinates
5. R={(r,0: 0<r<80<0< 7 6. R={(r,0: 0<r<4sing,0< 0< u}
7.R={(r,0): 0<r<3+3sin§0< < 27} Cardioid 8. R={(r,0: 0<r<4c0s36,0< 0< =}
2w (6 277 6
9. J f 3r’sin 6drdf = J [r3 sin 0] do
o Jo 0 0
2
= f 216 sin 6 46
0

27
= [—216 cos 0]0 =0

w/4 4 /4 3 4 /2 3 /2 1 3
10. f f r?sin Gcos drdf = [—sin 0 cos 0] do 11. f f NCE r2rdrd0=f [—-—(9 - r2)3/2] do
o Jo 0 3 0 o J2 0 3 2
[(64) sin? 6]”/4 5.5 "
— —_— = _0
3 2 Jo 3 0
_16 _ 557
3 6

5

/2 3 /2 1 3
12.f f re"’zdrd0=f [-——e"”] de
o Jo o 2 o

1

/2 {1+sin & /2 Gr21+sin 6
13.j 6rdrd0=f [——] dé
o Jo 0 2 1o

/2 1
= f =6(1 + sin 6)2d6
b 2

=[-1’02+ in(i—é)cos9+-1~t9(-l 0 - si 0+-1—0>+lsin20]#/2
3 s 5 > €os 6 - sin 3 3 i
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7/2 f1—cos 6 /2 F2 L —cos 8 3
14. f f (sin O)r dr dg = f [(sin 0)—] de
o Jo o 2 Jo ®)=0 1
w2 . .
= f L 0(1 — cos 6)2do
0 2 :
/2 e
= [1(1 = cos(0))3] S0
6 0
a ST /2 (a & [™* & L7
15. ff ydxdy=f f r2sin6drd6=—f sin0d0=[—-(—cos6)] Sk
oJo b Jo 3 ) 3 o 3

a (J/aE~x w/2 fa (13 /2 (13 /2
16. ff xdydx=J f rzcosﬁdrd9=—~f cos 9d0=[—si110]
0 Jp o Jo 3 ) 3 0

1

~J

1

o0

2 V2= w/2 (2c08 B /2
19.ff xydydx=f f r’cos@sin()drd0=4j cos505ind0=[
0 Jo o Jo o

3 /92 /2 (3 /2
ff (x2+y2)3/2dydx=f f ridrde =28 |7 gp = 287
0.Jo 0 [0} 5 o

10

2 /B2 w4 22
ff mdxdy=f f r2dr dg

0 Jy 0 4}
_[ev2) (V2P 1 (V3w 4Ee
A 3 d0=|T5 6 = 4T3

o 3

4 (SAy—y? /2 (4 sin 8 /2
20. ff x2dx dy =f f r3cos? 6dr de =f 64 sin* 0 cos? 46
0 Jo o Jo

2

[

22.

= 64
=64J (sin“@—six160)d0=?[sin5ecos()-
(]

o]

4

2 rx 22 /B—x2 /4 22
.J'f ,/x2+y2dydx+f f \/x2+y2dydx=f J rdrdo
o Jo 2 0 o Jo

I

(5v3)/2 x
xydydx +
0

5
f(sﬁ

)2

J'\/ZS—x§
o]

w/4
_ f 16J§d0
o 3

_+2m
3

w/4 S
xydydx=f f r3sin @ cos @dr dé
o Jo

/4
=J(; Tsin Gcosde

/4
= [§—2~5~ sin? 0]
8 0

_65
16

sin® 6 cos 6

_4cos® 9]”/2 _2

6 o 3

+ %(6 — sin 6 cos 0)]

£3
2

,
0

/2

2
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2 4—x /2 2 n/2 {2
23. Jf (x +y)dydx = j (rcosB+rsin0)rdrd0=f f (cos @ + sin 8)r? dr do
o Jo o Jo

i

8 1r/2 8 /2
== (cos 8 + sin §) d6 = [—(sin 6 — cos B)J
3 Js £} : 0

/2 (5 /2 5
24. f fe"z/zrdrd(-):f [—e"’z/{l do
—m/2 JO —7/2 0

/2
- f (1 — e25/2)do
—m/2

= [(1 - 63“25/2)9]”/2 = q(l — e~ 2/2)

—r/2

1/V2 (V4=
25. f f arctan = aixdy + f j arctan = dxdy (%_
0 /2 2

SR
/4 2
= j Ordrdé
0 i

/4 2|7/ 32
b 2 4 o 64

3 o= w/2 3
26. ff (9—x2—y2)dydx=f © — rrdrde
o Jo o Jo

w/2 3 /2 3 /2
= J Or - r3)drde = f [-9-r2 ——-l-r“] d49=ﬂ d6=8£r
o Jo o 2 8

/2 1
27. V= J (r cos 6)(r sin O)r dr d6

w/2 1 /2 1 /2 1
=~ 3 = — i EE T Bt == =
f f rsin20dr do 8[ sin 20 46 [ 6 cos 20]0 3
/2 (1 /2 4 2\1 27 5 2e
28, V= 4f (r2+3)rdrde=4f (’—+3L) do 29. V=f f rzdrd0=f 125 jp = E0m
o Jo o 4 2 /o o Jo o 3 3
/2
- f Tao=17
o 4 2

2 2
30. Lfln(xz+y2)dA=fo j; (in r3)r dr d6
~2J J’rlnrdrd(?
2]0 l: (- 1+2lnr)]
2L2#<1n4—%)d0
=4 ln4—§
o{ins-3)

It

]
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4cos @ 2

/2 {dcos b /2 /2
3. v= 2f f V16 = rirdrdf = ZJ [“%(\/ 16 — 72)3]0 de = “EI (64 sin® @ — 64) do
o Jo o

0

/2
=%—8~ [1—sinO(l—cos20)]d0=%[6+cos0—
)

cos? 0]”/ 2

64
3 = ?(377 — 4)

2m

2w 4 .4 2
32.V= j f V16 = Firdrdo = f [—%(\/16 = r7)3] do = f 5./15d6 = 10./15m
o Ji i 0

0

2

33, V=L21TJ: \/Té‘:——rirdrd0=f [—%(\/F?P] d9=-31—(JhS——a_2)3(2w)

0

One-half the volume of the hemisphere is (6447)/3.

27 e o 84T
3(16 a?) 3

(16 — @22 = 32
16 ~ a2 = 3223
=16 - 3223 =16 — 832
a=J44-237) =24 - 282~ 28%

M 22yt =a = 7=V~ +y) = Va2~ 12

w/2 fa
V=28 J j Var — rirdrd® (8 times the volume in the first octant)
o Jo

m2roq 2 Ll
e 0 42— 2372
Sfo [ 5 3(a r?) ]OdG

/2 3 3 w/2 3
sf £ do= [810] = dm
b 3

i

3 Jo 3

2 4
35. Total volume = V f J 25e " rdr dé
b Jo

2 4
= f [—SOe-r*/‘*] do
0 0

2
=f ~50(e™* — 1) d6
0

= (1 — %1007 = 308.40524

Let ¢ be the radius of the hole that is removed.
1 2 ¢ 2 ¢
—V= 25¢77*rdrdf = ['—506_'2/4] de
10 o Jo 0 0

21 '
= j —50(e™/4 — 1) df = 30.84052 = 100m(1 — e™<'/4)
0

= e~/ = 0.90183

o2
%= —0.10333
¢ = 0.41331
¢ = 0.6429

=3 diameter = 2¢ = 1.2858
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S Tre s ST R L

37. A=

39.

40.

41. 3

42. 8

43.

45.

-9 9

1 1
~<r<=(1+ cos?
75T 2(1 cos26)

-9 9
— < 7
@ 37536 = 2% 57+ 36

B
(b) Perimeter = J

r= —(1 + cos2 @) = = + 500520

dr . ; ik
26 —cos @sin 0

Perimeter = ZJ \/%(1 + cos? 6)2 + cos? @sin? 046 ~ 5.21
)

27 1/2(1+cos? 8} 9
) V= 2L J' . mrdrdB =~ (.8000
o ff6cos 8 4 T 1 T

JJ rdrd0=j 18 cos’ 0d6 =9 | (1+c0520)d9=[9(0+—sin20>] =97
o Jo 0 0 2 o

2w 4 27
=f f rdrd0=f 6do= 12w

o J2 0

2@ 1-+cos @ 1
J'f rdrd@ EJ 1 + 2cos @ + cos? 6) do
0
1 1 + cos 20 1 1 1 2 3
== + 42 )df =0+ 2sin0+ > =sin 2 ==
2L 1 2cos 6 2 )dﬂ 2[0 2 sin 6 2(0 2sm 0)]0 2

27 {f2+sin 0 o - . B
jf rdrd0=%f (2 + sin 6)°d6 = lf (4 + 45sin 6 + sin? 6) d6 = ;j <4+4sin0+————1 ;0520>d0
0o JO 0

[40—4cos(9+ 0——511120] *5[87r—4+7r+4]=9—27-7

~1~

w/3 [2sin36 3 ("3 /3 1 /3
f f rdrd0=-f 4sin236d6=3f (1—cos66)d0=3[9——sin60] =1
0 0 2 Jo [’} 6 0

i

w/4 3 cos 26 /4 /4 1 /4 97
rdrdf =4 9cos?260d6 = 18 (1 + cos 46) d6 = 18[0+—sin40] =
o Jo 0 [ 4 0 2

Let R be a region bounded by the graphs of r = ¢,(6) and 44. See Theorem 14.3.
r = g,(6), and the lines 8 = a and 6 = b.

When using polar coordinates to evaluate a double integral
over R, R can be partitioned into small polar sectors.

r-simple regions have fixed bounds for 6. 46. (a2) Horizontal or polar representative elements

#-simple regions have fixed bounds for r. (b) Polar representative element

(c) Vertical or polar
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47. You would need to insert a factor of r because of the r dr d nature of polar coordinate integrals. The plane regions would be
sectors of circles.

48. (a) The volume of the subregion determined by the point (5, /16, 7) is base x height = (5 - 10 - #/8)(7). Adding up the 20
volumes, ending with (45 - 10 - 7/8)(12), you obtain

Vz10-§[5(7+9+9+5)+15(8+ 10 + 11 + 8) + 25(10 + 14 + 15 + 11)
+35(12 + 15 + 18 + 16) + 45(9 + 10 + 14 + 12)]
= %T[ISO + 555 + 1250 + 2135 + 2025] = 5777'[6115] = 24013.5 f3

(b) (57)(24013.5) = 1,368,769.5 pounds
(c) (7.48)(24103.5) ~ 179,621 gallons

/2 5
49, f f r~/1+ 73 sin/8dr d6 ~ 56.051
w/4 JO

w/2 5
[Note: This integral equals (f sin \/Ed())(f r/1+ 7 dr>.]

/4 (o}

/4 4

50. f f 5e~"® r drd@ ~ 87.130 51. Volume = base x height
o Jo
=~ 8 x 12 =~ 300
Answer (¢)

§2. Volume = base x height 53. False
~2rx3~21 Let f(r, 6) = r — 1 where R is the circular sector
0<r<6and0 < 6§ < 7 Then,
Answer (a)

ff(r—l)dA>O but r— 1 » Oforallr.
R

54. True

o0 oo w/2 foo /2 oo /2
55. (@ I* = f f e~ W2 gL = f f e " drdé = 4[ [~e"2/2] do = 4f dé =21
—oo)—o0 0 0 0 0 i}

(b) Therefore, I = /2.

h = 1 1
= —x? = —u/2 = e =
56. (2) Letu = /2x, then f e dx f_ e du \/i(‘/z_“) V7.

—oo
o0

—oe

(b) Let u = 2x, thenf e ¥ gy = J e“"%du =1 .
- oo -

2
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V49— x2 2 27 7
57. f f 4000e =001+ dy dx = f f 4000e‘°~°"2rdrd0=f [-200,000e‘0'°1’2] dg
=7/ - /49— x2 o Jo 0 0

= 277(—200,000)(e"%4 — 1) = 400,0007(1 — ¢~4) ~ 486,788

o oo w/2 foc /2 =) /2
58. f f ke~ dy dx =f f ke r dr d6 :f [——’ffﬂ} d6 =f Kgo=2"
0 Jo o Jo 0 2 0 o 2 4

For f(x, y) to be a probability density function,

km
4—1
-
T

y
59. (a) fdxdy
2 Jy/V3 ey
4//3 3 4 4 —

(b) f f fdydx+f fdydx +j fdydx 34
2/\/_ x 4/J§ x
w/3 [f4esc @

{©) f frdrdo I
/4 J2csc 8 +

1 2 3 4 5

2 (24 JATR ¥
60. (a) 4 f f fdx dy o} ’m
0 J2 5

2 JASGTIR
(b) 4ff Sfdydx
0 Jo

/2 4cos O
(c) 2 j f frdrde T
0 0
Abr,2  Abr? +
61 A= 02’2 - 02" = Ae(r‘ 5 rz)(rz =r)=rArAeé

Section 14.4 Center of Mass and Moments of Inertia

3 r9-4 3029_1‘;
1. m——ffxydydx f 2.m=f xy dy dx f[——] dx
oJo o Jo oL 2l
_[* 9 _ [P0 - 2P
—LZde—[4]o—36 —J; 2 dx
_[_1(_9:_&2]3
L4 3 b

- -Lo-o9y=
= 12(0 9

243
4

/2 2 /2 (2
3. m—f j(rcos@(rsmé?)rdrd@— fcosesme r3drdf

I

f 4 cos Bsin 6d6

451n2 0]"/2



304  Chapter 14 Multiple Integration

3
[ ¥y
O 2

=f§((3 + /9= - 9)dx

T EARCR 34 V5TR
4. m= xydydx = ]

3

3
=%f [6x\/9—x2+9x—x"]dx

(4]
A o 2y 9_x2_x_“]3
2[ 2(9 — x?) +2 7],
1f81 81 297
= ]| ——— — _ =2
[2 4 54] 8
a b
5.a@ m= kdydx = kab (b)
0 Jo
a (b
sz by dy dx = 222
0 Jo
a b
_ _ ka®
My-Lfolcxdydx- >
)_c=y_z=ka2b/2=g
m kab 2
M, _kab?/2 _b
YT T Tkab 2
o ab
(xay)_(2y2>

© m—f kxdy dx =

.T:%:kasb/?’: a
m  kabj2 3
s M. _kP/4 b
YT T ka2 T 2
_ 2 b
69 = (2a )
a (b
kaZbZ
0 JO
a (‘b kazb
szf Wdydx:
o Jo 6

m ka’b?/4 3
S M _ kb6 2,
YT m T ka3

a (b
szf kyzdydx‘—
0 JO
a (b 212
Mysz kxydydxzka4b
0 Jo
M, ra®p?/4 a
X =——= _—
m kab?/2 2
__%_kab3/3_gb
Y5 T ka2 T 3
=7 = (22
&9 -(4%)

a b
m=ff k(x2+y2)dydx=%z-[3(a2+b2)
0 JOo

“ kab?
Mx=fofok(x2y+y3)dydx=—2—(2a2+3b2)

M, = f] kOB + xy?) dy dx = —(3 2 4 2p?)
0 Jo
oMy _ (ka®/12)(3a* + 267) _ g(3a2 + 2b2>
T T kabA)@ + ) 4\ a2+ B2
oo M, _ (kab’/12)(2a% + 3b7) _ 2<2a2 + 3b2)
VI T T kabB@ + ) A\ @+ B
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Kbh

7. (a) m=3

il

__»b
= Eby symmetry

b/2 (2hx/b b —2h(x—b)/b
M, = J kydydx + f ky dy dx
o Jo b/2Jo

_ kbl | kbR _ kbR

12712 6
M, _ k6 _k
YT T k2 3

b/2 (2hz/b b [—2h(x—b)/b kbi2
(b) m=f kydy dx + f kydydx = —
0

o Jo b/2 6

b/2 [2hx/b b (—2h(x—b)/b kbh3
Mx‘—‘f ky*dydx + f ky2dydx=7

o Jo b/2J0

b/2 (2hx/b b [—2h(x—b)/b kb2h?
M,=f kxy dy dx + f oy dy dx = =5

o Jo b/2J0

M, /12 b

T okbHY /6 2

b/2 [2hx/b b [~2h(x—b)/b
(©) m=f kxdydx+fJ kx dy dx
5/2J0

(o} o

1 1 1
= —Lh2 + = 2l = —
12kbh kb*h 4kbzh

6
b/2 (2hx/b b [—2h(x—b)/b
Mx=f kxydydx+f f kxy dy dx
o Jo b/2J0
__1_ 252 _5_ 2 _i 252
32khb +96khb2— 12khb

b/2 2hx/b b —2h{x—b)/b
My=j kxzdydx+j f o dy dx
4] 0 b/2J0O

1 11 7
= 32kb3h + 9—6kb3h = 48kl73h

M, _ w12k
m ~ kbh/4 3
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2
8. (a) m=a—2]f
a fa—x 3
MX:J'j kydydx=%
o Jo
= M_ by symmetry
s M. _ k6 _a
YT Tk T3

(b) m=fJ (x? + yH) dy dx

[y+ ]0 " = fax e+l (a—x)3] 264-

ff (® + xy?) dydx

i
5

ll

a 5
= ( - x4+ a3x—a2x2+ax3-—lx =1 (@x — 3a%2 + 6ax® — 4" dx = =
3 3, 15
7= _A_ll a’/15 _2a
m  a%/6 5
- 2a
¥y = 7 by symmetry
. - a b axs b 2 25
9. (a) The x-coordinate changes by 5: (%, 5) = 3 + 5,-?: © m= kxdydx = —k(a + 5)°p — > =kb
5
. - 2b arsfe 2 25
(b) The x-coordinate changes by 5: (%, 7) = 3 24 5,? M, = k.xy dydx = -k( + 5)% 7 = b?
a+5 (b
M, = j f ko? dy dx = —;—k(a +5) b - 1—‘§§-kb
s Jo
j=1‘_’1x=2(a2+ 15a + 75)
m 3(a + 10)
s=M. _ b
r= m 2
10. The x-coordinate changes by h units horizontally and k units vertically. This is not true for variable densities.
@ a‘k
11. (8 X = 0 by symmetry b)) m= ka — y)ydydx = §(16 - 37
—alo
7ra2k
m= a a*—~x
M, = j f kla — y)ytdydx = 120(1577 32)
3 ~a
M, = f J ykdydx = _2(;_/(
M, = f f kx(a—y)ydydx=0
g=M _2a% 2 _ da
YT 3 7ra2k 3w _ M
X=—=
m
5= M 2[15"_*32]
YT m T 51716 - 3«
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a JaE-x2 2
k
12. (@) m= j kdydx=%
0 Jo
a at—x
M, = j kx dy dx
0 Jo
a
— k| xETEax
o
= [_-(az _xz)a/z] _ k&
o 3
_ M, kd?/3 4a
=Rl — — —
m  kma’/4 3w
_::4_a_ by symme!
Yy=3, Yy try
4 (Vx5
13. m=f kxydydx=ﬂ
0 Jo

4 rJx
M, = f Ictyzdydx=§§—]$
o Jo 21

4 rJx
My=L£ ky dy dx = 32k

15. % = 0 by symmetry

1 r1/(1+x9)
m=ff kdydx=]—cz
~1Jo 2

1 [+ X
M’=JJ’ kydydx=-(2 + 7
A 8

o [ JFR
) m=ff k(x* + y?) dy dx
0Jo

w/2 fa 4
=f kr3drd0=%—7-7

o Jo
a \/ai—xi
M, = f k(x2 + yDydydx
0Jo
w/2 fa 5
ka
- kr sin 0.dr d6 = "=
o Jo 5

M, = M, by symmetry

0 0

2 5
Mx:jf kxy dy dx = 16k
0 Jo

2 rx°
32k
My=ffh2dy =—3-'
0 JO
NETCWN - i
m 3 32% 3
S M. _ 16k, S
A )

4 r4/x
16. m=f kx*dy dx = 30k
1Jo

4 rd/x
M = f kx%y dy dx = 24k
1Jo

4 r4/x
My=f ko dy dx = 84k
1Jo

_ M, 84 14

X = — = —— = = y
m 30k 5

oM, 24k _ 4

YT T30k 5
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17. =10 by symmetry

ff ke dx dy 8192k

524,288%
- 2 = = eoor
M, L JO ke de dy = =52

M, 524288k 15 64

Py
m 105 8192k 7

=I

19. x= é by symmetry

sin wx/L
m—ff kydydx——kL
0

L (*sin 7x/L
4akL
M =jj ky?dydx = —
* o Jo ar

M, 4L 4 16

— . —

“m 9r '’ om

-

Ta*k
2. m= 3
/4 fa 3 - )
M, = JfkydA f kr? sin 0.dr do = 2 26 /2
w/4 [a
M, fkadA J' kr2cos0drde—¥2—
s M _kV2 8 42
m 6 ma*k 37
oM _k(2-3) 8 42— /3
Y m 6 matk 3

18. X = 0 by symmetry
3 r9—x2
"o f f ky?dydx = 23,328k
~3Jo 35

9~ x?
M, - fj kysddx_l39968k

M, 139968k 35 _ )
m 35 23,328k

y=

3 |&

L/2 (cos mx/L
f f kdydx =

L/2 fcos mx/L
M, = f J ky dy dx = %

cos mx/L L
M, = ,L f kxdydx = BT

2w — Dk

- y LYmr -2k = _l_,ﬁr_—_Z)

272 kL 27

(N6




Section 14.4

Center of Mass and Moments of Inertia

309

/4 {a ka377
22, m=ffk\/x2+y2dA=f f kridrdf = 2
R 0 0

8

/4 fa afn _
Mx=ffk\/x2+y2ydA=f J ko sin 9.9 = @2 = /2
R 0 0

/4 (a 4
My=JfkmdA=J fkr3cos9d0=—k“8‘/§
R 0 0

M V2 1232

T 8 kalw 2

M _k'2-v2) 12 32— 2)a
YT m 8 kadw 27

k
=50 =¢™
_ K1 —5e79
kxy dy dx 3
4e* et~ 5

0.46

et -1 20t -1)

4et 4[ b~ 1
9l b — &2

=15 ]zo.45

25. y = 0 by symmetry

w6 2 cos 30 L
m=ffde=f j krdrdf=—
R —/6 JO 3
= [ [ e
R

/6 2cos 36
= j f kr? cos 49dra’(9=ﬂ_3-kz 1.17k
-u/6 Jo 40

1.12

=

M, 813 _
m 407

B

e fInx
k k
24, m= B R ydx—2
e (inx
k k
MX—LJ;) xydydx—6
e (inx
M, = f Sxdydx =
1J0
M, r 2
’:—-y=—~—=
YT 1 % 2
M k 2 1
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26. ¥ = 0 by symmetry

2w l+cos @
m-ffde f f kr dr d6 = 3""
27 (f14+cos 8 A
My=ffhdA=f f kr? cos 8dr dé
R o Jo 3 ._

2w
=£f cos (1 + 3 cos 8 + 3cos? @ + cos® 6) d8
)

[£5 [+ cosé]

3

27
= gj [cos 6+ -;—(1 + cos? 8) + 3 cos 61 — sin? ) + %(1 + cos 20)2 d6
0
= el
4
M sk 2 s
m 4 3kw 6
b rh—(hx/b) bh
27. m = bh 28. m“ff dydx = 5
b rh 3
Ix — j y2 dydx - bi b (h-—(hx/b) bh3
o Jo 3 Ix=fj yzdydx=—1—2—
b (h b3h 070
I, = fxzdydx=——— b (h—(hx/b) bh
o Jo 3 I—jj xidydx—ﬁ
:_V@_ vho 1 _ [P _ b _ 3, i
=N m e 3 bh 37 /3 3 §=\/Z= b3h/12=_£_=__§b
m_ N B2 6 6
i fwi_ [F_w_ A
YN TN TS R TN3IT 53 s_ JL_ [en2_ h /B,
4 m bh/2 6 6

29. m

H

30. m=—

_aim ™ o 4
4 Ix=jfy2dA=ffﬂsin20drd0=a—87-r
R 0 Jo
I,= 2 2 _an
ffdi ff,scos Bdrdd =7 l—ff x2dA = ff;ﬂcoswdrde——gﬂ
7T

a‘m
4

S \/ a“ f; 5
rEy= v ====\/;= /_. o
m re=y m 8 w2 2

a2
3N.m= n

o~
I

]

'\
§

"

"*.
RN
g
>
S
8
>
l

'7T 7T
—I+1—8+8—

Ta ma® mat
b=bt =" %6 "%
I, mat 4
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32.

33.

35.

m = wab
a r{b/a)Sat—x?
I’=4ff yidydx
0 Jo
‘P 4 [
=4 Zo(g? — 2P/ 2y = ——
J;sa3(“ Prax =55
T 3a%2
b ((a/b)/F—y? 3
- 5 _ @b
I, 4f0J; x2dxdy n
abr  abPw  abw
=] + = + = —(g? +
Ly=1,+1 n 2 4(a )
<. L [fem 1 _a
m 4 mab 2
=_ I _ ab37T.L:2
Y m 4 mab 2
p=ky
a b 2
m=k ydydx=@—
o Jo 2
kab

a b 4
S

o Jo
a (b ka3b2
Iy=kfj xlyydydx=——g—
o Jo

4 4+ 2,3
f =1+ 1, = bt 2la

* Y 12
s Jh_ Je¥s_ Ja_ a _ 3
* m kab?/2 3 R
J m kab?/2 2 /2 2
p=kx
2 f4—x?
m=kjf xdydx = 4k
b Jo
2 r4—x?
Ix=kj xyzdydx=§%
o Jo
2 r4—32
Iy=kf 2dy =1—§£
o Jo
L=1+1,= 16k
fz\ﬁ: Mz\[iz_z_zz_%
m 4k 33 3
sk wz\/é_f_:z__@
Y m 4k 3 U6 3

463 [ a? . X 1 5 4 Cox|le
=— ——x\/az—x2+azarcsm; -3 x(2x? — a)Vat - x* + a arcsin | | 7

[az\/a2 - x2 - x2/a? — x2]dx

ab’rw

M. op=ky

a \/al‘x
m=2kff ydydx
0 Jo

. fa(az—xz)dx=%‘2
0

3
o (IR s
[szfJ y3dydx=——4ka
—odo 15
a (JaT=x? 5
2ka
I =k J xtydydx = ——
Y —aJt0 15
2ka®
I=1+1,=
o fi JEE i
m 2ka’/3 5 U5
==\/§_ /4ka5/15=\/2—aj___ 2a
Y m 2ka’/3 5 /10
36. p= kxy

1rx kl k
m=kf()szdym=§L (@ = x)dx =57

1 rx kl L

L=k fﬁydydx=— oS —x)dx =~

Y o Je 2J 48
9k 3k
IO‘IX-FI),‘%:'S—(S
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37. p = kxy 38.p=_x2+y2
1 V% 6
m“fj kxy dy dx = 32k m=fJ: (x2+y2)dydx.—_£
s ' [_ 2 4+ yDy2avd
Ixsz kxy® dy dx = 16k jf (2 + yDyrdydx = 2079
0 Jo
158
4 rVx IY:J’J (xz“"yz)xzdydx:m
1y=f kody dy dx = 22 ).
o 316
-] 4+ =
592k bo=L+1 =557
10=Ix+ly:—5
§=\/§.= __..158.§=\/§
=_ JL_ /5126 3 [48_4/15 m 3079 6 %91
y = ==X =
s_ JL_ Ji6k 3 _ /3 /6 m 89
Y m 32k 2 2
3. p=kx 40
[ 512k
m=f edyds = 3% m_sz by dx = 312
0J7 )
L 3k Y 4Xky3ddx=32,768k
e : kxyldydx=£ ¥ o Je i’ 65
2 fdx
Y _ ) _ 2048k
yzf kﬁdydx-—‘Tkg I ZJ;kayddx -
0 Jx?
321,536k
Iy=1 + I, = =2~
I, =1, +1=§§_IE o . y 555
/ /30 4 - [f2048k 21 /28
x= \/- £. D20 * m 512k 15
18 3k 9
75 ==\/§= 32,768k = 21 _ 8./1365
:=\/1_',: X80 ¢ m 65 512k
Y m 56 3% 14

41. I—2kf f x—a)zdydx—2k (.x——tl)Z\/I)2 x2dx
- Jo

b b b '
=zk[f xzmdx-zaf xm¢x+azf SR ]
—b —b —-b

—2k[-——+0 ’mb] k1 42+ 4a2)

42. I—ffk(x—G )" dy dx = f2k(x—6)dx [ (X‘G)]o=4lT6k

4 r/x 4 4
43.1= f f kx(x — 6)* dy dx = f kx/x(x2 = 12x + 36) dx = k[zxm e Exm] = 22752
o Jo o 9 7 57 o 315
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a (Ja—x?
44.I=J f ky(y = a)*dy dx
—alo

a 4 24,2
f k[y_ _2e z_y_]Jaz-xa ”

I

4 3 2 |,

a 2
J' k[%(a4 — 2a%% + x%) - %(azx/a2 TR -2 - ) + -az—(a2 - xz)] dx

—a

2 2
- k[l<a4x _2a X’ + i) — —23[[1—()“/(12 — x? + g% arcsin E)
4 3 5 312 a

2
—%(x(lxz—az)\/az—x2+a4arcsin—z-)]+%—<a2x——3*)
_ (s _ 25 ls)_&a_(‘ﬁ_”'_ﬁ> fﬁ(z_ﬁi)]z (E_ﬂ>= 5<M)
’2"[4(“ 39459 - T %) T\ T F) M TR ) TR s

a \/;r——x! a m a k 4\/;1—_7
45. I=JJ k(a—y)(y—a)zdydx=ff ka —y) dydx = [—Z(a~y)] dx

o Jo o Jo o

k

a -2
= _ZI [a4 — 4a3y + 6a2y2 — 4ay3 + )’4] @ dx
(o] 0

= —%f [a“—4a3 az—x2+6a2(a2—x2)—4a(a2—x2)m+(a“——2a2x2+x4)~a“]dx
0

-k f [70 — 80262 + x* — 8a> /AT~ + daxtr/aT = ]

o
ki 4 82 , ¥ 2 v} 2 L X a 2 2y /73 2 4 X\ [
=~a 7ax——3—x +-5——4a3x\/a = x? + a® arcsin > +2x(2x-—a)\/a - x* + a*arcsin~ X

k( s 8.1 1 ) Tar 17)
- — - — + =a5 — Spr + —g5 = 45 = — =
47a 3a 5a 2a°7 4a'n' a 6 5

46. 1=fJOH2k(y—2)2dy¢x=f2[§(y~ I)S]Z_ﬂdx=f2§[(2—x2)+8]dx

= L i (16 — 12x2 + 6x* — B dx = [k(léx — 43 + éx5 — lﬂ)]z
3/, 3 5 7 -2
2k 192 128 1408k
’3(32 32+5“7)“105
47. plx,y) = ky 48, plx,y) = k|2 — x|
y will increase. (%, ) will be the same.
49. plx,y) = kxy 50. plx,y) = k(4 — x)(4 — y)

Both X and ¥ will increase. Both ¥ and y will decrease.
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51. Let p{x, y) be a continuous density function on the planar lamina R.

The movements of mass with respect to the x- and y-axes are

Mx=Lfyp(x,y)dAandMy=Lf«m(x,y)dA

If mm is the mass of the lamina, then the center of mass is

L M M,
®73) = (m m)
5.1 = f f ¥?p(x, y) dA, Moment of inertia about x-axis 53. See the definition on page 1014.
R

I, = f f x%p(x, y) dA, Moment of inertia about y-axis
R,

54. Orient the xy-coordinate system so that L is along the y-axis and R is in the first quadrant. Then the volume of the solid is

V=Jf277di
R. y

-
UWHM S
W :

= 2T XA.

By our positioning, ¥ = r. Therefore, V = 27 rA.

L L a
55. ——A—bLh—E  S6 y=SA=abh=L-3
I“—fbj- }"“ dycix I-——ff y—— dydx——b
o
’ITy — (L/2PF L% _a__ ab/12 _ aBL ~ 2a)
=jo [ > 3 ]]de= 12 Ya =2 [L~(@/2)]ab 3L - a)

N A 2 (L/2)pL) 3

57. ?=%I:,A=b2—L,h=I§ 58. y=0,A=m*h=1L
Il
b/2 (L L= y"'dydx
I;=2f f ( —gé)zdydx G S e
o Jasss 3

2w fa
) b/2 AL :f fr”smzedrde
9 -5« o b
o 3/ JeLas
29 4
=j0 :sm20d0

b/2 3
2T (2 Y
3, 1277\ 3

4

_d'm
e b wpp oo -7
3t 27 8L 3 0 36
(a*m/4) @
oA L/36 L Ya= T =TT

Yo =3 T e 2
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L flx,y) = 2x + 2y 2. f(x,y) = 15 + 2x — 3y
R = triangle with vertices (0, 0}, (2, 0), (0, 2) fi=2f=-3
L=25=2 T+ (R +(FF = V14
A+ FPT(L)E= 303 3
L+ RS+ (£) =3 s=” \/Izdydx=f3mdx=9m
0 JO 0

2 f2—x 2
S=JJ- 3dydx=3f(2—x)dx
o Jo o y
2

b2 |

P

3. flr,y) =8+ 2x + 2y 4, f(x,y) = 10 + 2x — 3y
R={(y:x*+y2< 4} R={(x,y):x*+y* <9}
L=20=2 fi=2f=-3
IH P+ () =3 VTP + (5 = V14

2 /AR 27 (2 3 /=%
S=J'j 3dydx=f J3rdrd6=127r S=ff V14 dydx
-2J- Ja=3? o Jo -3J-/5=<
¥

2w 3
=f f V14 rdrdé=914w
0 0

5 flr,y) =9 — x?
R = square with vertices, (0, 0), (3, 0), (0, 3), (3,3)
fi= -2 f,=0
I+ (P + ()= V1T + 42

33 3
S=J V1 +4x2dydx=j 31 + 4x? dx
0 0

0

= [%(Zx\/l 4l +In |2+ ST+ 4x2‘):' = %(@/ﬁ + 1|6 + /37])

3
0
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~«

6. fx,y) = y?
R = square with vertices (0, 0), (3, 0), (0, 3), (3, 3)
Li=0,f=2
AR AN e

313 3
S=f V1 +4y2dxdy=f 3J1 + dy?dy
0 Jo

0

= [%(2%/1 + 4y + 2y + ST+ 4y2|)]z = %(6\/3—7 +1n]6 + /37)

7. flx,y) =2 + x3/2
R = rectangle with vertices (0, 0), (0, 4), (3, 4), (3, 0)

L =%x1/2,fy =90

ITUFF R = 1+ (G)r= 12
e [ o ({5
0 Jo 0

3
_ [2;47(4 + 9x)3/2]0 = %(31\/-3_1 = 8)

8. flx,3) = 2 + 2y
j;:(),fyzyl/z
T+ f2+f2=JVT+y

2 2~y 2
S—j \/1+ydxdy=f\/1+y(2—y)dy
o o

0

= |20+~ 20

2 2
=0.32_%2.352_ 9 %
2-3 5 3 2 3
12 8
=5Y3Ts
9. flx,y) = In|sec x| ’r
!

R={(x,y):05xs%r,05y5tanx]

f.=tanx f,=0

1+(fx)2+(fy)2=
m/4 ftan x /4 /4
f secxdydx=f secxtanxdx=[sccx]o =J2~-1
o Jo 0

ASTE

x
4

1 + tan?x = secx

S =
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10. flx,y) =9 +x2—y?
fi=2xf,=-2
T+ (P + ([P =1+ 42+ 4y?

29 {2
S=j f\/1+4r2rdrd0
o Jo

2m 1 2
=J [——(1 + 4r2)3/2] d6
o L12 0

27
= f %(173/2 - 1)do = g(n\/ﬁ - 1)

0

. flx,y) = V/x* +y*
R={(x,y):0 < flx,y) < 1}
0 Jx2+y2< 1, x*+y2 <1

fo= = =
VR N
1+()§)2+(fy)2=\/1+ e V)

x2+y2 xz_,_yz_

1 NsE 2w 1
S=f J ﬁdydx:f J S2rdrdg= 2n
-1J- /1% o] 0

2

12, f(x,y) = xy
R = {(x,y): x* + y? £ 16}
L=y L=

VIF P+ ()= VT +yr+ a2

4 /16-x2
S=f j V1 +y2 4+ x2dydx
Y e

2w 4
=J f JT+ Ardrdg= %71(17J17— 1)
o Jo

y

13. f(x,y) = a? — x? — y2
R={(xy:x>+y? <0< b<al

- —x _ —y
f:‘ \[a2_x2_y2’j;' a2._’x2__y2

2

- x y - a
\/1+(ijz'+(f_y§2_\/1+ + R/ a

a2_x2_._y2 a2_._x2_y2

b SR a 2m (b a
S = ——————————dy dx = ——rdrdf =2 - Ja* — b?
f_bj“ N y L ,L /a2 — 72 ac wa(a )

14. See Exercise 13.

a N . 27 fa e
S= —————— y dx = = r dr d0 = 271d?
J—J—mvaz“xz—yz i’ L Jo Jaon Y s
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15. 2=24—-3x - 2y i
¥ P+ (5P = VT

—(3/2)x+12 /_
S:f] V1ddydy = 4814
0 Jo

16. z =16 — x? — y2

L+ fR+ = V1 + 42+ 42

)
: S=ff V1 + 42+ yY) dy dx
0 Jo

/2 4
= f f YT+ 4 drd6 = 72(65J/65 — 1)
4] (o}

17. 2= /25 — x* — y?
2 2 5
/ +‘ ;2-’. )2:\/ X + Y =3
1+ (4 (% 1+25~x2—y2 25 -x—yr /25— xF—y2

3 rVo=2 5
S = 2[ f — _hdx
~3J- 52 V25 = (x? + y?)

2w 3
5
=2 ————=rdrdf = 20
foLﬂS—rl" i

18, z = 2/x* + 32
42 4y?
2 2 = —
VT fEFF 1+ +x2+y2 V3

X2+ y?

29 2
Szf fﬁrdrd0=4W\/§
0 0

19. f(x,y) = 2y + x? y
R = triangle with vertices (0, 0), (1, 0), (1, 1)
I+ (P + ()P =S5+ a2

1 rx
S=ff \/5+4x2dydx=%(27—5\/§)
0 Jo

20. f(x,y) = 2x + y? !
R = triangle with vertices (0, 0), (2, 0), (2, 2) 3t
L+ ()P + () =V5+47

2 fx /
+
Ssz \/5+4y2dydx=%]n(8 215 37)+ V421+51‘f
0 Jo
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21 flx,y) =4 — x2 —y?

23.

25.

27.

R={(xy): 0< flx,y}
0s4—-x?—-yL ¥ +y2<4

fe= "2 f,= 2

VI+HLF+ (5= V1T + &2+ 4?

2 (VAP
S=ff V144 + dyrdydx
Y e
2w (2 /7
=f fmrdrd6=£—————Ll7 7= U
o Jo

6

fly) =4—x—y2
R={(xy: 0<x<1,0<ys<1}
o= f,=

VI+ (P + ()= V1 + a2+ 4?

i
S=Jf VU + &9 + 42 dy dx ~ 1.8616
0 Jo

Surface area > (4) - (6) = 24
Matches (e)

z

flx,y) = e*
R={(xy):0<x<1,0<y<1}
f=enf,=0

1 + e

1L+ (P + ()P =
11
S=ff\/1+e“dydx
o Jo

1
=f V1 + e¥ = 2,0035
0

22. flx,y) = x> + y?
R={(x,y): 0 < flx,y) <16}
0<x2+y2< 16
fx=2x,fy=2y

L+ (P +(f)=

4 [(VIETR
S=fJ V1 + 4x? + 4y? dy dx
—-4J - /16— x?
2w (4 _
=f fmdrd9=£———————l—65\/65 i
0 0]

6

1+ 4x2 + 4y°

24. f(x,y) = 3x3/% + cos x
R={(x,y: 0<x<1,0<y<1}
fo=x2—sinx, f,=0

VTH R+ (R =V1+(V/x —sinx)
111

s=fj 1+ (Vx = sinx) dy dx =~ 1.02185
0 Jo

26. Surface area =~ (9}
Matches (c)

28. fl(x,y) = 2y
R={(x,y):0<x<1,0<y<1}
fo=0,f,=y"

L+ (P +(f)P=JT+)y

171
s=ff JTF Y dxdy
0 Jo

1
=j J1+y3dy =~ 11114
(4]
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R = square with vertices (1, 1), (=1, 1), (-
o= 3x* = 3y = 3(x?

1,—-1),(,-1
=y, = —3x +3y? =3(y? - x)

1ol
=f f J1T+902 — y)2 + 9(y2 — 22 dydx
—1J-1

3. flx,y) = e *siny
fo=—eFsiny,f,= e *cosy '
VI I+ 2= /T + e =sinfy + e Poos?y = /1 + e &
2 (JiTE
s=f ST e dyax
-2 J-J/4=2

32, f(x,y) = cos(x? + y?)

= [(x, yh x2+y? < g}

fo = —2xsin(x? + y3), f, = —2ysin(x? + y?)

30. flx,y) = x — 3xy — y?

R={(xy):0<x<40<y<x}

]&:

2x—~ 3y, f,=—3x =2y = —(3x + 2y)

L+ (f) + ()P =1+ (2x =3y + (B3x + )
= 1+ 13(x2 + y?)

4 x
=ff V1 + 13G2 + yH dy dx
o Jo

VI+ AP+ ()= V1T + & sin?(? + y?) + dySin?(c2 + y2) =

NI

V1 + 402 + y?)sin¥(x? + yddydx
N

S

S y) =
R={(x,y): 0<x<4 0<yc< 10}

f;:

33.

yel"y, f:v = xeX

\/1"'(fx)z*’(f;,)z:\/l+yzehy+xze7‘”y=\/l+e7""(x2+y
4 10

=ff VT + &2+ y?) dy dx
0 Jo

M. flx,y) = e *siny
R={(xy:0<x<40<y<x}
Jo= —e ¥siny, f, = e *cosy
VI+ ([ + (£ =VT+ e Zsin’y + e Zcos?y
_ ITFE
= L“LX\/I + e > dydx

. (@) Yes. For example, let R be the square given by
0<x<1,0sy<1,
mand § the square parallel to R given by
0<sx<1,0sy<l,z=1.

(b) Yes. Let R be the region in part (a) and S the surface
given by f(x, y) =

(c) No

%)

1+ 4sin’(? + )2 + y?)

35. See the definition on page 1018.

3. flxy) = V1 —xz;fx=—1;——\/%,13=0

- [[viFrra
R,

I

1 fx
1
16 ———=dydx
,’;fo V1 —x? Y
’ 1
dx = [— 16(1 - x2)’/2]
o

16

6fl—x
0 \/l—x2
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38. flx,y) = k-/x% + y?
2
VERSA v VAR SR A cE
=jj\/1+(fx)2+ify)2dA=ff\/k2+1dA=\/k2+1JJdA=A\/k2+1=m4\/k2+1
R. R, R.

50 /50712
xy Xty
. = e SR SR 4
39. (a) V Jofo (20+1:: 5 >dydx

50 s
=f {20 502—x2+ﬁ(502—x2)—§\/502———x5~§02————x—]dy

o 10
[10(%/50 — x? + 502 arcsin > 25x2 = i —(502 — x2)3/2 — 250x + _13_]50
50 4 800 30
=~ 30,415.74 ft’
= -+ ————
b z=20 100

TS
PP+ )= 1+1(y)02+1,(r)02 BT

1 50 /3P x2
e + 2+ 2
S IOOL JO V1002 + x2 + y2dydx

w/2 (50
- ﬁ J f VI00E ¥ 72r dr d6 ~ 2081.53 fi2
0 0

-1, 4, 16 4 , 16 )
5 e = —y? — —y +
40. (a) z 75y 257 15y 25 (b) V= 2(50)f 75y 75 57 25 )dy
= 100(266.25) = 26,625 cubic feet
1 4 16 .
e _ — =
() flx,y) 55y’ + 25y 5y T2 (d) Arc length =~ 30.8758

! Surface area of roof = 2(50)(30.8758) = 3087.58 sq ft
= P B 4 ——y -
fe= 00 = =5y t 35y T 5

50 15
S=2f V1 + £+ f2dydx ~ 3087.58 sq ft
0

0

41. () V = f J £ )

=8 f f V625 — x? — y2dA where R is the region in the first quadrant
R

/2 (25
= 8] f V625 ~ rirdrdf
o Ja

/2 2 25
. f [—(625 - r2)3/2] do
o 3 4

- —¥o- s ew] - T

= 8127/609 cm?

4 8 12 16 20 24

—CONTINUED—
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41. —CONTINUED-—

2

dA

Y
by A= ff 1+.ﬂ)2+(f)2d‘4“8ff\/1+625-x2—y 625—x2—

rdrd6

25
_ 8“’ 25 A 8] f 25
R) V625 — x?2 — y? o s V625 —r?
b
= lim. [—200\/625 = r2]4 . 73’ = 10077/609 cm?

Section 14.6  Triple Integrals and Applications

3121 3 21 1
I-IJJ(X+Y+Z)dXdydx=Jf[—12+xy+xz]dydx
0JoJo Jo e L2 o

y2

3 2 1 3 1 1 2 3
= =+y+ = =y + =y + d=[3+2]=
fofo (2 y z)dydz fo[zy 2y yz]o 74 z+z 5

o

11 ele .
jfj xzyzz2dxdydz=—fj [fy2z2] dy dz
-1J-1J-1 3)-1)-s —1
2 1 1 aa 2 l[ ]1 4fl
== dydz == 2 dz==| 24
3f_1f_1y2 y dz 9_1y3z_1z 5] T

Y x fxy 1 fx Xy
fff xdzdydx=ff[xz] dy dx
o Jo Jo o Jo 0
1 rx 1x2
e (151
0 Jo b L 2

9 (v/3 yi—Ox 1 9 (¥/3
ff J' zdzdx dy =5ff (y2 — 9% dxdy
oJo Jo oJo

W

1
f dx— 16

e

1(° ¥/3 2 (° [1 ° 729
. 2 _ == 30 = e = 122
2L [xy 3"3]0 b 18L yidy =3¢ ]0 4

»m

401 rx 4 01 x 4 1
f j f 2z  dydxdz = f f [(2ze"‘1 )y] dxdz = f J 2zxe ¥ dx dz
tJoJo ‘ 1 Jo 0 1 Jo

. J:A[—ze‘xz];dz - fz(l - e = - e = (1 -

(=2

4 et rl1/xx 4 re? I/xz ) 4 ezlnz
jff lnzdydzdx=ff (lnz)y dzdx=ff ———dzdx
1.J1 0
272
:f [l(h“’)] f Zax = [21nlx|] =2In4
p Lx 2

>

= E[X(I - x) Siny:l:/zdx = f:xa X dx= [g _

2

3

4 m/2 f1—-x 4 (n/2 1—x 4 (/2
ff f xcosydzdydx=ff [(xcosy)z] dyd,x=ff x(1 — x) cos y dy dx
0Jo 0 0 Jo 0 0.Jo

.-

1

e

>V

04
3

18

—40
3
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=/2 f¥/2 1)y w2 (y/2 .
j f f smydzd.xdy—f f S0Y dx
fj j xdzdydx~ff x3 dy
Ji=x32 JEa=32

4=y NN e
j J’ J ydzdydx=f f
24 y? o Jo

[T [
[l

3 £ 2-(2y/3) £6—2y—3z
f f f e~ dxdzdy =
0 JO 0

10.

=]

1

ok

12.

l inyd —[—lcos :rn:l
2 sy dy 2 yo 2

dx = 128

162

4y — % = D) dydx = —3

4
x2siny In |Z|]1 dy dx

cosy)] dx = f 2 ln4{1 —~ cosv/4 — x ] =~ 2.44167

6 ((6—x)/2 {(6—x—2¥)/3
f f J' 267" dz dy dx
0 JO 0

6 (3-(x/D) - 2
=ff 1(6——)(—2))) e'x2y2dydx'~v~2.118
o Jo 2

13. 14.

4 f4—x f4—x~y
f f f dz dy dx
0 JO o}

16.z=%(;vc2+yz)=>2z=x2-l—y2

R+ + 2 =27 +22=80 = 22+2:-80=0=> (z2—8)(z+10)=0 = z=8 =2 x*+y?

VB E R

f—m’; V161 .[1/2(;( 2 +y7)
2 [fA—y? [x 24—yt
17.ff fdzdxdy=ff xdxdy
—2Jo 0 -2J0

1 2
=3 @—yra-
-2

dz dy dx

1

o

19.

-

3

3 r2x r9—2°
ffj dz dy dx
oJo Jo

=27 =16

2
8 1 P 256
— Ry 4 = _2 s o= =22
L(lé 8y? + y%) dy [16y 3y3+5y]0 T

flflfxy 11 lx xzx 1
. dzdydx=ff dd.x=f—dx=[—] = -
o Jo Jo Ooxyy o 2 4o 4
a Ja =3t (x5t a £ /at =
8ff f dzdydx=8ff

0Jo 0 0 Jo

o[ el ]

= 4(%)}: (@2 — x) dx = [21r<a2x - %x”)]:

JETE = Fdydx

a2
dx

= g'n'a3

3 V9—x2 9—xl—y1
5. j f f dz dy dx
-3J-/= Jo
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6 (/36— x2 36—.1f2—y2 6 /3622 6 )’3 N
20. 4 dzdydx = 4 (36 — x* — yAdydx = 4f [36y - x%y — —] dx
0 Jo 0 0 JO 8] 3 [o]

6
=4 f [36J36 =% - x2/36 ~ 2 - %(36 - xz)s/z]dx

0

3
= 4[9x\/36 — x* + 324 arcsin(%) + -é—x(36 - x2)3/2] = 4(1627) = 6487
o

2 r4—x? f4—x2 2 2 8 1 2 256
21. dzdydx = | (4 —xH)2dx =} (16 — 8x* + x¥ dx = [16x - =x3 + -—x5] = =
0 Jo A A o 3 5" lo 15

2 f2—x [9—x? 2 f2-x 2
22.jf f dzdydx=ff (9~x2)dydx=f O - x)2 - x)dx
oJo Jo o Jo ()
250
3

? 9, 2,1
=f(18—9x—2x2+x3)dx=[18x-——x2——x3+—x“] =
A 2 3 4" Jo

24. Topplane: x +y +z=16
Side cylinder: x2 + y? =9

3 \/9~_y2 E—~x—y
L[ e
0 JO 0

23. Plane: 3x + 6y + 4z = 12

3 ((12-49)/3 (12— 42—-30)/6
j j f dydxdz
0 Jo 0

26. Elliptic cone: 4x2 + 72 = y2

4 14 P22
[T wara
0Jz JO

25. Top cylinder: y? + 22 =1
Side plane: x =y

1 (x 1-y?
[[[7 aoe
0 JO JO

27. 0 ={(x,»2:0<x<1,0<y<x0<z<3} y

: 3011 31 rx
[ ([ reaaie [[[rowa |z
A o Jo Jy o Jo Jo
1301 S
> f J f xyz dx dz dy Lo
6 Jo Jy x
173 rx
=fffxyzdydzdx
o Jo Jo
113
=Jff xyz dz dx dy
o Jy JO

1 x3
=fff xyzafzdydx<=1
0 Jo Jo

Jo

)

N
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28. 0= {(x,9,2:0<x<2,x2<y<40<7<2—x}

2 4 F2-x
fffxyde= j xyzdz dy dx
0 Jx2Jo
Q
4 \/; 2—-x
=fj xyz dz dx dy
0 Jo [4]
2 2—x (4
=ff xyzdy dz dx
0 Jo x?
2 2z (4
=fJ xyz dy dx dz
0 Jo x?

2 fQ=2* [Vy 214 2-2z
=Jf f xyzdxdydz+fj f xyz dx dy dz
o Jo 0 o Ja-nJo

42— 5 (S5 4 2 2-2 104
=jj xyzdxdzdy+ff j d.xdzdy(z———>
0 Jo 0 o J2-VyJo 21

29. 0= {(x,y,2): x¥* +y2£9,0< z < 4} .
43 r/9-2
[[Jova=[ . T o
i 0 J-3J-/5-%¢
43 SR
=fff xyz dxdydz b
0J-3J-/5=»%
Yy
3 4 SR N
=J' ff xyz dx dz dy
-3Jo J-J/GTF
3 (VISR 4
=j f fxyzdzdxdy
-3J-v9=%Jo

3 r4 S92

L[ s
=-3J0 J~-9—x2
3 V9-xt r4

=f j fxyzdzdydx(=0)
=3J-/9-x2J0

30. 0 ={{x,y,2: 0sx<1,y<1—~x30<z< 6} z

1 r1—-22 6
0 0 JO 0

1 /1=y (6
=ff fxyzdzdxdy
0 Jo 0
16 1~y
L[] Vo
0 .Jo JO
6 (1 (/1—y .
[ oo 1
0 Jo JO 2. 2 57
176152 x
=fj xyzdy dz dx
0 JO JO

6 1 f1-~x2 3
[ o
0 JOo JO
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3. 0={(x»,2: 0Ssy< 1,0<x<1—yL,0<z<1~y}

11—y fl-y 1 pS/T=x f1~y
Jf f dzdxdysz f dz dy dx
o Jo 0 o Jo 0
122 -z Sl JT=x
=JJ- f dydxdz-f—J,f f dydx dz
oJo 0 0 Jo—7
11 1-2z 1 f1=/1—x /1-x
=jf f dydzdx+JJ j dydz dx
o Ji-VvT=xJo o Jo 0
I ri—-y l‘yl
=ff dx dz dy
0 Jo 0
1fl-z fi~y*
L[ s
o Jo 0

12

0= {{x,y 2" 0<X<3O<y<XO<z<9—x2}

3 px 95
jff dzdydx = ff dzdx dy
0 Jy JO
-2
=jj fdydzcbc
0 Jo (o
9 rvV9-z fx
=ff fdydxdz
o Jo 0
9 V927 Vo2
=ff f dxdydz
0 Jo v
3 19—y V92
=ff f dx dz dy
0 Jo y

6 (4~ (2x/3) f2-(y/D—(x/3) 5 *5—x {1/5(15~3x—3y) 125
m= Jf j dz dy dx k j f ydzdydz——g—k
5 5—x 1/5(15~3x—3y)
e =Kk f J 2dzdyd‘x=lgs‘k
J's ft @x/3 fz OID - @/ 4
xdz dy dx
12k
o Me_ 123
m 8 2
. A all = (y/b)] C[1~(y/b)—(X/a)]d e d kabc
m= kfff xa’zdydx=kjf x(4 — x) dy dx vaxdy ="
0700 ¢ a1 = (y/B)) [ell ~(y/b)— (x/a)) kab?
c
- 4| (4x—x2)dx— 238" = ff j ydzdxdy = =5
M, _ kab%c/24 _b
4 (4 ra—x 4 4 o) 5o =
=i fff xzdzdydx = ff € x) Y m kabc/6 4
- 2| (160 - 822 + ) dx = et
M
7=—= ]
m
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b (b (b T

m=kfffxydzdydx=-k§—
o Jo Jo
b b b

kbé

Myz=kfffx2ydzdydx=—6—
0 Jo Jo

6

—kfjfxyzdzdydx %—

m kb’/4 3
M, _ k6 _2
Y5 m T w4 3
s oMo K8 _b

m  kb/4 2

39, % will be greater than 2, whereas ¥ and Z will be unchanged.

40. 7 will be greater than 8/5, whereas ¥ and § will be unchanged.

41. y will be greater than 0, whereas X and Z will be unchanged.

42. x,y and 7 will all be greater than their original values.

443, m= %kvrﬂh

X = ¥ = 0 by symmetry

r PSSR (R
=4kff f zdzdydx
0 Jo ST YYr
2kh2jj

= 4kh f (r2 —_ x2)3/2dx

(r? — x2 — ydydx

_ karr?h?
4
My k4 3h
m kar?h/3 4

a (b (c
o2
mzkjjfzdzdydx—%——
-Jo Jo Jo
a (b bC3
M, = JJJ 2(1sziydx——3—-
o Jo Jo
a b
ka?bc?
M, = fjfxzdzdydx——z—
o Jo Jo
kab202
= fffyzdzd =
o Jo Jo

- _ M. ka’bl/4_a
T m T kab/2 2
M. kab®/4 b
YT T kabd/2 2
My kabd[3 2
LT T kabd2 3

2 /A=<y
44. m=2kjj szdydx
0 0

16k
3

2 4-x* ¥
M”:kff fxdzdydx=0
-2Jo 0
—-2kfj fydzdydx—2k7-r

Mxy=2kff fzdzdydx—qu
o Jo o
M.
9 0

—kf (4 - x¥)dx =

|

=l
i

<l

it
SENE N

]

N

3

[\
Eod
3

_
[= N
-
\
(%)
yaes | 0 (¥'S)
OOI
I3 3

ISl
il
Il
|
S‘zx
[¥S]
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4 ST 4 1 JETE
= 2k (42— x2 —y)dydx =2k [16y - x%y - §y3]0 dx =
o Jo 0 ,

128k
45, =3
X =¥ = 0 by symmetry
= m
LN N
= 4kf J J zdzdy dx
0Jo 0
/2
= %f cos* 0d0 (let x = 4sin @)
= 64wk by Wallis’s Formula
s My 64w 3 3
2T 1 128km 2
46. =

1/(y*+1)
m—2kjff dzdydx—Zka
o Jo

1/(y*+1)
—2kjjf ydzdydx = ZkJJ

1/(*+ 1

—2kfff zdzdydx
oJoJo

| [ Grpee [ [

oM _kind_Ing
m kar T
M 1 77') 2+ 7
T 2= = 4 L —
T k(2+4/k” 4

47. flx,y) = 12y

20 [—(3/5m+12 ((5/12)y
m=kf f f dz dy dx = 200k
o Jo 0

20 [—(3/5R+12 [(5/12)y
M, = J' f f xdzdydx = 1000k
o Jo 0

20 (~@/Sx+12 [(5/12)y
M, = f f f ydzdydx = 1200k
o 0

20 [—(3/50+12 [(5/12)y
—kj f f zdzdydx = 250k

+ o My _ 1000k _
* 200k
5= Ma _ 1200k _
YT T 200k
oMy 250k s
m 200k 4

2+1

4
% f (4 — x2)¥2 dx
¢}

dydx—2k jdx-kw

2+]dydx——kj (In2)dx = kIn4

1+7_T> de=k<l+7_f)
8/ J, 27 %

1 1
— arctan y] dx =
2 0
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48. flx,y) = —1!5(60 ~ 12x — 20y) v

—=(3/5x+3 [(1/15)(60— 12x—20y)
'"=kff f dzdy dx = 10k
0 Jo 0
S5 —(3/Su+3 (1/15)(60— 12x—20y)
k
M =kff f xdzdydx=2—5—
0

vz

5 ~3/5m+3 (1/15)(60 — 12x—20y) 15k
M., = ff f ydzdydx=—2—-
0

XZ

(3/5x+3 [(1/15%60 — 12x—20y)
M ——kfj f zdzdydx = 10k

xy
M. _25k/2 5

m 10k 4

yZM_x;:P_k/Zzé
m 10k 4
M 10k

_=_.xy:_____

= Tk !

49. (a) I, —kaf (y? + 79 dxdydz“kaff (y2+ 2 dydz
- [13+ ]d_ka N )d—[ka(la~+l )]:2—’“’5
3 2y, & a ar jaz 3a 3az o 3

2ka’
L=I=1I= 3 by symmetry

a a a 2 a a
(b) 11=kffj (y2+z2)xyzdxdydz=ﬂff (y3z + yz%) dy dz
a Jo Jo 2 0 JO

ka? (*[y*z yzz3]“ ka* [© [ka“ <0222 224>]“ ka8
_ AN B [, 2 3 = | = == 4+ = —
2L[4 2 odZ 8 0(az+22)dz 8\ 2 4 /o 8

8

ka
I,=1=1= ry by symmetry

kas
50. (@) I, = 2dzdydx
—a/2 ~af2t—a/2 12
ka

S T by symmetry
ka® ka5 _ ka®
=] =] = + —
Lo=1,=1.= 12 6
a/2 7k
®) I, = J f f 202 + y?) dedy dx = f [ (x* + yHdydx =
—a/2)—a/2~a/2 a2t —-af? 72

ra?
= f f 2()c2+yz)dza’yd)c ka f xy2+y4)dydx—7
—~a/2J—a/2t—a/2 —a/2)—a/2 360

I, =1, bysymmetry

¥z xz
_adk

=1+
I.= I I, 30
7k

=1+
L=1ly+1,=%
L=] +1I = M
T
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51. (@) I, = kf4f4j4_x(y2 + ) dzdydx = f4f4[y2(4 —x) + —1—(4—x)3] dy dx
0 Jo Jo 0 JO 3
- fod[yg@—x)+§(4—x)3J:dx=kL4[%(4‘x)+g(4——x)3]dx

- k[-ﬂ(zx S x)“]: = 256k

3
4 4 rd—x 4 4 1
Ikafjf (x2+z2)dzdydx=kff [x2(4—x)+§(4-x)3dedx
o Jo Jo o Jo
4 4
“4kf [4x2—x3+ (4—X)3]dx 4k[4x" lx"‘——(4—x)“] -~ L2k
3 4 o 3

I=kf0J;JO (x* + y) dzdydx = kfj (x?2 + y)(@d — x) dy dx
= L[<x2y+y3>(4—x)] kf (4x2+——)(4—x)dx—256k

(b) I,ﬁ'tjff—xy(y2+z2)dzdydx=kff [y3(4—x)+%y(4-x)3dedx
0 JO JO 0 Jo

- L4[y7:(4—x) +%2(4—x)3]:dx=k£[64(4~x) +§(4—x)3]dx

[ 32(4 — x)? — _(4 - )4]4 _ 2048k

I, —kf4j4f4 ) y(x? + B dzdydx = kf4f4 (4—x)+%y(4—x)3]dydx
o Jo

—8kL[ -2 430 —x)B} —8k[x”——x“——(4— )4]4 102%

1z=kJ4ff_xy(x2+y2)dzdydx= J4f4(x2y+y3)(4-X)dx
0 Jo Jo 0 Jo
_ f [("Zy %4)(4—x)]:dx= E(sx2+64)(4—x)dx

4 4
=8k} (32 —8x + 4x? —~ XP)dx = [8/((32,\: — 4x? + g—xs - %x“):l =
0

0

4—y? ra 21
52. (@) I, = fff Pdzdydx = sz(4—y2)4dydx
0 .JO

= ];f (256 —~ 256y2 + 96y* — 16y + y&) dydx
o Jo

k(* 256y 96y5  16y7 y9]2 16,384 65,536k
4] [256y 3 5 7 9Tk, Toas F T Tais

- y? 4 21
fff yizdzdydx = ff §y2(4-y2)2dy'dx
o Jo

2048k
3

| D k 4[16y3 8y° y7]2 k(*1024
Ljo FUOF =8 ) dydx =75 | 137 =+ 7| dv =3 ) To5 &

42 [a—y? a0z
I, = f()ff xzzdzdydx=kjf =x(4 — y)2 dy dx

v S\
= k —x2(16 — 8y% + ydydx = 16y - + y—-—)] dx = 256
5/1e 2 A 5

2048k 8192k 63,488k
L=l + Ly = = =+ Ly = S = 4 L= 2o

2048

105

k

_ 8192k

45
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52. —CONTINUED—

4 £2 r4—y?
(b) Ixy:Jff (4 — 2)dzdydx
0 Jo Jo

402 a4y 42 [4-y?
32,768k 65,536k 32,768k
= 2 — 3 — ’ o y — 3
kfffo 472 dz dy dx kfoJ;L Pdzdydx 105 315 1

4 2 r4-y*
=ffj vH4 — 7} dzdydx
0 Jo Jo

4 2 rd-y? 4 (2 f4-y?

1024k 2048k 1024k
=k 4y2dzd - 2 = - =
[LL o amavac [ [ [ reaearar =25 - 28 - 1GF

4 2 r4-y?
I, = fff x4 — z)dzdy dx
0 Jo Jo

4 (2 rd—y? 4 (2 r4—y?
- fjf 4x2d2dyd"”kjff oz dz dy dx = 2096k _ 8192k _ 4096k
o Jo Jo o Jo Jo 9 45 15

_ _ 48,128k _ 118,784k . _ 11,264k
L=1,+1I,= 315 ,Iy—lyz-f-lxy—T,Iz—-Ixz'fIyz— 35

L/2 f[a py
Ixy=kf f f dzdxdy = k J -(a )Ja* — xrdx dy
~Lf2J—aJ - [gT=52 -L/2)—a

—a

2
= f < x\/a2 — x? + g? arcsin > - —<x(2x2 — a?)/x? — a? + a*arcsin ]] dy
-2

L2, (a'n' a'rr)d a*mlk

4 16 4

3_L,2 4 16

Since m = wa’Lk, I, = ma?/4.

L/2 (a Fx
e = f f f yrdzdxdy = 2k J yiJa* — x*dxdy
~L/2)—aJ~ /oF =52 —L/

L/2 2 a L/2 2/713
=2k f [L<x\/a2 — x? + g* arcsin 5)] dy = kwa® y2dy = Zkma (L—) = -}—mL2
2L 2 aj/l-a —1/2 3 8 12
L/2 fa (J/a'=x2 L/2 fa
yz= f J’f dededy=2kf f x2 ’az—xzdxdy
—L/2d~a) - /gt =5t -L/2J~a
L/2 4 L/2 4 2
=2k] [x(?xz—az)\/ — x? +aarcsm] dy=kawf dy=kawL=—m—€-
-1/28 -a 4 Joip 4 4
ma®  mL?
= + = — —_ = e 2 2
Ix Ixy Ixz 4 + 12 (3 + L )

ma®  ma*  ma?
Iy=1xy+1yz=T+T=—2—
ml ma?
IZ=Ixz+I T —— T

= 2
- 12+ 12(3a + L2



332  Chapter 14 Multiple Integration

B3 (e 1
54, 1 = 2dzd dx=——f f d dx— b2abc)———-mb2
» f-c/zf—a/z s i’ 12 cpndap i’ ( 12
2 c/2
ba® balc 1
= 2dzdydx = f yidydx = dx = —— az(abc) = ~—mq?
f—c/zf—a/zf—b/z —c/2 —a/2 12 —e/2 12 12 12

a2 c/2
abc® 1 1
= x? dz dydx = abf xdyx = — = ——-cz(abc) = ——mc?
J’—c/zf—a/zf—b/z /2 12 12 12

1
L=1I,+1I,= 12m(a2 + b?)

S _ 1
=1y +1,=7mp + )

z xz yz

1
=1 +1 =——mla?
I =1 I 12m(a + 3

I 1 frl—x 1 (STo8 [4—xi-y? )
58, j f f (&% + y)/x2 + y2 + 2 dzdydx 56. f f f kx*(x? + y?) dz dy dx
-1J-1Jo -1/~ f1=52J0

57. p=kz

2 (SIS pa-dey
@ m= f f f (kz)dzdydx<= %@)
-2J-va=&Jo

(b) X = ¥ = 0 by symmetry

M 112 VA= ra-@-y
2=—"2=~J f f k22 dzdy dx (= 2)
m mj - /i=7Jo
\/7 43—
=ff f y(x2+y2)kzdzdya’x( 32k77>
~2J-va=z)o 3
58. p = kxy
25 —xt—
@ m—ff f kxydzdydx<= 625k>
0 Jo
V25—2—y% -y
(b) ¥ === =—ff f x(kxy)dzdydx( 25")
0 Jo

¥ = X by symmetry

s (VE=R (VEET
) iJ;J;) L 2lkxy) dzdydx(: %)

5 (VIS VB-E 32
©I,= f f f (2 + yDkxy dz dy dx (= 6225100k)
o Jo o

59. See the definition, page 1024. 60. 6
See Theorem 14.4, page 1025.

61. (a) The annular solid on the right has the greater density.
(b) The annular solid on the right has the greater movement of inertia.

(c) The solid on the left will reach the bottom first. The solid on the right
has a greater resistance to rotational motion.

62. Because the density increases as you move away from the axis of symmetry, the moment of inertia will increase.
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63. V =1 (unit cube) 64. V = 27 (cube with sides of length 3)
1 1
Average value = v f f f fl,y,2)dv Average value = v f ] f flx,v,2)dvV
e 0
1711 133 (?
=fff(22+4)dxdydz . =EJJ' xyz dx dy dz
b Jo Jo o Jo Jo
1r1 1 3 39
= (2 + ) dy dz =—f “yzdydz
L T
! 3
1 81
= 2 4 =] =
JO(Z 4)dz 27 ), 124
12T _179 7
"[3“’1]0 T8 7%
1 13
=3 t+4=3

L
3

- Yoo

feyd=x+y+z

Plane: x +y +z =2

65. V = = base x height

Average value = -‘1; J f f Sy, 2) av
[4)

3 2(2~-x{2-x—y
=fo f (x +y + z)dzdydx
0 JO 0

3 2 2—x1
=Zf 5(2—x—y)(x+y+2)dydx
o Jo

2
-3t -2

3 3
=3@=3

N

<

It
|4
A
)

I|w
wijoo

E]

Y

fey,z)=x+y

Average value = é J f f flx,y,2)dv
[2]

3 (V3 ﬂfm
= (x + y)dzdydx
Swﬁf-ﬁf-m e Y

= 0 (by symmetry)
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67. 1 — 2% —y2~ 37220
22+ 3?4+ 3z2<1

= {(x,y,2): 222 + y? + 322 < 1} ellipsoid
fl/f 1-22 JST-22=5/3
1v/2)-

Exact value:

T-23J -1~ 225573

4./67
45

68. 1 —x2—y2—-72220

x2+y2+zzsl

= {(x,y,2): x2 + y> + z2 < 1} sphere

[T e

8
Exact value: 35

1{3—-a-yr{d—x—y2
69. = ff f dz dx dy
0
3~a-—y?
ff 4-—x—y*—a)dxdy
4]
213 —a—y?

- [e-v-ac-Z s
0

2o

- [e=r-ae-a-m - ==y

T-x -y
(1 ~ x?2 = y? — 29 dzdydx = 1.6755

ST=F=5F

94

lla 1
5 3 ¢

Hence, 342 — 224 +32 =0
(@a—2)(3a~16) =0

2

16
a=2, 3
71. Lety, =1 —x,
T T
P I e e e 2
T
=— + .t
2 " 24 )
Hence
iri 1 o
I = f (:052{—(x1 + .+ xn)} dx dx,- - - dx
0 Jo 0 2n

0
K
= f F o sz{zn Y1 + ° +yn)}(—dyl)(‘dYZ) )
1J1 1
11 1 o
=jf smz{znx1+...+xn)}dx,dx2---dx,,
0 Jo 0

L+L=1=1-=

Finally, lim/, = —
n—¥oo

(1 —2x* — y?2 -~ 370 dzdydx =

0.684

2
p =1

2
70, x? + 2

By symmetry, the volume in the first octant is

%(1677') = 2.

b/T-2 (3B
27T=ff f 1dzdydz
()

By trial and error, b = 4.

y

o 4
[Note: Volume at ellipsoid z—z + s 4 S =11s —mzbc.]

z
c 3

(—dy,)

I
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Section 14.7  Triple Integrals in Cylindrical and Spherical Coordinates

4 ro/2 (2 4 (m/2
ff frcos@drd@dz—jf —cosO d@dz
4 /2 /2 4
ff Zcosededz-f [231119] dz=f 2d7z=28
0 0 0

/4 2 (21 /4 (2 rA R
2.[ ff rzdzdrd0=f f[——-] drdo
o JoJo b o L2l

1 w/4 2 s 1 1/4[ 473 r4]2 7 /4 -
= — — + 3 = o 2 e — = == =
2L O(4r 4% + r3) drdo 2], 2r 3 7 OdH 3 ), do ¢

7/2 f2cost 6 f4—12 /2 {2cos O /2 r 2cos?
3.f j f rsin 0dzdrd0=f f r(4—r2)sin6drd6=f [(2r2—z>sin6:| de
4] 0 0 4] 0 0 0

K 8cos® @  4cos® 6:|~”’2 52
= 4 — 8 i = | — -} = —
J; [8 cos* 8 — 4 cos® 9] sin §d6 [ 5 o | 25

w2 2 w2 w/2
fff ~PRdpdfdd = f f ——eP dOqu fj 1—e—8)d0d¢=—(1—e)

2w fw/4 fcos ¢ 2w /4 1 27 /4 o
5. P2 sinpdpdd do = cos® ¢psin pddpdf = —— [cos“ d)] dg = —
o Jo Jo 12 J 8

0

/4 rn/d
f f cos® fsin ¢ cos pdBde
o Jo

(SRR

/4 (7/4 (fcos @
J’ j p*sinpcos pdpddde =

1 /4 (/4
-gf f sin ¢ cos ¢lcos A1 — sin? §)] dA dop
o Jo

/4 13 /4
=1f sin¢cosd>{sin0—sm 0] dé
3 0 3 (]

_ sf 5/2sin2 o™t 52
A sm¢cos¢d¢ [ 2 L = a2
4z (/2 /2 (7 [fsin @ 8
7. ffJ' re dfdrdz = me* + 3) 8. f f f (2 cos p)p? dpdldep = =
o Jo Jo o JoJo 9

/2 (3 e /2 (3
9.f fj rdzdrd6=f fre—f’drde
o JoJo o Jo
/2 3 -
- 1
—fo [ 2e ]Ode
‘rr/ll

=L S0 = %) do
=701 -e)
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27 /3 (3-12 27 /3
10.f f j rdzdrd0=f f r(3 —rYdrde
0 Jo o} &}

0
27 (.2 N\ JV3
[ -]
o V2 4/]
) 97
=J' 246 =22

o 4 2

2w fw/2 4 64 2w (/2
11.f J p25in¢odpd¢d0=—f f sin ¢ deb 46
/6 JO 3 0 Jnu/é

2m /2
= %{f [—cos ¢] dé
0 /!

6
2
_ 32;/§f e

_ 643
3

12. plsm¢dpd¢d0= smd>d¢d0
o Jo Ja
f cos¢ d@

= 1567

Wl
~J

u’?&

2w 2 14
13. f ffrzcosedzdrde‘o

arctan(1/2) [4sec ¢ 27 /2 cot ¢ csc ¢
f f p3$m2¢cosl9dpd¢d0+f J o sin? ¢ cos §dp d d6 = 0
(0] (0] (0]

arctan(1/2)J0
/2 (2 fS16-7 82
14.f ff ridzdrdé = — — 2m/3
0 0 Jo 3

w/2 /6 (d /2 /2 f2escd 8
f f p3$in2¢dpd¢d0+f f p35m2¢dpd¢d0=~———27rf
0 ] 4] 0

/6 3
2 fa fa+ JFTR w2 (1 { ST -
IS.J ff r2cos 0dzdrdd =0 16.f jj r/r* + 22dzdrdf =
0 0 Jo

8
w/4 (27 (lacos ¢ 7/2 /2 1 ]
fjf p* sin? ¢ cos 8dp d6dg = 0 ff o sin ¢ dp dp do =
(¢} 0 (o}

w/2 facos @ w/2 facos @
17. V= 4f f f rdzdrd6=4f j rva* — rtdrdo
0 0

/2 3
= ia3 (1 — sin3 6) d§ = —a3[0 + —cos 6(sin? 6 + 2)] = ﬁa3(7—7 - —2-> - @Bmr—~4)
3%, 3 3 3 9

L]

2 3
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2 /2 (22 (T ' /2 4 J16-72
18. V=—7r(4)3+4[J f f rdzdrd0+f f j rdzdrd@] z
3 o Jo 0 o J2v2Jo 7}

(Volume of lower hemisphere) + 4(Volume in the first octant)

1287 r w2 23 m/2 4
V=——+4f J rzdrd0+J r\/16—r2drd9]
LJo 0 0 22

3
1287  [82w "/Z[ 1 ]4 ]
7 4 =TT —_— — p2)3/2

3 3 .L 3(16 r?) . dé

1287 [827 . 8J§w]

$a
f

=73 Y3 3

123877 N 64\3{577 _ _6_%5(2 + /3)

w facos 8 (/T2 27 /2 /A1
19. V= 2f f f rdzdrdo 20. V=f f f rdzdrd
0 Jo 0 0 0 r

7 ffacos @ 27 V2
= 2f rJa® — ridrde = f f (r\/l-T—_r2 — r2) drdé
0 0 0

[

T 1 a cos 6 2 37./2
= 2f [——(a2 - r2)3/2] deé = [-1 — 232 ’—]
L L3 0 3¢ - 3l

=2‘§f(1 — sin’ §) d6 =87, )

3 L
=2a[0+cost9—cos 9]
3 b

= Ga — 4) |

3
3
243
9

27 (2 £9-~rcos §—2rsin 8 /2 (2 12t /2 (2
21. m=[ jf (kr)r dz dr d@ 22._[ jf krdzdrd0=f fl2ke“'2rdrd9
o JoJo o JoJo o Jo

27 (2
= J f kr*(9 — rcos 6 — 2rsin ) drd@ _ fn/z[_6ke_r2]2
o Jo
o

o
27 4 4 ) 2
r r /2
= jo k[3r3 — g o8 6 — 5 sin O]Ode = f (—6ke=* + 6k) dO
0

27
= f k24 — 4cos  — 8 sin 6] d6 = 3km(l — 79
0

27
= k[240 — 45sin 8 + 8 cos 6]
0

= k[487 + 8 — 8] = 48km
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23. z=h-—-:i\/x2+y2=£(ro—r)
0

/2 hire—r)/r,
V= 4f f f rdzdrd6
0

h /2 (ry
—f {ror — r¥)drde

25. p=kJxXP+y =k

¥ = ¥ = 0 by symmetry

w2 (1o {hro—r)/r,
m = 4k j J f r?dz drdé
0 0 Jo

= —k7rr0 h

w/2 {ro [hirg—n/ry
—4kf J J r?zdzdrdé

3 p2
30k7'rr0 h

- M, _ karrh2/30 _h

m kwrih/6 5

/2 h(ro~r)/ry
27. 11—4kf f f P dzdrdé

/2 fry
- Sk (rg® — r*)drdo
0

To Jo

=ﬂ<’i)(z)
7o \20/\2
1

= 4
10k77'r0 h

Since the mass of the core is m = kV = k{17r,2h) from
Exercise 23, we have k = 3m/ wryh. Thus,

I, = 10k'n'ro“h
_1{ 3m 4
- 10<77'r(,2h>wrO h

IOer

24, x =y = 0by symmetry
m= —;-'nrozhk from Exercise 23
/2 h(ro—r)/ro
= j j f zrdzdr de
2 [7/2 (1
= zkhTf (ror — 2rgr? + ) drdo
" Jo Jo
_ 2kn? (’i)(z) _ krg B
T \12\2) 7 12
2___%2__=kr02h277< 3 >=ﬁ
m - 12 \ 7 *hk 4
26. p=kz

¥ =y = 0 by symmetry

w2 fro {hro—r)/ry
m = 4kf f f zrdzdrdf
0 0 JO

=1 242
= 12k‘n'roh

/2 [re {RGro—1)/1o
M, = 4kJ f J Z2rdzdrdf
0 0 JO

S S
= 30krrro h

M,y _ kmrh/30
m  kwrgth?/12

28. I, = jgff(ﬁ + y)plx, y, 2) aV

/2 [re (hlro=r)/rs
T = 4kf f f rédzdrdg
o JoJo
/2 (1, -
= 4kh f f " ridrap

17/2 76 r0
—4khf — - d6
6r0

= 4kch f " ’o - ’gs] d6

w/ 2
= 4kh f 267" 40

5= _ 2k
z 5

= Tlgr(fwkh
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29. m = k{mb*h — math) = kmwh(b* — a?)

w2 (b [
I, -—4kf ff r3dzdrdé

w/2 b
= 4khf f rdrde
0 a

/2
= kh f (b* - a*) de
0
_ k(b — a)h
2

_ km(b? — a®)(B* + adh
2

B S

= 2m(a + %)
21 (7w f4sin¢

= J J’ f P singdpdd do = 1672
0 0 Jo

w/4 /2 b
32. V=8f f o sin & dp d6dé
0 0 a
8 w/4 /2
=—(p — a3)J J sin ¢ dOdod
3 0 0
/4
. a3)f sin ¢ d¢
3 0

- [%’T(ba — a%)(—cos ¢)jl:/4

w/2 fw/2 fa
33. m=8kf j f psinpdpddd
0 0 0
w/2 /2
= 2ka* f f sin ¢ d6d¢
¢] 0

/2
= kwa‘f sin ¢ d¢
0

= [kvm“(—cos ¢)]:/2

= kora*

(2 - V2)&* - @)

30. m = kma*h
w/2 (2asin 8 (A
Iz=2kf f f ridzdrdo
o Jo 0
= %k’rra“h
_3 2
2

(includes upper and lower cones)

z

w/2 {7/2 fa
34.m=8kf f f o sin? ¢dpdode
o Jo Jo
w2 /2
= 2ka4f f sin? ¢ dOd¢
o Jo
/2
= kwa“f sin? ¢ dop
0
4( 1, 1. ) w/1
= [k'n'a §d> — 3 sin 2¢ :L

= kmz"%r = %sza“
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35 m= 2k77'r3
3
X =y = 0 by symmetry
w/2 /2
Mn=4kj f P cos psin pdpdode
o Jo Jo
1 w/2 /2
= ~2“kr4f f sin 2¢p d0d¢
o Jo
4 /2
-k 47’ f sin 26 dep
0
= *lkm“ cos 24)]”/2 = '1—k7rr“
8 o 4

w/2

w/2 fcos ¢
37. 1, = 4 f f p* sin® ¢ dp d0 do
0 0

/4

4 w/2 (/2
= gkf f cos® ¢ sin® p dOd¢
o

/4

/2
=%k7‘rf cos® ¢(1 — cos? ¢) sin p d¢p
/4
2 1 1 >]"/2
= |~ —— 4 - 8
[Skﬂ‘( 6cos ¢ 8cos ¢ e
_ Jm
T 192
39, x=rcos 9 X2+ y? =2
= rai Y
y = rsin 8 tan 6 .
z=1z z=2z

6, [8,(6) [hy(rcos 6, rsin 6)
41. f f f f(rcos 6, rsin 6, 2)r dz dr d6
8, h

, J£,(8) Jh,(r cos 6, r sin 6)

36. X =73y = 0bysymmetry

=2 s 2 3)_2 3
m—k<377'R 37 —3k7r(R r)

w/2 7/2 (R
Mxy=4kj f f PP cos psin pdpdbde
0 (] r

M,  kn(R*—r)/4 3R~ 1Y
m  2%kn(R® - r)/3  8(R - r)

w/2 7/2 (R
38. I, = 4kj f f p*sin® ¢ dpdOde
0 0 r
4k /2 fm/2 )
=—=(R>— 15 sin® ¢ d0 d¢
5 0 0
m/2
= %q(ﬁ - 15)[ sin ¢(1 — cos? ¢) dop
0

= [y;ﬂ(RS -~ r5)(~cos b+ %)]g/z

=1 ® - r)

40. x = psin ¢ cos 0 pr=xr+y+ 22

y = psin ¢ sin 0 tan0=§

r4
Z = pcCos COS = ——
P ¢ ¢ VR4 yr 42

6 (b (P
42, J' f(psin ¢ cos 6, psin ¢ sin 8, p cos )p? sin ¢ dp dep d6
6,

& Jp,

43. (a) r = ry right circular cylinder about z-axis

6 = 6, plane parallel to z-axis
Z = Z, plane parallel to xy-plane

44. (a) You are integrating over a cylindrical wedge.

(b) p = py: sphere of radius p,
0 = 0, plane parallel to z-axis

¢ = ¢, cone

(b) You are integrating over a spherical block.
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a Va2 at-xI—y? @aI=xA=yI=Z2
45, 16ff f f dw dz dy dx
0 Jo 0 o}

a /a2 \/ai—xz—_y2
=16ff f ‘Ja? - X2~ y?— dzdydx
0 Jo 0

It

1

w/2 fa -
= 8[ f E(a2 - r)rdrdf
o Jo
m2Ir 2.2 47a
a‘r r
= 417J0 [ 5 4]Od0

/2 4,2
_ 4 _dam
avrfo dae 5

(==} o0 o0
46. f f j VA + YT+ e~y gy dy dz
B ,

— 0 -

27 7 oo
= f f peP’p?sing dp dp do
0 0 JO

29w (k
lim f pPe~r*sing dp dp d6
0 o Jo

ko oo

I

—(p? z l)e—p’]k

= @)@ im| 0

= 477'[%] =2
Section 14.8

‘ 1
1. x= —-2-(14 - v)

ST

ﬂﬂ_ﬂgz&ggy(%g
dudv duov 2/\2 2/\2

Jox=u—V?

y=u-+y

axdy _ayex _ oo o
Juav  dudv () — =) =1+ 2

a2 fa [ SR
16f f f V@ =75 = Zdzr dr de)
0 0 Jo

w/2 fa 1
16 f f —[zm + (a? — r?) arcsin
o Jo?2

el [ [ [

z al-r?
\/;2__,_2:‘0 rdrdf

Change of Variables: Jacobians

2. x=aqu+ bv

y=cu+dv
axdy o
dudv dudv

4, x = uv — 2u

y = w
xdy oy
dudv dudv

= —cb

=W —2u—vu=—2u
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S.x=ucos—vsin @ 6.x=u+a

y=wusinb + vcos 6 y=v+a

oxdy  dy ox o ox dy  dy ox

_____ — + 26:1 —_——— . T —_ =
Gudv ugy 05Ot sin S - 22— (1)) - 00) = 1

7. x = é&sinv

y = ée“cosv
Iy Iy OX N N -
e o (e* sin v)(—e* sin v} — (e* cos v)(e* cos v) e
8.x=E
1%
y=u-t+yv
ézﬂ-ﬂézg(l) _ <_i>=l u_utv
dudv  duadv v(l) 0 v2 v+v2 v2
9. x=3u+ 2v (x,y) l (u,v)
y=3v 0,00 | 0,0
y=2 (3,0 (1,0
3
2,3 | 01
_x—2v_ x—2(y/3)
T3 3
N
3 9
10. x=%(4u— v) (x,y) (, v)
(0,0 (0,0
=l(u‘v)
Y73 @1 | (0
u=x-—y ‘ (2,2) | (0,-6)
A7 63 | 3 -6

1. x =20+ )
y =3 =)
2 (Y- (-
J; f 42 + y?) dA = _11 f_l 1 4[-};(;; VP v)ZJG) dv du

Nk 2 3 ! , 1 W ou\] 8
ESS -+ = + = = —_— 4 = = e
Jl1ﬁ1(u v2) dvdu j;12<u 3> du [2<3 3>]_1 3
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12.x=%(u+v), U=x—y (. y) (u,v)
0, 1) (-1, 1

1
y=3k=, =xty @ | (13
xdgy dyox _If1y [ 1)1y 1 12 | (-13)
du dv  du dv 2(2) < 2)(2) 2 (1,0) (1,1)

J;J60xydA
= fjlfso(%(u + v))(—%(u - v))(%) dvdu )
= flfj—%(vz — uw)dvdu

N R S ET0G 2)]3
—J_l[ 2(3 v 1du

[
—
MNIU.
S~
[ )
=M
!
u|'°
S
&

]
—
2|5
TN
wir
s
I
wlg
=
i

y=u
Bxay o oo -
EY_DEZ_ 1o -0w=-1

LJ')?(x"y)dA=Efuv(1)dvdu=£8udu=36

1
14. x-—i(u +v)

y =30 =)

axay _ayox_ 1
dudv  Oudv 2

2 [0
JJ 4(x + y)e* > dA =jf 4ue’ (%)dvdu
R. 0 Ju—-2
2 2

2
= f 2u(l — e* ) du = 2[— - ue*~? + e““2]0 =2(1 - €72
o

2
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15. | | e®%daA N
Lo
nll
1 4
Ry— y=2x,y=;,y=; \E;—zﬂ

o ax | 1v2 11
ny) _ (u ov| | 2 2 2 __l<l+l>__i
¥ v) |y W 1y2 1 W2 Nu  u 2u
ou  ov 2ul/2 2 Y12
Transformed Region: X
1
y=—=>yx=1= v=1
x
y=-= ux=4 = v=
y=2x=>§=2=bu=2 AR
x zz_ _1
y=7= < => u
2
ff e /1A = ff ”/2 dvdu——f [ il f(e“z—e l/2)——a'u
1/4J1 14l U 1
2
= —-[(e‘2 — e 2)In u] = —(e72 — ¢~ 1/2) <ln2 - lnz—i) = (e"¥?2 -~ ") In 8 ~ 0.9798
1/4
16. x=2
%
y=v

oxdy ayox 1

dudv oduov v

4 r4 4 4
ffysinxydA =ff v(sinu)%dvdu =f 3sinudu = [—-3cosu] = 3(cos 1 — cos 4) =~ 3.5818
R 1)1 1 A1

17. u=x+y =4, v=x—y=0
u=x+y=S8§, v=x-y=4

x=glty) oY==
dxy) _ 1
alu,v) 2

ff(ery)ex YdA = ffue dvdu

= EL wle* — 1) du = [‘—ltuz(e""— 1)]j =12(e* - 1)
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18. u=x+y=m,

19.

20.

21.

u=x+y=2m,

v=x-y=0

VEXTY=ET

x=%(u+v), y=—;-(u—v)
éey) 1
a(u, v) 2

™ 2w
Jf(x+y)2sin2(x—y)dA=J’f uzsin2v<l)dudv
R o Jr 2
T\ 1 — cos 2v |*™
’fo [2(3) 2 ]w dv=

u=x+4y =0, v=x-y=0
x+ 4y =35, v=x—y=35

u:

x=l(u+4v) y=l(u—v)
5 ’ 5

ax dy

s2-2a ()0

(- []

1(2 e
= (=372 ===
f(,{:s(s)“} Slar=|H
u=23x+2y=0, v=2y—x=0
u=73x+2y=16, v=2y —x =
L e =L+
ny , y=glu

%Q_a_yﬁ_l(§>_l(_l>=l
Judv duadv 4\8 8\ 4 8

8 (16
JI;I (3x + 2y)(2y ~ x)*/?dA = J;J; uv3/2(%> du dv

8 2 8
= f 16v3/2dy = (—)16v5/2]
0 5 0

%(u +v),y =%(u - V)

Uu=x+yv=x-—yx=
dxdy dydx _ _l
dudv  Oudv

W LA

dva'u = f usudu = [ us/z]o = §a5/2

I
12 \" 2%,

4096

==2

2
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2. u=x=1, =xy=1
u=x=4, =xy =4

u

x = u, y=3

9xdy dyox 1
dudv dudv u

' 4[4 y l)dd
1+x2y2 _111+v2<u .

=ﬁTéma+varidu=[gm17—mzhn4j=%0m§ym®

23. —+E2-=1,x=au,y=bv
a? b?

m o))y dydx
dw,v) ou v dudv

= (a)(b) — (0)(0) = ab

(C)A=JJ'ade
s,

= ab(7(1)?) = mab

B3

24. (a) flx,y) = 16 — x2 — y2

7
LS
R16 9—1

- [[rene

Let x = 4u and y = 3v.

L V/T-d?
ff(lG—xz—y2)dA=f f (16 — 16u* — ) 12dvdu (Letu = rcos 8, v = rsin 6.)
R -T2

27 1 ’
= f J (16 ~ 1672 cos? § — 9r2 sin? §) 12r dr d6
o Jo

It

2 : 1 27
IZf [Sr2 — 4rtcos? @ — gr“ sin? 6] dé = 12f [8 — 4cos? 6 — —9-sin2 9] do
o 4 o o 4

27 2w
1+ cos28 9(1 — cos 28 39 7
12J; [8 4( 5 ) 4< ) )] dé = IZL [ 3 3 cos 20] de

39 7 w397 _
—12[89 16511120] 12[ ] 117

I

—CONTINUED—



Section 14.8 Change of Variables: Jacobians

347

24. —CONTINUED—

2
(® flx,y) = Acos [g =y Z_z}

[

R.—= + <1

%

QNIR

Letx = guandy = bv.
ffoy)dA ff A cos \/u2+v2]abdvdu
-1

Letu = rcos 8, v = rsin 6.

Aabj f cos ]r drdf = Aab[-z—r sin( 3 ) + icos(-z—)] m

= 277Aab[< + O) (0 + 12)] A7 — 2)Aab

w

x,y)  dxay dyox
. _ Sy Gyex . 4.5.
25, Jacobian = (o)~ oudv ™ 26. See Theorem 14.5

27. x=u(l —v), y = w(l —w), z=ww

a(x, y,2) L - .
ﬁ =l —-w) ul —w) —w| =011 —w + ] + w1 — w) + ww]
LV, W uw uv = (1 — v)®) + uluv?)

= u?

28. x=du—v,y=4d—-w, z=u+w

4 -1 0
Aerd |y 4y =17
(u, v, w) ) 0 {

29. x = psin¢cos 6, y = psinpsin b, z=pcos¢

sin¢pcosd —psingsin@  pcos¢ cos B
= |sin¢sin® psingcos pcos ¢sin
cos ¢ 0 —psin ¢

= cos ¢{— p* sin ¢ cos ¢ sin? 6 — p?sin ¢ cos ¢ cos? 6] — psin ¢[p sin? ¢ cos?6 + p sin? ¢ sin® 6]
cos ¢~ p? sin ¢ cos ¢(sin? 6 + cos? 6)] — p sin ¢fp sin? d(cos? @ + sin? 6)]

—p? sin ¢ cos? ¢ — p?sin® @

— p? sin @{cos? ¢ + sin? ¢)

—p*sin ¢

alx, ¥, 2)
a(p, 6, &)

i

i

30. x=rcos 8, y=rsinf, z=2z

cosf —rsin@ O
= |sin® rcos® O|=1[rcos2@+ rsin?@]=r
0 0 1 ¢

x, y,2)
ar, 6, z)
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alx,y) _ 13 0| _
au,v) 10 1

Region A is transformed to region A’, and region B is transformed to region B".

r I g—. —-:2—
A'=B 3 3m => m 5

Note: You could also calculate the integrals directly.

Review Exercises for Chapter 14

s 22
I.Jx]nydy=[xy(—1+1ny)]1 =3(-1+mx)+x=x—22+PIx?
1

2y 3
[l ffn] o
N ! 1+ ! 4.5 129
3. (Bx + 2y)dydx = [3xy+y2:l dx= ,(4x2+5x+1)dx=[—x3+—xz+x] = —=
o Jo 0 0 o 3 2 b 6
e 2 ? 2 N ? 2 3 4 4,,1, 2 ]_88
4 J;L(x 2y) dy dx Jo[xy y]xzdx jo(4x 2x% — 2x%) dx [3x Fxt = 5x ]0 75

3 Vo2 3 4 3
5 j f 4x dy dx = f‘4x\/'9‘—x2dx = [—5(9 ~ x2)3/2]0 = 36
0 Jo 0

2+ /3o V3 /3 4
6. dxdy =2 J4 =2 =[ V4 - 2+4a:csinz] =/3+2%
f fz_ 5 y L 4 y*dy y y 2o V3 3
(3-x)/3 13-3y
7ff dydx = f dx dy

133 1 3 73
A= dedy = | 3 - 3y)dy = [3y - —yz] ==
o 0 27 Jo 2

o]
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2 fx 3 [6-2x 2 ((6—y)/2
8.J’fdydx+ff dydx=J-J dx dy
o Jo 2 Jo 0 Jy
2 ((6-y/2 1 (2 1 3 2
= = - — 3y}dy = | -~ - 2)] =3
J;fy dx dy 2L(6 y) dy [2(6y )|,

Vis=# 3 5
ff dydx = f dxdy+jJ dxdy+ff dx dy
-5)-VBRE -5 J-V25—)7 ~4)-V25-y? 4 J~V35-5

257

3 V2522 3 o 3
A=2f f dydx=2J \/25—x2dx=[x\/25—x2+25arcsin-5—]5*—5-+12+25arcsmg~6736
-~5J0 -5

4 [6x— 2 1+/T+y 1+/1+y 3+ -y
10. J'f dydx = f f dydx+ff dxdy+fj
0 J—2x -1 8 J3—
4 éx—~x2 4 4
=ff dydx=[(8x—2x2)dx=[4x2—zx3] L
0 Jx-2 o 371 3

1 fx /152 1 i
11. A—4ff dyde= 4| x1 —xzdx=[~§(l—x2)3/z] -4
0 0

J1-4y? )/2
B f L(l— JI=&EY

2 fyi+i 14
12, A = f dxdy—jJ dydx+ff dydx =
oJo Yy 3
5 Vx—1 2 fVx—1 2 [fy+3 9
13.A=ff dydx+2]f dydx = dxdy = =
B 1 Jo —1Jyr+1 2
3 (2y—y? V1=% 1+/1—x 9
14. A = ff dxdy—ff dydx+ff dydx=§
—3J-x 0 Ji-

15. Both integrations are over the common region R shown in the figure. Analytically, "
12232 4 4

ff (x+y)dedy =< +2V2
o Joy 3 3

2 (52 23 (VETRN ' A ™Al
f (x+y)dydx+f f (x+y)dyd.x=—+<—\/§~——>=—+—\/§
o Jo 2 Jo

16. Both integrations are over the common region R shown in the figure. Analytically,

ff e’*ydxdy=-2‘+§e5
o J3y2 553

2x/3 55—x 3 2
ff etydydx + e”ydydx:<~e5—e3+-—>+(e5+e3)-
o Jo 3 Jo 5 5

u:loo
+
i
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4 x4 4 3 rx
17.V=fj (x* —y + 4 dydx 18.V=ff(x+y)dydx
o Jo o Jo
3 1 x
“ 1 X+ :f[xy+52]dx
=f[xzy~-y2+4y] dx ° °
o 2 o 5
4 =% * dx
=f(§x4+4x2+8)dx 0
° 1P 27
=[_1‘x5+3x3+&X]4:@ "7k 7
10 3 o 15
19. Volume = (base)(height) : 20. Matches (c) :
6
27 .
~2 =2
Matches (c)
2
(3,0) 4
21. f f kxye‘(”y)dydx:f [-kxe‘("+y>(y+ 1)] dx 1rx x
0 Jo 0 0 22, ff kxydydx = f dx
oo o Jo 0
:fo kxe * dx j lct3
= [—k(x + l)e"‘]o =k
Therefore, k = 1. = [E] = k
- 8o 8
= j f xye G+ dy dx ~ 0.070 : Since k/8 = 1, we have k = 8
o Jo
11 2 2
23. True 24, False, jfxdydx#ffxdydx
o Jo th
25. True ~ 26. True, f f f f dxdy ==
001+x2+2 b Jo1+ 22

h fx /4 fhsec 8
27. ff\/x2+y2dydx=f f rtdrdf
0 Jo 0 [t}

3 (/4 3 w/a 3
= h? sec3 0d6 = %[sec 6tan 6 + In|sec 6 + tan e|]0 = %{ﬁ +1n(V2 + 1)]

0

16— /2[4 /2
28, ff (x2+y2)dxdy——f fﬂdrde 29, V= 4JJ' f rdrdfdz
o J1
w2 4 B /2
=f [ ]de =2ff (1+22~-1)dodz
° o Jo

/2
== = h
fo 64d0 = 327 _ ”f 2 de
0

[5=)L -
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/2 (R
30. V= 8[ f VR? — rlrdrdf 31 (a) (3 + y2)? = 9(x2 — y?)

° (r?)? = 9(r? cos? 6 — r?sin? 6)

- _§fw/2 [(R2 _ r2)3/2]R 40 r2 = 9(cos? 6 — sin? 6) = 9 cos 26
3Jo b r=3/cos26

/2
= §(R2 _ bl)B/Zf do A
3 Jo
= §otke — S

-4

/4 3. /cos 26
by A= j f rdrdf =9
o Jo

] n/4 [3./cos 26
© V= 4f f V9 = rirdrd6 =~ 20392
o Jo

12./13 3
32, tan 0 = === 0§~ 09828
813 2
The polar region is given by 0 < r < 4and 0 < 0 < 0.9828. Hence,
arctan(3/2) 4
f f(rcos 9)(r sin 6)rdrd0=gg—8-.
0 o 13
¥
(/13 12//13),
T x+ytal6
3«-y_%, :
24 i
!
6 :
TV A
12
1 p2x 17k
k = 2 — 2t
B mok [t O mek] [ a2
0 Jox
1 2x
1 (2 392k
16k M=Jj (@ + YW dydx = -
= 2 - x y yo)ay
M .szfxy dy dx 55 o Joxr 585
1 (2
1 f2x 156k
- _ 8k M, = ffx(xz+y2)dydx=—-——
My—kfoflxzxzydydx—bg y oy ) 385
LM LM 936
x= = 45 m 1309
m 45
S M. 784
oM, _ 64 YT T 663
YT 7SS
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L (/22— /L)~ (/)] L
kh x X TkhL
34. m—kfofo dydx—2L<2 7 Lz)dx—- 2
L (/{2 /L)~ (/1)
M, = fj ydydx
0 Jo
2 (L 2
8 Jo
2 (L 2
=l‘i’_ [ 4x 3x + 2x3 " x“]dx

=k_hz[ _E_£+£+£_]L=E.17_L:17WL
81T L T2 sIi T 8 10 80
L (r/2)[2~ (x/L)— (/1]
M, = xdydx
0 Jo
L L 2 2
_kn (h_ﬁ-é)dxzﬁ[xz_i_!_}] _kn SL* _ SkhL
2 Jo L L 2 3L 42|, 2 12 24
s My _Skh2 12 5L
m 24 TkhL 14
M, 1L 12 51k
Y 80  7khL 140
a (b ) . 2 (4% 16,384
8.1, = yplx,y) dA = kxy? dy dx = —kb3a? 3.1, = y2p(x,v) dA = kP dydx = —F—k
R. 0 Jo 6 R 0Jo 315
2 f4—x -
e[t - - =312
Iyszxzp(x»)’)dfi=fjkx3dya'x=ikba4 Iy—szP(x,y)dMJ;L by dy dx = Tock
R. 0 JO
16,384k  S12k 17,920 512
2 = -+ = 2 = 2 k:—
IO=IX+Iy=ékb3a2+%kba“=%(2b2+3a2) fo=1I.+1, 315 105 315 9
247 128
e[ 1 m=ffp(x,y)dA= J' ky dy dx = =k
m = plx,y)dA = kxdydx=§kba2 R o Jo
A e - \/5 /512k/105 \/Z
x: — —— I —
- \/@ [/ 4)iba’ \/Zi a2 m 128k/15 7
X = - = | T _——
m (1/2)kba? 2 2 - \/_1:= 16,384k/315 _ 128
YTV m T V15 V2

~<I

) \ﬁ . Jweme \/E_@ |
- m (1/2)kba? ~— 37 3
37. s=fj~/1 + (P + (f)PdA
4 /16— 2
=4” AT T dyds
0 JO
w/2 4
=4f J V1 4r%rdrde
] 0

- [%(653/2 - 1)0]:/2 = Z(65v/65 - 1)
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38. flx,y) =16 — x —y?
R={(x,y:0<x<20<y<x}
fi=—10==2
VIH (L + (R = V2 + 42

2
=f \/2+4y2dxdy=f[2\/2+4y2—y\/2+4y2]dy
0 Jy 0

= B—(zym +21nf2y + VZF %) - 1—12(2 + 4y2)3/2]2
4]
- [%(4JT§ + 214 + VIB|) - %(wm)] - [mf - %i]
=6\/§+lnl4+3\/§| —9—{—2—m\/5+%=§—‘3—@+m[2\/§+3l
39. fle,y) =9 -
£=0f="2

:ff‘/1+ﬁfz+]cy2d‘4
R
3y
=ff V1 + Hdxdy
0J-y
& y
=f[\/1+4 x] dy
0 -~y
f VT Brdy = 1201 + 4y )3/2] — 2172 - 1]

0

40. (a) Graph of

(b) Surface area = J’ f V1 + f{x, y? + f(x, y)* dA
R

fey) =z Using a symbolic computer program, you obtain surface
area ~ 4540 sq. ft.
= 25 [1 + e~ +yH/1000 (52 (x2 + )’2)]

1000

over region R

27 319
41. ff f \/x2+y dzdydx = fjfrzdzdrd()
-3 TRy
2m 3 27 3
= (Or? = r%) dradf = [3r3—5-] dg = 162["7 4o - 3247
o o i 5 5 5

0
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fzfﬂ G2+ 27 (2 (r2/2 1 16 32w
42. 2+2ddd=Jf ,ded9=—f frdrd@ dﬂ—
—2—~/—x1L (% +y?) dzdy dx o JoJo o 2Jo Jo 30 3

a (b fc
43.fjf(x2+y2+z2)dxdydz=Jf 3+cy2+cz>dydz
o Jo Jo

a
= (lbc3 + lb3c + bcz2) dz = labc3 + lab3:: + —1-a3bc = -1-abc(a2 + b2+ cY
3 3 3 3 3 ,

3

5 \/25-:'._"E \/25—;2—‘7 1 n/2 /2 5 p2
44, —————dzdydx = f f sin ¢ dp dp d6
LL J; 1+2+y2+ 2 %% fo o Jo 1+ 02 bdpdd

w/2 /2 5
=f f [p—a:ctanp] sin ¢ d¢p do
o Jo 0

/2
= f [(5 — arctan 5)(— cos ¢)] de = —(5 — arctan 5)

JS1T=xT=y?
87
45ff f (2 + ydzdydx = fff r3dzdrdf = m
—id - 1 x5 = l xt—y
2 (VAR SIS 4
46J‘J f xyzdzdydx=§
o Jo 0

/2 f2cos O [ /A1 /2 {2cos @
47.V=4J f f rdzdrd0=4f rv4 = rtdrdé
(4] 0 4] 0 0
/2 2cos 0 /2

= - [i(4 - r2)3/2] dég= -3—2— (1 — sin® 9) d6
b L3 0 3

_ 32 o /2 32(_. _ Z)

—3[0+cose 3cos 9] —3 > 73

w/2 f2sin @ [16-r? /2 (2sin @
48. V=2j f j rdzdrd6=2f f r(16 — r¥) drd6
o Jo 0 o Jo

w2 /2
=2f (32Sin20‘—4sin40)d9=8f (8 sin? 6 — sin* §) 6
0 0

/2
8[40—- 2sin 26 + ism390056—§<10~lsm20)] =%T

/2 /2 (cosd
49. m =4k f 2 sin & dp d0 d¢
0

/4
4 j‘ﬂ'/Zj‘Tr/Z s . 2 /2 ) 2 1 w/2 kr
- cos® ¢sin pdOdp = —kmwr| cos® psinpdd = | —=km| —cos* ¢ = e
T3 3 /4 3 4 e 24,
w/2 {7/2 [cos
v = 4k f p? cos ¢ sin ¢ dp df de
/4 JO

(7 1 /2 i "
f f cos® ¢ sin ¢ dodep = ‘ikﬂj cos® ¢ sin pd¢p = [——ﬁlmcosG ¢] =%

/4 /4

3= My _km/96 _ 1
m  kw/24 4

¥=y=0 bysymmetry
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/2 fa (crsin @ /2 fa ) /2 2
=2kf fj rdzdrd0=2kcf fr2sin6drd0=§kca3f sin0d9=§kca3
0
w/2 fa {crsin 6 /2 fa 1 /2 1
= J ff 28in 6dz dr d6 = 2kcf fr"‘smzedrde—ikcaf sm26d6—§7rkca
0

w/2 fa (crsin @ w/2 (a 1 /2 1
M, = J f f rzdzdrdf = kclf J' risin? 8drdo = chza“f sin? 640 = R'rrkcza“
o Jo o

X =
_ Tkea'/8 _3ma
2kca3/3 16
- _ mkc’a*/16 _ 3mea
£ 2kea’/3 32

/2 /2 fa 3
51. m=kf f pzsin¢dpd6d¢=k7;a
0 4] 0

kaa*

/2 /2 fa
Mxy=kf f f(pcos¢)pzsm¢)dpd0d¢— 16
0 ¥

M_&:kwa“( 6 >=3a
m kma®

=
I
<
il
&l
It

V25=72
52. m—soﬂ-ff J rdzdod —m—ff (rvZ5 =7 — 4) dodr

_ 5007 _ e v 2] _ 5007 _ 7.,{_6_4_ Bi]_&f_l“_ﬂz
3 271'[ 3(25 r?) 2r A 2 3 18 + 3 | =3 3 16241

X=35=0 bysymmetry
27 (3 27 5 £/25-11 27 (3 1
Mxy=f ff zrdzdrdf + f zrdzdrd6=f f[S——(ZS —rz)]rdrd6+0
0J-V355 o J3J-vI5—F, 2
2 3
1 1 9. 81 81
= rl ——r drd6 = [ r“-——rz] dg = [——— ] = ——q
LL[Z o L8 4 1 8 1 4
LMy 8w 11
m 4 1627w 8
/2 {4 L1612 T2 fa
53. 1, =4 f jf rPdzdrdé 54. Iz=kff fpzsin2¢(p)pzsin¢dpd0d¢
oJo Jo
e 8337k 4kma®
=4kf f(16r3—r5)drd0 3 =5
o

55. z=f(x,y) = Va? — x2 — y?
- Ja
0<r< S2ah— K

—CONTINUED—
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55, —CONTINUED-—
(a) Disc Method

V= (a* — y?)dy y
a—h )

dor- 4]l -3 fro-n-52)

3 3 ' 3 3
w[a3 —-‘;——a:‘ +a2h+%-—a2h+ah2—h?] =w[ah2—%] =%'n'h2[3a—h]

224

I

I

Equivalently, use spherical coordinates.

27 fcos a~h/a) fa
sz f f 2 sin ¢ dp dp d6
0 JO (a—h)sec ¢

27 feos™Wa—h/a) fa
) M, = J j f (p cos P)p? sin pdpdp db
0 JoO (a—h)sec ¢
= S#em(2a - By

i-hzﬂ(za e

Mo _3a =y
4 %hz'rr(?aa - h) 3a -
- 3(2a — h)z)
Centroid: (O, 0, ——4(3(1 _—
_, s 3@ _3
c) Ifh=a, z= 4(2a) = Sa‘

Centroid of hemisphere: (0, 0, %a)

. 3Qa-h?_ 3(4d)
@ fimz= lm e~ =~ 12a

© 2+ = prsin? ¢

27 (cos a—h/a) ra m
L= f f f (¢ sin? $)p? sin pdpd d6 = -~(20a* ~ 15ah + 3K 7
o Jo (a—h)sec ¢ 30 A

a

- BT 5 s s Nt s
O Ifth=a, I, = 20 (20a? — 15q% + 3a%) 59

2 2% (m (6sin ¢
56. 2+ + S =1 57.f f p? sin ¢ dp d¢ d6
a o Jo Jo
I = f J’ f o2 + y)av Since p = 6 sin ¢ represents (in the yz-plane) a circle of
z > radius 3 centered at (0, 3, 0), the integral represents the
- Ty T volume of the torus formed by revolving (0 < 8 < 2m)
= f f . j (x2 + y?)dxdy dz this circle about the z-axis.
—aJ- -2 J-ST-yI=7-a
8
=™

T2 1+
58. f j f rdzdrdf
o Jo Jo

Since z = 1 + r2 represents a paraboloid with vertex (0, 0, 1), this integral represents the volume of the solid below the
paraboloid and above the semi-circle y = /4 — x? in the xy-plane.
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61.

dxy) _ oxdy oy ax 3oy _ dxdy  dyox
“o(u,v)  Sudv  duav “o(u,v) Guov  duodv

=1(=3) - 23) = -9 ‘ = Qu)(—~2v) = Qu)(2v) = —8uv
35y _ BXQ_.%Qzl(_l)_l(l):_l ;
owv) auwav avau 2\ 2/ 2\2 2 .l
x=-;—(u+v),y=%(u—v)=>u=x+y,v=x-—y 2T
Boundaries in xy-plane Boundaries in uv-plane T
x+y=3 u=3 A
x+y=35 u=35
x—y=-1 v=—1

62.

x—y=1

ff (x + y)dA = LL (u+v)+ (u—v) dvdu—LL lnudvdu~flnudu—[ulnu—u]

=(55-5~@Bmhu—-3)=5In5~-31In3 —2=~2751

H

dx,y) _axdy oxay 1 1
1 —_—1 = 0 —
a(u,v)  uov  avou

v
X=Uy=—" = U=XV =Xy
u

Boundary in xy-plane Boundary in uv-plane
x=1 u=1
x=35 u=35
xy=1 v=1
v=>5

5
4
Hwym [tz G aes = [ [auar - [

—4arctanv] = 4arctan5 - 7
1

Problem Solving for Chapter 14

1.

(a Vv

16ff\/1 — x2dA

R.
a/4 {1

= 16f f 1 —ricos? Ordrdo
o

_l6f~
3 Jo cos2 0

——[(1 — cos? 6)*/2 — 1] d6

/4

—}é[sec 6 + cos § — tan 0]
3 0

=8(2 — V2) ~ 4.6863
(b) Programs will vary.
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i
2. z=—(d — ax — by) Plane
¢

a b
f;:-—;,fyz—-

IFEER -

- [[1e B

b2

1+—+—

2+b2+ SRS E XS

du i u
3. (@ |—~——=—arctan— + c. Leta? =2 — u? u=v.
()fa2+u2 a a

1
ThenJ'(z_uz)+v2dv-—

arctan

1 v
—Y s
V2 -t V2 -

V2/2 2
b) I, = tan
() 1 L \/z_uzarc

V2/2

v
Y2 - u2j|~udu

u ) —u
= |  —==—/arctan—£—= - arctan ——= | d
o \/i——ul(arC V2t ae V2 - uz) "

Vi

= arctan

(0] \’ \/
Letu = /2sin8,du= /2cos 6d6,2 — u? =2 — 2sin? @ = 2 cos? 6.

=4f d ar
s 2cos @

/6
=4 f arctan(tan 6)dé =
o

tan(‘/:;'Sm 6) - V2 cos 0d6

V2cos 8

4927 /6 2(71'2_#2
2]0 h 6>—18

—ut 2
du

V2 2 v
) I, = f arctan
RN NP N

_ V2 2 —u + \/i u— 2
= Li/z—_—z = [arctan(————.—z i > - alrctan(———,__2 = u2>] du

NG
= arctan
f VinN2 - u?

Letu = /2 sin 6.
w/2 1

ﬁ—u)du
o

I,=4

/2 1
= f arctan(
/6

o wl3{F-4)=/
Ve

—~—CONTINUED—

arc
/6 V2 cos 8

— sin 0) 40
cos

tan(ﬁ ~ /2 sin 8) - V2 cos 048

V2 cos 6

1 — cos((ar/2) — 6) _

1 + cos{(w/2) — 6)

_ /1 —sin@
1 +siné

(1 — sin 6)2 (L—sin6? 1—sinf

1 + sin 6)(1 — sin 0) cos? 6 cos
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3. —CONTINUED—

e 1 sin6 e 1w
@ 1,= 4f arctan(——) do = 4] arctan(tan<<<— - 6))) do
/6 cos 6 /6 2\2

/2 17 /2 —
4f 2(;—9):19 2J (-2-~0)d0
/6 /6

A K 921m/2 7 2 ?
’2[28 ],,/6 2[(4 8) (12 72)

18—9-6+1 4 ar?
z[ wz] L=
1 24
O =1t P ol <1
{1 1 {1
[ [0 m s ere das
o Jo xy o Jo
111 o0 <o lxK+1yK1
o (Y dxdy = dy
Lfoxgoxy xz’o b K+ 1o
o0 oo K+1 1
—KE K+1dy ,20(1(+1)2
= 1 X1
—20(1(“’1)2 Z’n
x+y y—x y

® =5 l

_u-—v

u*v*lx-:'»x
2 V2
Y

u-+v= =>y=u+v

| 72 7 ,
Mzil/ﬁ —1/\/‘_1

a(u, v) 1//2 1//2 >

R © 8

0,00 & (0,0)

1 1

(1,0) & (ﬁ,“ﬁ)
11

on o (57)

1,1) & (V2,0

V2/2 fu V2 oeu+ /2 1
ff dxdy‘f f ———dvdu + f f ———dvdu
o Jo 1 - Vi du~ 2 1 - w + s

2 2

ﬁﬁi
9

=L+hL=To+5=%
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_ 13337 .
4. A: J f 160 rdrd6f 960 4.36 ft
m ‘° r2 523
U - — SR 3
J' f 6 160 rdrdG 960 1.71 ft

The distribution is not uniform. Less water in region of
greater area.

In one hour, the entire lawn receives

27 10 1257
16 160

_ ~ 3
rdrdf = 2 32.72 ft3.

2 (2 (VB~12 8
6. (a) v=j fj rdzdrdo=—3—(4ﬁ—5)
2

27 (/4
® V= J'ff 2 sin ¢ dp db d6 =
2sec P

3 f2x [6—x
7.V=ff J- dydzdx = 18
0Jo Jx

8w
7(4‘/5 - 5)

(3,3,6)

n+1

1 1

X n

L[n+ ly ]0 dy
1

1 n

B Ln + ly dy
yn+l i

- [(n + 1)2]0

I S
(1)

1
XVidxdy = hm =0
’HOJO : Y y N+ 12

10. Letv = ln(%), dv = ——.

x=e V,dx= —e Vdv

| =

e’ =

fo VRO dx = Eﬁ(—e—v)dv - L " foevdv

Letu = /v, u* = v, 2udu = dv.

flx/ln(l/xidx = foou e (2u du) = 2f°0u26_“2 du = 2(%) =
0 0 e

5. Boundary in xy-plane Boundary in uv-plane

y=Jx u=1

y=m u=12

y=%x2 v=23
1

y=zx2 v=4

) 36"
M= 3\u 3\v 1

=R
[fra- itz

9. From Exercise 55, Section 14.3,

F e dx = /2w

m

1 ®© 1=
f e P dx = [ ~=xe *| + —f e~ dx
0 2 o 2o

27

e/ gy = M T * e - vT
dx 2 andfoe dx 2

SR T
2 2 4
—\éj (See Problem Solving #9.)
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ke 0Da x>0,y 20
0 elsewhere

f f f6y) dA = f f e

=k f x| eady
0

11. flx,y) = { 12, Essay

These two integrals are equal to

o0 b
j e~/ dy = blim [(—a)e“"/“] = a.
—00 0

0

Hence, assuming a, k > 0, you obtain

1=ka® or a=

al-

) Ay = sec 6 Ax Ay 14. The greater the angle between the given plane and the xy-

B.A=]l-w= ( >
plane, the greater the surface area. Hence:

cos @

L <Ly <<y

Ax\,

Area in xy-plane: Ax Ay

1
15. Converting to polar coordinates, 16. f oA J sdxdy = -1
. b Jo (x + ¥) 2
Ty dxdy = = rdfdr (x—y) 1
(1 + 22+ y?p2 ff 1+ 32 ff dydx = =
0 Jo y 0 Jo ) b Jo (x + y)3 2
= f (1—“:;;)—2 g dr The results are not the same. Fubini’s Theorem is not valid
because fis not continuous on the region 0 < x < 1,
L4
0<sy< 1.
= lim | = (1 + r)~*2rdr) i’
>0 Jo 4
g [zz il ]
- t—l-)rgo 4 1+ r
S
4

17. The volume of this spherical block can be determined as follows. One side is length Ap.
Another side is p A¢.Finally, the third side is given by the length of an arc of angle A in a
circle of radius p sin ¢. Thus:

~ (Ap)(p Ad)(A6 p sin ¢)
= p?sin p Ap Ad AD
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