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CHAPTER 13
Functions of Several Variables

Section 13.1

1.

3.

x4+ yz - xy=10
Zx? +y) =10 + xy

10 + xy
=TT
xt +y

Yes, z is a function of x and y.
X2 y?

=4t =
s tgre=l

No, z is not a function of x and y. For example,
(x, y) = (0, 0) corresponds to both z = +1.

5. fx,y) = ’y—‘

@ /3,2 =3

® £(-1,4 = -

6. f(x,y) = 4 — x* — 4y?

160

(@ f(0,0) = 4

® fO,)=4-0—4=0

() f2,3)=4—4-36=-36

@ f(Ly)=4—-1-42=3—4?
@ fx,0)=4-x>-0=4-x2
6 f6,1)=4—12—4=—1*

. glx,y) = In|x + y|

(@) g(2,3) = |2 + 3| = n5

() £(5,6) = In|5 + 6] = In 11

(© gle,0) =1Inle + 0] =1

(@ £0,1) =10+ 1] =0

() g2,-3)=MI2-3]=In1=0

(f) gle,e) = Inle + | = In2e
=In2+he=(n2) +1

< |

@ 6.y =

Introduction to Functions of Several Variables

2. x2+2xy —y2=4

No, z is not a function of x and y. For example,
(x,y) = (1,0) corresponds to both z = +2.

4. z+xlny—-8=0
z=8~xlny

Yes, z is a function of x and y.

© £30,5) =2 = 6 © f2) =3
5

® 6,0 =7
7. f(x,y) = xe¥

(a) f(5,0) =5 =35

o) f3,2) = 32

© f@, 1) =271 = %
(@) f(5,y) = 5¢
(e) flx 2) = xe?
(D flt,0) =te
_x
9. h(x,y,z) = 2
_203) _2
@ 2,3,9) =" =3
@ #1,0,1 =L =0
_ (=293 _ 3
© h(=2,3,4) === 3
.54 _ 10
@ h(5,4,-6) = =g = =3
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10.f(x,y,z)=\/x+y+z 11. f(x,y) = xsiny

@ 0,54 =V0+5+4=3 @ f<2’727)=25m§=‘/§

®) £6,8,-3)=/6+8 -3 = /11 :

© f46)=V/FT672=/1=23 - ® B =3sin(D)

@ f(10,-4,-3)= /10 -4-3= 3 © f(—B,%T); -3 sm%’ = -3<§) = %@

(d) f(4, 757) = 4sin-;-r =4
¥y y

12, V(r, k) = wr2h 13, g(x,y)=f(2t - 3)dr = [,z - 3t} = y? ~ 3y —x? + 3x

(@) V(3,10) = 7(32)10 = 907
® V(5,2) = 7(5%)2 = 507

(@ g(0,4)=16—-12=4

®g(l,d=16-12-1+3=6
= 2 =
© V(4,8) = m(498 = 1287 ©gB4)=16-12-3+3=7%
d) V(6,4) = m{(62)4 = 144
(@ V(6. 4) = (674 = 144z @ £(0,3) =3~ 3(3) = -2
)’1 ¥y y
14. glx,y) = f lar=m |4L = Inly| ~ Infs| = In|?
1 5
@ g(4,1) =In-=—In4 © g(2,5 =In3
4 2
) £6,3) = In> = —In2 (& (1 7>=ln—7~—=lnl4
’ 6 : 8\ 1/2)
15, flx,y) =22 — 2y
Sl + Axy) = Fxny) _ [(x + Ax? ~ 2y] — (2 - 2y)
(@) A =
x Ax
_ x2 + 2x(Ax) +(Ax)2-—2y—x2+2y= Ax(2x + Ax) —2x+ Ax Ax % 0
Ax Ax
@ LA —fxmy) 22+ A -2 -2) -2y 28y -2+ 2y - T28y —2, Ay £ 0
Ay Ay Ay Ay
16. f(x,y) = 3xy + y2
. fo+ Axy) = fxy) _ B+ Ax)y + y2] — By + y?)
(@ A =
x Ax
_ 3+ 30y +y2 — 3y — 32 3(Ax)y
= Ax = A =3y, Ax # 0
fxy + Ay) = flny) _ [Bx(y + Ay) + (v + AyP] — Gry + y?)
(®) i .
y Ay
= 30+ 3x(Ay) +y? + 29(Ay) + (Ay)2 — 3xy — y?

Ay

_A0Gx+ 2y + Ay)

= +
A 3x+2y+ Ay, Ay # 0
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17. flx,y) = V4 — x* — y? 18. f(x,y) = /4 — x* — 4? 19. f(x,y) = arcsin(x + y)

20.

Domain; 4 —x2—y?2 20
x?+yr<4
{(xy)a?+y* < 4}

Range: 0 < z <2

fl,y) = arccos%

Domain: {(x, yr—1% % < 1}

Range: 0 < z< 7

Domain: 4 — x2 — 4y 2 0
x2+ 4 <4
2y
AR A
4 1 !

21, f(x,y) = In(4 = x = )
Domain: 4 —x—y >0

x+y<4
{C,yy < —x+ 4}

Range: all real numbers

Domain:
{(x,yr —1 x+y< 1}

k K
R CE— < —
ange. 7= Z= )

22. f(x,y) = In(xy ~ 6)

Domain: xy—6>0
xy > 6
{(x, y): xy > 6}

Range: all real numbers

+
23, =222

Domain: {(x,y):x # Oandy # 0}

Range: all real numbers

26. f(x,y) = x* + y?

Domain: {(x, ¥): x is any real number,

y is any real number}
Range: z 2 0

—4x

29. f(x,y) = FrAA1

214, 7= 2 25. fl(x,y) = e*?
P
Domain: {(x,y): y # 0}
Range: z > 0

Domain: {(x,y): x # y}
Range: ali real numbers

28. g(x,y) = x/y

Domain: {(x,y):y = 0}
Range: all real numbers

1
27, glx,y) = —
g, y) P

Domain: {(x, y): x # O and y # 0}
Range: all real numbers except zero

30. (a) Domain: {{x,y): x is any real number,
y is any real number}

(a) View from the positive x-axis: (20, 0, 0)

(b) View where x is negative, y and z are positive:

(—15, 10, 20)

(c) View from the first octant: (20, 15, 25)
(d) View from the line y = x in the xy-plane: (20, 20,0)

3. fxy) =5
Plane: z = 5

Range: —2 <z<2

(b) z = 0 when x = 0 which represents points on the
y-axis.

(c) No. When x is positive, z is negative. When x is
negative, z is positive. The surface does not pass
through the first octant, the octant where y is negative
and x and z are positive, the octant where y is positive
and x and z are negative, and the octant where x, y and
z are all negative.

32. flx,y) = 6 — 2x — 3y
Plane

" Domain: entire xy-plane

Range: —co < 7z < o©
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3. flx,y) = y? M. glx,y) = 3x 35. 7=4-32-y
_ Since the variable x is missing, the Plane: 7 = %x Paraboloid
) surface is a cyh’nde.r with rulings Domain: entire xy-plane
parallel to the x-axis. The R .
generating curve is z = y2. The ange: z =
domain is the entire xy-plane and
the range is z > 0.

b4

/%2 T o2 , 20,y20
36. =5 /77 ¥ 37. f(x,y) = e 38, fy) =1 * y
. ] . SR 0, elsewhere
‘ Since the variable ¥ 18 missing, the

Cone . . . g

Domain of /- enti . surface is a cylinder with rulings Domain of £ entire *y-plane
main of - entire xy-plane parallel to the y-axis. The Range: z > 0

Range: z 2 0 generating curve is 7 = ¢~*, The

domain is the entire xy-plane and
the range is z > 0,

39. 1=)2 24 40. f(x,5) = /144 ~ 1657 =52 4L f(x, y) = x2%l~0/2)

Hyperbolic parabolojd Semi-ellipsoid

Domain: entire xy-plane Domain: set of all points

lying on or inside the ellipse
x%/9) + (y?/16) = 1

Range: 0 < 7 < |

z

Range: ~c0 < 7 < o

WD
N
'.). 5&'!"?:"

42. f(x.y) = xsiny
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43. f(x,y) = x* +¥?
(a) z

. (b) g is a vertical translation of f two units upward.

(¢) g is a horizontal translation of f two units to the right.

The vertex moves from (0, 0, 0) to (0,2,0).

(d) g is a reflection of fin the xy-plane followed by a
vertical translation 4 units upward.

() Z

45, 7= 46, 7 = 7

Level curves:

c=el"¥ Y

Inc=1-x*—y*

Level curves:

me=1-—x2+y?

4. f(x,y) =x0,x20y20
@

(b) gisa vertical translation of f three units downward.
(c) g is areflection of f in the xy-plane.

(d) The graph of g is lower than the graph of f. If
z = f(x, y) is on the graph of £, then 5z is on the graph
of g.

47. z = |y — 2|

Level curves:

c=elmF ¢ = In|y — x?|

tet =y — x2

2 +yr=1—1Inc xt—-yt=1—-lnc y=x%+e
Circles centered at (0, 0) Hyperbolas centered at (0,0) Parabolas
Matches (c) Matches (d) Matches (b)
+ 2
48.z=cos(x 42y> 4. z=x+y 50. f(x,y) =6 —2x — 3y
Level . Level curves are parallel lines of The level curves are of the form
LAACE the formx + y = ¢. 6—2x~—3y=cor2x+3y=
x2 + 2y? 6 — c. Thus, the level curves ar¢
¢ =cos\™ 3 straight lines with a slope of -2
%2 + 29° y
P R L. A
cos7lc 7

%2+ 2y* = 4cos'c

Ellipses
Matches (a)
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51,

53.

floy) = V25 -5 =32

The level curves are of the form
c=VB-A 3
x2 4+ y2 =25 - o2

Thus, the level curves are

circles of radius 5 or less,
centered at the origin.

£3) = xy |
The level curves are hyperbolas of the form Xy = c.

-2
=1

1 i : ct-1
Cm==2
-1 c=-3
x\\\ ///,zrzé
55. f(x,y) = ;ﬁyz

§7.

60.

The level curves are of the form

x
2 2
xt-=+3y2=9
c '’

54. flx,y) = e®/?

IR )2
( 20) = <2c '
Thus, the level curves are circles passing through the

origin and centered at (+1/2¢, 0).

fry) =x*~y1+2

e ]

58. f(x,y) = |y

52. flx,y) = x2 + 22

The level curves are ellipses of the form

x% + 2y? = ¢ (except x? + 2y? = 0 is the point (0, 0)).

e

c=4
The level curves are of the form % 2 &3— ,
1

ex’/2=c,orlnc=%. , )

I Bt
Thus, the level curves are - \2 ~
hyperbolas. \ 2 }(g

s

56. f(x,y) = In(x — y) v :

The level curves are of the
form

¢ =In{x — y)
e“=x-~y

c=-1
y=x— e - c-23

Thus, the level curves are parallel lines of slope 1 passing
through the fourth quadrant.

61. See Definition, page 884, 62. The graph of a function of two

variables is the set of all points
(x, y, z) for which z = f(x, ¥) and
(x, y) is in the domain of f. The
graph can be interpreted as a
surface in space. Level curves are
the scalar fields f(x, y) = c, for
C, a constant.
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65.

67.

69.

72.

No, The following graphs are not hemispheres.

Z=)C2+y2

The surface is sloped like a saddle. The graph is not
unique. Any vertical translation would have the same level
curves.

One possible function is

f (x) y ) = ‘x.y l‘
_ 1+ 0.10(1 — R)]10
V(ILR) = 1000[———————-1 .
Inflation Rate
Tax Rate 0 0.03 0.05

0 2593.74 | 1929.99 | 1592.33

0.28 200423 | 1491.34 | 123042

0.35 1877.14 | 1396.77 | 1152.40

fy,z)=x-2y +3z
C=6 c:4

6=x—2y+3z

Plane Plane

fay) =R+ -z
c=1

1=x+4y2—z

c=0

Elliptic cone
Elliptic paraboloid

Vertex: (0,0, —1)

4=4x+y+ 2z

64. f(x,y) = §

The level curves are the lines

c—iory=lx
y .

c

These lines all pass through the origin.

66. The surface could be an ellipsoid centered at 0,1,0).
One possible function is

=0 _

fly) =x*+ =

68. A(r, 1) = 1000e™

Number of Years
Rate 5 10 15 20
0.02 | 1105.17 1121.40 1349.86 1491.82
0.04 | 1221.40 1491.82 1822.12 2225.54
0.06 | 1349.86 1822.12 2459.60 3320.12
0.08 | 1491.82 2225.54 3320.12 4953.03

70, f(x,y,2) = 4x+y+ 2z

73. flx,y,2) = 4x? + 4y? — 72

0 = 4x? + 4y — 72

7. flx, y,2) = x* + y? + 2

c=9

9=x2+y2+z2

Sphere

14. f(x,y,z) = sinx — 2

c=0

0 =sinx — zorz = sinx
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75. N(d, L) = (é;—{')zL

22 - 4\2
(@ M22,12) = { =) (12) = 243 board-feet
30 - 4
4

(b) N(30,12) = ( )2(12) = 507 board-feet

77. T = 600 — 0.75x% — 0.75y2
The level curves are of the form

¢ =600 — 0.75x2 — 0.75y2

600 — ¢
075 °

x4 y2 =

The level curves are circles
centered at the origin.

79, flx,y) = 100x06y04
F(2x,2y) = 100(2x)05(2)04

76. W(x,y)=;1—y—, y < x

L1
15-10 5
L1
12~-9 3
L1
12—-6 6

@ w42 =—L__

(a) W(15,10) =

(b) W(12,9) =

© w(12,6) =
1
4-2 2

5

78. V(x,y) = ——r
)=

o 100(2)0'6,\70'6(2)0‘4}’0'4 — 100(2)0.6(2)0.4x0.6yo.4 = 2[100)(0‘6)70'4] = 2f(x, y)

80. z = Cxayl~a
Inz=InC+alnx+ (1 —a)iny
lnz—lny=InC+alnx*alny

f=mc+am?
y y

2
82. V=1mry + -§7rr3 = %—(31 + 4r)

8L. C=075xy + 2(0.40)xz + 2(0.40)yz
base + front & back + two ends
= 0.75xy + 0.80(xz + yz)

83. PV = kT, 20(2600) = k(300)
@ & = 2002600) _ 520

300 3
kT 520(T
& P=73= T(v>
The level curves are of the form: ¢ = (%)(% )
520
T3 T

Thus, the level curves are lines through the origin

with slope %i—o
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84.

85.

87.

89.

91.

Section 13.2

1.

Chapter 13 Functions of Several Variables

(@) z = f(x,y) = 0.156x + 0.031y — 1.66

Year 1998 | 1999 | 2000 | 2001 | 2002 | 2003
z 185 | 211 | 258 | 31.3 | 351 | 393
Model | 18.16 | 21.36 | 26.26 | 30.60 | 34.91 39.42

(b) x has the greater influence because its coefficient (0.156) is larger than that of ¥(0.031).
() flx,55) = 0.156x + 0.031(55) — 1.66 = 0.156x + 0.045

This function gives the shareholder’s equity in terms of net sales x, assuming a constant total assets of y = 55 (billion).

(a) Highest pressure at C
(b) Lowest pressure at A
(c) Highest wind velocity at B

(a) The boundaries between colors represent level curves.

(b) No, the colors represent intervals of different lengths,

as indicated in the box

(c) You could use more colors, which means using
smaller intervals.

False. Let

fxy) = 2xy

7(1,2) = £2, 1), but 1 # 2.
False. Let

fly) =5.
Then, f(2x, 2y) = 5 # 22f(x, ).

im x=2. fx,y)=x,L=2
(x, »)—(2,3) f( y)

Limits and Continuity

86. Southwest

88. (a) The different colors represent various amplitudes.

(b) No, the level curves are uneven and sporadically
spaced.

90. True

92. True

We need to show that for all ¢ > 0, there exists a 6-neighborhood about (2, 3) such that

|fGe,y) — L| = |x = 2 <e
whenever (x, y) # (2,3) lies in the neighborhood.

From 0 < ~/(x — 2)2 + (y — 3)2 < &it follows that lx = 2] = SR JSa-2F+(y - 372 < 8.

So, choose § = ¢ and the limit is verified.

. Lete > O be given. We need to find & > O such that lFy) Ll =|x—4| <e

whenever 0 < V(x —aR + (y — bR = Jx— 47 + (y+ 12 <dTake d =&

Thenif 0 < ~/(x — 42 + (y + 1)? < 8 = &, we have
Jx -4 <€

Ix — 4| <&
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3.

s )')—»(a b)

" (e y)>a.b) [ glx,y)

I = -3, =y, L=-3

ol Y fy) =y

We need to show that for all & > 0, there exists a &-neighborhood about (1, —3) such that
[fx,y) - L] = y+3] <e

Whenever (x, y) # (1, —3) lies in the neighborhood.
From 0 < V(x = 17+ (3 + 3)? < &t follows that [y +3] = V& +3 s VE=IP+ (G F32 < 6.
So, choose & = & and the limit is verified. '

Let & > 0 be given. We need to find & > 0 such that fxy) L=y~ bl <&
whenever 0 < /(x = a7 + (y = B) < 6. Take & = €.
Thenif 0 < Vlx - a2+ (y = b < & = e, we have

\/iy—b)§<s

Iy~ 8| <e.

[f(y) = gx, y)] = « Sflxy) - gy =5-3=2

)—»( b) x, y)—»(a b)

45) 20

z——z?

4, y)] - 4[(X y)——»(a, b)f(x y)] (
ok, 5 850 ) 3

kb= |ty ][t o) =50 -

_ ) ST~ Jim gl 5) _5-3 2
8. i [M] o) -5=:
(x, ) (a, b) f(x y) (x, y)—b(a b) X
9. +3yY) =2+ 3(1)2 = 3 =
o Hm 1)(x y?) (12 = 10. Jim, O)(Sx ty+1)=04+0+1=1
Continuous everywhere Continuous everywhere
. x+y 244 ) x 1 V2
11. 1 == -3 12.  lim = =~
() 4) % — y 2-4 @O Ux+y ST F 1 2
Continuous for x # y Continuous for x + y>0
13 arcsinx/y) _ arcsin 0 = 0 14 lim cos(xy) = 2 cos = =
T @m0 1+ " w)olm/a,2) ) SO 2
Continuous for xy # —1,y # 0, |x/y] <1 Continuous everywhere
. 1 . Xy 1
3 =2 = — 16. ==
15 (x,y)—li?ll,Z)e ¢ e? (x.y%l—r}(]l,l) 2 +y2 2
Continuous everywhere Continuous except at (0, 0)
17. Vity+z=8=2/2 18. ( )lm(lz . l)xeyz =260 =2
X ¥ )22, 0,

(x, 5, z)—)(l 2,5)

Continuous for x + y+zz20 Continuous everywhere
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19. The limit does not exist because along the line y = 0
you have

x+y _ x . 1

i lim 5 =
(x,y%gr(lo, ox2+y (0-00 X2  (x0)-00X

which does not exist.

xy=1'_1=1_,

‘ (x,y%—)lm(l.l)l + xy 1+

21

—

20. The limit does not exist because along the line x = ¥
you have

X
m - = lm = lim G
(x, y%‘—'»?o. 0x — 3 @9-=00XF — 22 (0000

Since the denominator is 0, the limit does not exist.

22. The limit does not exist because along the line x = 0
you have
. x+ )
lim ——5 = lim
xy—00Xx + Yy ©,y—-0,0Y

u‘%

1
= iim =
(0, 5)=00,0) ¥

which does not exist.

23. The limit does not exist because along the path x = 0,y = 0, you have

xy +yztxz _ , 9 _ oy

lim =
(ny, 00,00 x2 +y2 + 22 0,0.2-0.0.0) 2

whereas along the path x = y = z, you have

xy +yz+xz

24. The limit does not exist because along the pathy = z =

. xy + y22 + x2? 0
lim 2 2 7 -
(x.y.2)—>(0,0,00 xX* +y + 7

i

However, along the path z = 0,x = y, you have
xy + yz2t + x2?

lim 2 T2

(720,00 x*+y*+1z

25

. lim e”=1
(x, )—+(0,0)

Continuous everywhere

. i +y?) = = -
27 (x.y;—am(0.0) In(x2 + y?) = In(0) oo

The limit does not exist.
Continuous except at (0, 0)

. 2+ + 2
lim T3 T a lim — 5 =
(69, 2—(0,0,00 X2 + y* + 2 (:(,x.x)—r(O.O,O)x'Z + 2+

lim —- =
(x,0,0)- (0. 0,0) X*

*

o=

= lim
(65 0)—0,0,0 X2 + x*

=1

0, you have

Ped
2. f0) = GG+ D)

. x? _ 0 _
TG D @ Do D

Continuous everywhere

. cos(x? + y?
28. Hm [ - —————‘(2 2}’ )] = —c0
(x,7)-0,0) x-+y
The limit does not exist.

Continuous except at (0, 0)
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29. flx,y) =

Xy
x2 4 y2

Continuous except at (0, 0)

Pty =0 Ty 10 ] 050 | 01 0) | (0.01,0) | (0.001, 0)
fy) | o 0 0 0 0
Path: y = x xy) [ (1, 1) ] (05, 0.5) | (0.1,0.1) | (0.01, 0.01) | (0.001, 0.001)
fey | b 2 2 2 3
The limit does not exist because along the path y = 0 the function equals 0, whereas along the pathy = x
the function equals 3. ‘ :
- Yy
30’ f(xJ’) - x2 + y2
Continuous except at (0, 0)
Path: y = x
Y 6 | 1.1 ] 05,05 | 0.1,0.) [ 0.01,001) | (0.001, 0.001)
fxy | 3 1 5 50 500
Path: y = 0
(x, y) (1,0 | (05,0 (0.1,0) | (0.01,0) (0.001, 0)
ey | o 0 0 0 0
The limit does not exist because along the path y = 0 the function equals 0, whereas along the pathy = x
the function tends to infinity,
xy?
31 f(x’ )7) = _xz + y4
Continuous except at (0, 0)
C = 2
Path: x = y ®y) | (1L1) | (0.25,05) | (0.01,01) | (0.000L, 0.01) | (0.000001, 0.001)
sey | 4 1 |4 ] -}
. . )
Path: x = —y () | (=1,1) | (-025,05) | (~0.01, 0.0)

(=0.0001, 0.01) | (- 0.000001, 0.001)

1 1 1
Sz y) 2 7 3

1 1
2 2

The limit does not exist because along the path x =

¥? the function equals —2, whereas along the path x =
the function equals % ‘

_y2

32. f(x,y) = Z -y

%+ y
Continuous except at (0,0)
Path: y = 0 & | (1,0 | 025,0) ] (001,0) | 0.001,0) (0000001, 0) |
fx,y) 1 4 100 1000 1,000,000 ’
Path: y = x () [ (1,1) | (025,025) | (0.01,0.01) | (0.001, 0.001) | (0.0001, 0.0001)
foey | 4 1.17 1.95 1.995 2.0
The limit does not exist because along the line y = 0 the function tends to infinity,
the function tends to 2.

whereas along the line y = x
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33.

3s.

38.

41.

Chapter 13 Functions of Several Variables
X2+ 2xy? + y2> . 4x%y?
34, 1 =0
i, o fE ) = i, 0)( P (030,02 + 2
= lim 1+ 2xy? ) =1 Hence, o hm flxy) = wo,o)g(x’ y) = 0.
(x y)—0.0) 24y

(same limit for g) at (0, 0).

Thus, fis not continuous at (0, 0), whereas g is continuous
at (0, 0).

lim sinx+siny=20
(x, y)-{0.0)

. ! 1
5 lim sin—+ cos—
(x, »)—(0,0) x X

Does not exist

z

2 2
. x4+
im S

(x)-0,0 x%y

Does not exist

39. f(x,y) =

The limit does not exist. Use the
paths x = Oand x =y

3 2 2 - 2] 2]

sin{x? + . sinr . 2rcosr .
(2 ;)=hm 2 = lim &——— = lim cos r* = 1
xt+y 0 I r—0 2r r—0

im
(%, ¥)-3(0,0)

xy? ~ lim (r cos 6)(r sin? §)

20) =
(x y%—)(O oFry o m hm (rcos §sin? 6) =0

3+ 3(cos® @ -+ sin® § ) .
8. im = y? r*{cos 2s )=hmr(cos30+sm30)=0
(x )')—"(0 0) x< + y r—-)O r r—0
2 4 anc? g gin?
TR G oS 8 _ lim r2 cos? gsin? 6= 0
x y)—(0,0) X + y r—0 r r—0
45. x=rcos B,y =rsinf, /2 +yY = r, x* — y = r?(cos? 6 — sin® 6)

xZ - y r¥(cos? § — sin? 6)

= lim
(x,y)—é(o 0) \/xi + y r—»0 r

= lim r(cos2 @ — sin? 6) =0
r—0

fis contmuous at (0, 0), whcreas g is not continuous

lim _LY___
' my-0.0 xt + 4y?

Does not exist

2xy
40. f(x,y) = pran )

The limit equals 0.

z
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6 STy,
sin/x? + y? sin(r)

li = ]j
(L)’)Egoy 0 /x*+ y2 r-})%]* r

=1

47. x> + y2 = ,2

lim  (x2 + y9)In(x? + ¥) = limr2In(rd) = lim 2-2 In(r)
r—0 r—0*

(x,5)-(0,0)
By L'Hdpital’s Rule,

. 2 - .
rlolsr(g]*zr ln(r) r—0+ 1/7‘2 r—)O“—Z/r3

48. x2 4+ y2 = p2

1 —cos(x? +y%) 1 - cos(r})
(x. »)->0,0) x4+ y? - }—H»Ic]) rl =0
50. f(x,y,2) = 5—5— 51 f(x,y,2) =

x2+y2~9
Continuous for x? + y2 # 9

§3. For xy # 0, the function is clearly continuous.

Forxy # 0, let z = xy. Then

implies that fis continuous for all X, ¥

55. f@e) =2
8(x,y) = 3x — 2y
glx, ) = f(3x — 2y)
= (3x — 2y)?
= 0x% — 12xy + 4y?

Continuous everywhere

=1

glry) =3x -2y

Felxy) = f(3x - 2y) = . i %

. 3
Continuous for y # 7x

e* + e

Continuous everywhere

1
9. f(x,y,7) = ————e
9 Sy, Vx4 yr 4+ ;2

Continuous except at (0, 0, 0)

52. f(x,y,2) = xysinz
Continuous everywhere

54. For x* # y2, the function is clearly continuous.

Forx? # y2 letz = x2 — y2. Then

tim S0 _
=0 Z

implies that fis continuous for all X, ¥.

5. f() = %

gx,y) = x* + y?
fle(x,y) = f(x* + y?)
!
T4y

Continuous except at (0, 0)

1
4=

58. £ =
gx,y) = x% + y2
flex,y) = f(x? + y?) = R ——

Continuous for x2 + y2 # 4
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59, flx,y) =x*— 4y

flr+ Axy) = fny) _ o [+ A7 - 4y — (2 = 4y)

@ Lm, Ax

(b) lim

— (Ax)?
—_-um_z’iéL_LA_x)_

Ax—0 Ax

Ax—0 Ax = Aligo (2x ~ Bx) = 2

oy + &) —f&y) _ [x2 — 4y + AY)] — (2 — 4y)

Ay—0 Ay Ay—0 Ay
.- A
- 3;130 Ay - Alyn——l;lo( 4= -4

60. fx,y) = x* +»*

flx + Ax,y) — fxy) _ lim [+ Ax)2 +y] - (2 + )

@ Alxhl]o Ax Ax—0 Ax
5 ,
= umzx_éx_iﬁx_)_: lim (2x + Ax) = 2x
Ax—0 Ax Ax—0
_ 2 + + 2] — 2 + 2
® lim fy+ ) ~f&y) _ o B Ayl = (2 + ¥
Ay—0 Ay Ay—0 Ay
L DAY+ () -
= AlyH—I}o Ay = Alyuﬂx}O 2y + Ay) =2y

61. flx,y) =2x + xy — 3y

f(x + AX,)’) "f(x»)’) =

@ Jim, Ax

. fy+ 8y~ fxy)
b Jim, Ay

62. flx,y) = Jy(y + 1)
flx + Ax,y) — fx )

(@ A1Xi1r_!;10 Ax
N » A — 3
® Jim, flr,y + Ayy) fx,y)

63. True. Assuming f{(x, 0) exists for x # 0.

lim[2(x+A)c)+(x+Ax)y—3y]-—(2x+xy—3y)

Ax—0 Ax
o 28x+Axy . _
—ﬂr—go Ax —Ath_I)IO(2+y)‘—2+y
_ lim[2x+x(y+Ay)—3(y+Ay)]—(2x+xy—3y)
Ay—0 Ay
xAy = 34y _

= Ay—30 Ay Alyu—r>10 (x=3)=x-3

- bm S+ D) =HOFD
Ax

Ax—0

(e APy A (Y5
= lim

Ay—0 Ay

+ Ay)3/2 — 312 + Ay)/2-y1/2

— i Ay) P2 im & Ay)'2y

Ay—0 Ay Ay—0 Ay
= %y” 24 %y““ (L’Hépital’s Rule)
_ 3y+1

2J§

y

See Exercise 29.

.
64. False. Let f(x,y) = R

|
4
|
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65. False. Let 66. True

_[In(x2 + y?), (x,y) # (0,0)
f(xuy)—{o’ xzo’y=0‘

See Exercise 27.

67. See the definition on page 897. © 68, See the definition on page 854.

Show that the value of  lim _f(x, y) is not the same
(x, )= (x5, )

for two different paths to (xg, y,).

69. No. 70. No, f(2, 3) can equal any number, or not even be defined.

The existence of f(2, 3) has no bearing on the existence of
the limit as (x, y) = (2, 3).

a2+ y? 2y
(x, y)l—I}%O, 0 xy 72. f(x’ y) = o y2

71.
x*(ax) ax

(a) Along y = ax: _
xt+(ax)t 2+ a?

@ y=ax flx,ax) =

+ 2 + g2 + 2
( 1)i300)x2———_x(a(x‘;x) - m%’cz(laxz“ )_ 1 L a#0
X, ax, ), Eand H ———
a0 JoZ+a O
If a = 0, then y = 0 and the limit does not exist.
x%(x2) x4
X2 + (x2)2 1+ ®) y=x% flx,x?) = 5—4==
= . —_— e = i X + X 2x4
(b) Alongy = x2: O e lim — 4 (=?)
X 1
Limit does not exist. im o =~
imi s not exis (Elg) W=

(¢) No, the limit does not exist. Different paths result in dif-

(c) No, the limit does not exist. f approaches different

ferent limits. numbers along different paths.
. xyz . . 1 ]
P e d Mooy 7 2 T 0,012 [x2 + Y2+ 22
_ limggsin ¢ cos 0)(psi1;¢sin 9) (p cos ¢) _ limtan“["lz] _m
o0+ p 0" p 2
= lim p[sin® ¢ cos @ sin O cos ¢] = 0
0"
20052 9 — 72 qin?
75, As ()= 0.1, + 15 Tand 22 + (5 - 120, 76, lim f(x,) = lim(r cos 6)(r sin )220 77 sin’ 8
(x, y)=(0, 0) r—0 r
Th b . . .
us = lim r{cos @sin &cos? 6 — sin? 6)] = 0
lim tan-l[ X+ 1 ]=’—T Hence, define (0, 0) = 0
-0, 1) 2+ (y—1)2 2 ence, define f(0, 0) = 0.

77. Since( )lLl’I(l 5 SfGx,y) = L,, then for £/2 > 0, there corresponds &; > O such that | f(x, y) — L;| < £/2 whenever
X, Y)—a,

O<Vx—aP+(y-b2 < 8,
Since “ )lm(l b)g(x, ¥) = Ly, then for £/2 > 0, there corresponds 8, > 0 such that |&(x, ) ~ L,] < &/2 whenever
¥y a,

0<Vxr-alf+(-b?<s,
Let & be the smaller of 8, and 8,. By the triangle inequality, whenever / (x — a)* + (y — b)? < 8, we have

0o )+ 80 = (00 + Lall = () = L) + 605 ) = Lo)] < [703) = L] + gt ) = Lof < £+ 2
Therefore, - y)l_l];l(la » [fxy) + g, l=1L, + L,

i

e.
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78. Given that f(x, y) is continuous, then ( }m(\ » f(x,y) = f(a, b) < 0, which means that for each & > 0, there corresponds
X, ¥)—a,

a$ > 0suchthat |f(x,y) — fla, b)] < & whenever
0< Jx—aP+(y—-bF<é

Let £ = | f(a, b)|/2, then f(x,y) < O for every point in the corresponding & neighborhood since
b b ,b)|

|f(x,y) — fla, b)] <

=>% Fla,b) < flx,y) < % fa,b) < 0.

Section 13.3  Partial Derivatives

1. £(41) <0 2. f(—1,-2) <0 3.£(4,1) >0 4 f(~1,-1) =
y y N
5 fx,y) =2x—3y+5 6. flx,y)=x2—3y2+7 7. z=xJy 8. z=2*Vx
fley) =2 flxy) =2 2z_ s ¥
- _ _ ox Y ax  Jx
f:y(xy )’) - 3 j;r(x, )’) - 6y
dz X (4
M . = = 4y Sx
ay  2Jy ay
9. z=1x*—- 5xy+ 37 10. 2=y — 4y — 1 11, z = x%¥
9z _ 9z _ —4y2 9z _ 2xe®
ax—zx 3y ox Y ax ¢
oz 92 _ 22 0z
2 _ E =328 2 = o2
3y 5x + 6y dy Y xy ay
1
12, z = xe*” 13. z =2+ y?) 14. z——ln\/xy=—2—1n(xy)
g—z-=£ex/y+ex/y=ex/y<£+1) gf=x22fz Q_Z_z_l.L:L
x Y 4 Y x 2xy 2
2
L sen( %) = e 2.2 a_lx_ 1
y y ¥y y xr+y o 2w 2y
XY
15. z=In _y—ln(x+y)—ln(x—y) 16. z=In(x* — y?)
d 1 2x
9z _ 1 12 a_z=x2_2(2x) e
x x+y x-—y x2 =y x Y Y
oz _ 1 1 x E_;Z:iz
dy xty x—y x—)? »oFTy
x| 4y? xy
. oz= . =
17. z e 18. flx,y) =3 7
2 _=x _H_X-4° Il ):(x2+y2)(y)~(xy)(ZX): ¥ = by
ax 2y x? x2y %Y (= +y9)? (x* + y2)?
9z _ _xr By —x+16y° £ )=(ch‘ryz)(x)—(xy)(Zy)= X~ xy?
y© 2 x 2 Y G+ ) o+ )2
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19. h(x,y) = e=&*+¥)
h(x,y) = —2xe~ 649
hy(x, y) = ~2ye= 0y

21.

fy) = x4+ 52

53) = 262 + )12 =

Ky) =302 + 321202y =

z = tan(2x — y)

9z _ 27y —
P 2 sec?(2x — y)

92 ee2ny
ay sec(2x — y)

25. z= e'sinxy

2 e” CoS
E » Xy

(—9—;- = ¢ sin xy + xe” cos xy

= &(x cos xy + sinxy)

27. flx,y) = fy(tz — 1) dr

x2 + y?

o

20. g(x,y) =In /2% + y2 = %ln(x2 +y?)

1 2x x
SRR PR e
| 8xy) = %%—2 =7 _{yz
2. floy) =Vax+y
: g=gh+waﬁ=7§f§
Y j_;j = %(Zx + y3)71/2(3y2) = 2_%\/2_7?
24, z = sin 3x cos 3y
gf = 3 cos 3x cos 3y
g—; = ~3sin 3x sin 3y
26. z = cos(x? + y?)
g—i = —2xsin(x? + y?)
g—; = —2ysin(x? + y?)

28.

L)

Loy =—x2+1=1-x2

flxy) =fy(2t+ 1)dt+fx(2t— 1) dt

=fy(2t + 1)dr — f(zt— 1) dr

Y y
=f 2dt=[2t] =2y —
f:v(xr y) = }’2 -1 x x
[You could also use the Second Fundamental Theorem of fley) = =2
Calculus.] 5, (x,y) =2
29. f(x,y) = 2x + 3y

E.Z: lim f(X+ Ax’y) ‘f(x,y) -

ox Ax-30 Ax

Yy L&+ AY) = y) _
== lm -

dy Ay—0 Ay

lim 2(x+Ax)+3y—2x—3y=
Ax50 Ax

+ —_— —
HmZx 3y + Ay) — 2« 3y=1

Ay-—0

Ay

2835 _
A:I—I}o Ax

38y _
Ay—0 Ay - 3
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30, flx,y) =x*— 2y +y* = (x — y)?
¥ o him fx + Ax,y) — f(x, )

dx  Ax-=0 Ax

2 + 2 2+ — y2
fim E AP 2+ Axy T X 2y X~ lim (2x + Ax = 2y) =20 = )

T Ax—0 Ax
o o TR Ay) = fx,y)
dy  Ay-0 Ay
- + 242 _ 2
- lim & 2y + A+ M - Dy =y g gy 4 Ay) = 2(y — )
Ay—0 Ay Ay—0

3. flxy)=Vx+y
o _ lim flx+Axy) — fxy) _ lim JxFAxt+y—Jx+y

ox Ax—0 Ax Ax—0 Ax
AR - AT R T+ SATY)
&% M Jx T Axtyt Jity)

= lim 1 L

M T hrryt Jaty 2/xty
o> _ iim foy + Ay) — fxy) _ lim Jrry+tAy-JVx+y

dy  &y-0 Ay Ay—0 Ay
. (ﬁ+y+Ay—-\/x+y)(\/x7+y+Ay+\/x+y)
= lim
By-0 Ay(x/;c +y+Ay+Vxty

1 1
= lim =
-0 Jxty+Ay+Sr+y 2Jx+y

1

32-f(x»)’)=x+y
11
of _ fe+Axy) —fy) . xtAx+y x+y . -1 -1
ax Alg»lo Ax Aliglo Ax —_Alg—ralo x+Ax+yx+y x+y?
1
f _ o [y +8y) —floy) . oxty*tAy xty -1 __~1
ay Al;glo Ay Alylglo Ay Alg»‘o +y+A)x+y (&+y7?
33, flx,y) = a.rctani 34. f(x,y) = arccos(xy)
R S G 2 S flny) =~
fxy) 1+(y2/x2)< x2>—x2+y2 V1 -y
At (1, 1), f, is undefined.,
ALQ ~2:£2, -2) = (1, ). £, is undefin
4 -x
(R 2 /42 -
’ Do (2t x) a2 4y At (1, 1),f, is undefined.

AL 242D =
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35, flx,y) = ;%

2

Y-y -x -y
f;(x, y) = (x — y)2 = (x — y)z

At(2,-2):£(2, -2) = _%

2

X -yt x
Y e

AR ~2:52,-2) =

37, glx,y) =4 — x2 — 32
&dx,y) = —2x
At(1,1):g,(1,1) = =2

g,(xy) = =2y
At(1,1): g (1,1) = —2

40. z = cos(2x — )

QR.z=x2+4H% y=1,(2,1,8)
Intersecting curve: z = x2 + 4

9z _

ax ‘Zx

MQL&%=MF4

6xy

36. f(x,y) = Tariag

38. hix,y) = x2 — y?
h(x,y) = 2x

_ 30y3
f:\:(x»y) - (4x2 + 5y2)3/2
30 10
Ac(l, 1), £, 1) = 79

243
f;«(x! y) = (4):2 + Sy2)3/2

At(1,1),£(1,1) =§

39. z=e"*cosy

AR —e % cos
ax 4

At (-2, 1): hx(—2, )= —4

m@m%=ﬂ

hy(x,y) = =2y
At(=2,1): h(~2,1) = -2 92 o mrgin
ay Y
9z
At (0, 0): 3 0

4. z= /49 ~ 2 —y2 x =2,

43 z2=92 - 3% y=3, (1,3,0)

Intersecting curve: z = 9x2 — 9

9z _
Py 18x

9z _ -
At(1,3,0): = = 18(1) = 18

(2’ 3’ 6)
Intersecting curve: z = /45 — y?2
az - Y
gy a5 — 2
-3 1

3z
At(2,3,6) — = ——2 = ——
( dy /45 -9 2

Sy
)
’.:.& a\g‘l@

)'?;
s’
.l'l-' 4

77
M
W

7
il
il
I

/]
/]
L

)
/]
I

i
Il

=

M z=97 -y x=1,(1,3,0)

Intersecting curve: z = 9 — y2

™Y
9z _ _ _
At (1,3,0): By 2(3) 6
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45. f(x,y) =2x + 4y — 4, flxy) =4+ 2y + 16
fi=5=02x+4y =4
4x + 2y = —16
Solving for x and y,

x=—6andy = 4.

46. f(x,y) = 9x% — 12y, fx,y) = —12x + 3y?
fi=f,=092—12y=0=> 3x*=4
3y2 — 12x =0 = y2 =4

Solving for x in the second equation, x = y*/4, you
obtain 3(y2/4)* = 4y.

4
3yt =64y =» y =0ory =373

ooy (16
= x—Oorx—,4 327

. ! 4 4
Points: (0, 0), (52—/3', 3—15)

1 1 - = -
47. f(x,y) = —;+y,fy(x,y) = —;5+x 48. f,(x,y) =P et =0=x=0
S =0 L 4y=Oad-——+x=0 f(x)=—~———2y =0=y=0
f;—fy—- N x2 y= an yz X = y,y X2+_}’2+1 Yy
_1 _1 Points: (0, 0)
y—xzandx—y2
y=y=y=1=x
Points: (1, 1)
49. (a) The graph is that of f,. 50. (a) The graph is that of f,. 51, w= Jx*+y2+2°
(b) The graph is that of f,. (b) The graph is that of f. aw X
‘ ax  Sxr4+yr4z?
w_ Y
ay m
aw Z

2. w= 3xz
x+y
w _ (x+ y)(32) — 3xz _ _3yz
x (x + y)? (x + ¥
w _ —3xz
dy (+y?
aw _ 3x
9z x+y
54. G(x,y,2) = 1
N
x
‘Gx(.x’ Y, Z) = (1 — 2 - yz __ 22)3/2

_ Y
G,x,y,2) = (1 = x2 = y2 — 2/

z
Gx,y,2) = 0 -x—yi— )~

0z Sty dt 2

53, F(x,y,2) = In/a% + y2 + 72

= %ln(x2 + 3yt + 2%

x
F.x,y,2) = pERne g
-y
Fyxy,2) T A4
z
Floy.d =aies

55. H(x,y,z) = sin(x + 2y + 3z)
H(x,y,z) = cos{x + 2y + 3z)
H(x, y, 2) = 2 cos(x + 2y + 3z)
Hx,y,2) = 3cos(x + 2y + 32)




Section 13.3 Partial Derivatives 181

56. f(x,y,2) = 3x% — 5xyz + 10yz2
%, y,2) = 6xy — 5y;
56 3,2) = 3x2 = 5xz + 102
Ly, 2) = —Sxy + 20y;

58. oy, 2) = ﬁ%

ﬂ@JJ%=®+y+dy~w

57. V3 2 =22

(x+y+ 22
1-1
fx(3,1,—1)=T=0

(x+y+z)x—xy

[y, 2) = P

9-3 2

(x+y+ 200 ~ xy

fix, 3, 2) = Giy+ o

-3 _~1
e

60.  f(x,y,2) = x2y3 + 2xyz — 3yz
fxy, 2) = 2xy3 + 2yz
M=21,2)=-4+4=9
Ky, 2) = 3x%2 + 2z — 3,
f(=2,1,2) =12 -8 -6=—2
ey 2) =2 - 3y
f(=2,1,2) = ~4 -3 = -7

6x 3x

Sl y,2) = 232 + y2— 252 = Ny
AL =2,1) = 2 3f4-2=%=¥

N
£, -2,1) = —;—; = _25‘/5

fxy, 2) = 1A :;Zz —222 A -:if ~ 272

£, -2,1) = :\/_g - —25J§

59. f(xy,2) = zsin(x + y)
y2 + yz %y, 2) = zcos(x + y)
= z
(x+}’+Z) ﬂ(O,E’_4>=_4COSE=O
2 2
£y, 2) = zcos(x + y)
X+ xg TN -
Tty + 22 fy<0’2» 4) 4cos2 0
3, 2) = sin(x + y)
—xy fz(o’g,“4)=sing= 1
TGty tor
61. z=x2— 2xy + 3y? 62. z=x% - 3x%2 ¢ 4
_65 = - % = 3 _ 2
ax -2y ox 4x* — 6xy
&z 0%z ~ ; 2
a2 =12y
8%z o
dyax ~ 2 dyox 12y
z oz
ay + —_— = - 2 + 3
P 2x + 6y " 6x2y + dy
3%z P2
EY 6 —_— 2 + 2
dy ay? 6x% + 12y
9% o
oxoy 2 xdy 12xy
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63. 7= Jxt +y?
9z _ X
ax  Sxt+y?
Py
ax (x2 + y2)3/2

P Txy
ayax  (x* + y»)3?
9z _ __ Y
ay Jxr+ y2

%z x?

a2 (2 + y2)3?

i A
axdy (x2 + y?)3?

66. z = 2xe¥ — 3ye™*

%}Z; = 2¢” + 3Jye™*
Pz .
- de
%z
—= = 2¢” + 3ye™*
dydx ve
% _ 2xe? — 3e™*
dy
%z
o 2
3z
—_—— Y 4+ —x
axdy 2e 3e

—= = cos(x — 2)
a%z _
o = sinlx 2y)
Pz _
ayox 2 sin{x — 2y)
az _ _
Pl 2 cos(x — 2y)
9%z
T2 _ 4 -
P sin(x — 2y)
9%z 2
oty 2 sin(x — 2y)

64.

z=In(x —y) 65. 7= e*tany
o _ 1 % _ iy
x x-—Yy ax
9%z 1 ¥z .
2L 2L tan
ax? {x - y)? a2 ¢ Y
1 2 _ e
dyox  (x =) ayox Y
9z -1 1 .0z Y eand
== = — = ¢*secty
dy x—y y—X ay
%z 1 9%z x qpp?
— T — tan
3 v Py 2e*sec ytany
G 1 EOR
axdy (x — y)? dxay Y
0z _ 9%z
Therefore, —— ayox = 3y
67. 7= arctanz
x
% _ ___1__(_1) I
ax 1+ (y/xH\ X x2 + y?
Pz _ 2y
3 G2+ y2)?
Pz _—@Ay) +y2y) _ yiox
ayox (x + y?)? (x2 + y?)?
%z _ ___i__(l> X
gy 1+ (¥D\x) 2+
Pz Ty
@
Pz _ G2 +y) -2 _ yrox
axdy  (xF+yH? ()c2 + y2p
69. z=x8eCcy
%z _ sec
ox Y
%z
29
ax?
Gle? = secC y tan
Jdydx yany
%% — xsecytan
3 y Yy
Pz x sec y(sec?y + tan?y)
ay*
aZ
axdy = secytany
%z 9%
Therefore, —— 3yox = oxay

There are no points for whichz, = 0 =z, because

0z
—=gecy # 0.
0x secy
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— — — — x J—

70. 2=J9—x2 -y 71. z= 1n<;2—+—y—2-) =Inx — In(x? + y?)
9z _ —Xx 2 2
Bx—\/9—x2-—y2 2_—:1— Zx = YT X

ax  x x*+yr ax?+y?d)
%z 1-9
a_x'i—(g_xz_yz)yz _<2_2§:x4—4x2yz—y4
: ax? x2(x? + y2)2
K A
dyox (9 — x2 — y2p312 Pz _ 4y
dayax  (x® + y?)2
9 _ =y
ay /9__x2_y2 gi:_ 2)'
25 02
¥z _ 2 -9 , ay Xty
ay: (9 -2 -y ¥z _ 202 - x)
v D
oxdy (9 — x2 — y?)32 % 4y
oy axdy  (x? + y2)?
Therefore, —— = ——,
dyox  dxdy There are no points for which z, = z, = 0.
9z = ﬂ = i = ==
P 3 Oifx=y=0
72. =2
z x_y 73’ f(x:y’z)=XyZ
9z _yx—y) —xy  —y? Sl y,2) = yz
— )2 Ty — v)2
ox -y (x—y) Sy =x
2
Pz _ 2l fyx 3,2 =0
ax? (x—yp
) R ) folx3,2) =z
¥z _ (= y)H=2y) + y22)(x = y)(~1) 2>
dyox (= y)* =P a6 3,2) = 2
_59_Z=_x(x—y)+xy___ x? I3, 2) = 0
ay (= y)p? (x—yp 4 So%3,2) =0
¥z _ _ 2’ fnx3.2) =0
ay? (v —yp
Therefore, Joy = Sy = S = 0.
2. 2, 2,
Pz _ =y - XD -y) -2y
9x0y (x — ) (xr=yP

There are no points for which z, = z, = 0.

74 fluy,2) =x*=3xy + dyz + 3 75. flx,,2) = e *sinyz
Fxy, 1) = 2x = 3y fxy,2) = —e *sinyz
Ly z) = =3x+ 4z f,(x.y,2) = ze7* cos yz
Fpxy,2) =0 Sy, 3, 2) = =% *sin yz
folxy,2) = =3 fox,3,2) = —ze™*cos yz
fixy2) = -3 F%y,2) = —ze™*cos yz

Fox,v,2) = 0 Fonl% ¥, 2) = z2e % sin yz
fonxy,2) =0 f;,,y(x, ¥.z) = 2% *sin yz
fnt3,2) =0 fx 3, 2) = e~ *sinyz

Therefore, f,,, = f,,, = S = 0. Therefore, £, = £, = o
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76 5 78 i (ey ~ e—y)
- f(x’y’z)_x+y 71 = oxy N Z = SsSinx 2
9z
_ 2 —= =35y 0z _ <ey - e‘y)
f;(—xv Y, Z) - (x + y)2 ax ax = COS X )
2
oy d = 2 -0 Tt o —sina( 255 <)
A A P x ax 2
Sl )="—42"‘“ §§=5x a—z-=sinx<ﬂj—_e:z>
WK Ys 2 (x T )’)3 y dy 2
2
flx )___ﬂ____ a_iz() 92:5 x(u)
o\ Y5 Z G+ ) ay ay? 2
9%z | %z _ _
4z Therefore, —— + —— =0 + 0=0. Therefore,
f:v_x(x’ Y, Z) = (x + )3 ax ay
’ Po g (2o
Fa D = 122 ot oyt 2
W (x + }’)4 +si (e}’ —_ e_)’>
) = 122 sin x 2
xyy > Vs (x + y)4 -0
-12z
fuy.2) = G
79. z = e*siny 80. z=arctan£
az . .
= = e¢*siny From Exercise 67, we have
2 2 -
_E’_Z_Z_ex- g—i %’Ziz(zz_?z)z'*'(zfxyz)z:
ez sy X y xt+y xr+y
9z = e*cosy
ay
912- = —e¢*sin
ay? Y
%z | 9% . .
S = X — X = Q.
Therefore, a2 T a2 e*siny — e*siny = 0
81. z=sin{x — c1) 82. z = cos(4x + 4cr) 83, z=In(x+ cp)
az dz . 9z c
e — _ = + _—
o ¢ cos(x — ct) o 4c sin(4x + 4ct) o
%z .. 0%z _ 2 ¥ —c?
ap = ¢ sinkx ct) ol 16¢2 cos(4x + 4ct) a2 - G T o)
9z _ az _ . 9z 1
P cos(x — ct) Fie 4sin(4x + 4ct) ax x+ct
%z . %z 0%z __ —1
prcie —sin(x — ct) P 16 cos(4x + 4c1) a2 (x + cl)?
8% _ L[ 9% 3z, 3%z -c?
—_— = —— —— == — + —
Therefore, o = o) Er (=16 cos(dx + 4ct)) ar (x+ ct)?

(52 -e(53)
02(2)8) “\ox?




—
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84.  z = sin(wer) sin(wx) 85. z=¢! cosf 86. = ¢! sinf-
% we cos(wet) sin{wx) 9z x dz . X
ot — = —e¢ lcos— — = —e'sin—
ot c ot c
9% = —w2¢? sin(wet) sin(wx) az 1 x az 1 x
o — = ——¢ 'sin= = =—e'cos=
dx Jdx ¢ c
dz .
== t G E 1 .
P w sin(wcr) cos{wx) a_i _ -—ize“‘ cos a_zz_ =L sin®
ax c c X c c
e? = —w? sin(wef) sin(wx) 9z 3%z 9z 9%
ax? Therefore, — = ¢? (—2) Therefore, —~ = ¢2 ( —2)
ot ax at ax
9% ( 62z>
Therefore, — = 2| — ).
erefore Pl
87. See the definition on page 906. 88. If z = f(x, y), then to find Jf, you consider y constant and
differentiate with respect to x. Similarly, to find Jy» you
consider x constant and differentiate with respect to y.
89. z G Yor 20) A 90. The plane z = —x + y = f(x, y) satisfies
' of of
— = > 0.
™ < O and 3y
e n

of

pw denotes the slope of the surface in the x-direction.

;9_f denotes the slope of the surface in the y-direction.

91. The plane z = x + y = f(x, y) satisfies 92. In this case, the mixed partials are equal, fo =F

of S Oanda—f 50 See Theorem 13.3.
dx dy
93. (@) C=32xy + 175x + 205y + 1050 {(b) The fireplace-insert stove results in the cost
increasing at a faster rate because
o 16\/i +175
ax X ac _ oC

> :
dy ax
-a—g] = 16\ﬁ + 175 = 183
dx }(80, 20) 4
T 16y /% 4 208
dy y

aC

] = 16/4 + 205 = 237
ay J(so, 20
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94. f(x,y) = 20020703

@ % = 140x0303 = 140(%)0'3

_ if _ ﬂ 03 _ (—1.)0.3 _
At (x, ¥) = (1000, 500), Pole 140(1000) = 140 2] = 113.72

0.7

(b) .‘lf — 60x0.7y~0.7 — 60(£>
ax y

1000

07
= 07 =
500 ) 60(2) 97.47

At (x, y) = (1000, 500), gf - (

95. An increase in either price will cause a decrease in demand.

1 +0.10(1 ~ R)]10

96. V(L R) = 1000[ T+ 1

[1+0.10(1 — )]
(1+nn

1+ 0.10(1 = R)]9[_1 +0.10(1 = R)

1+1 (1 +1)7? ]=—10,000

VAL R) = 10,000[

V[{0.03,0.28) =~ —14,478.99

1+ 0.10(1 — R)|°[—0.10] _ [1 + 0.10(1 — R)]°
1+1 ] [1 +1]" 1000 (1+Do°

VI, R) = 10,000[

V¢(0.03,0.28) = —1391.17
The rate of inflation has the greater negative influence on the growth of the investment. (See Exercise 67 in Section 12.1.)

97. T =500 — 0.6x* — 1.5 98. A = 0.885¢ — 22.4h + 1.20th — 0.544
% - —12x, %%(2, 3) = —~2.4°/m @) % = 0.885 + 1.20h
I 3y=,3) = -9°/m 94 30°,0.80) = 0.885 + 1.20(0.80) = 1.845
dy ay ot
- —n4+ 120

%(30°, 0.80) = —22.4 + 1.20(30°) = 13.6

(b) The humidity has a greater effect on A since its
coefficient —22.4 is larger than that of .

99, PV = mRT 100, U = —5x% + xy — 3y?
= —10x +
m ® U, =x— 6y
p-mRT _, 0P _ _mRT (©) U,2,3) = —17 and U,(2, 3) = — 16. The person
v 4 v should consume one more unit of y because the rate
v mRT vV mR of decrease of satisfaction is less for y.
=P T T P @ .
O G OV _ (V)T (n)
P av T \mR y? P
mRT __mRT _
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101. z = ~0.04x + 0.64y + 3.4

(a) g—; = -0.04 (b) As the consumption of skim milk (x) increases, the
consumption of whole milk (z) decreases. As the
az : consumption of reduced-fat milk increases, the
= =064 ‘ . o
dy consumption of whole milk increases.

102. z = —1.3520x2 — 0.0025y* + 56.080x + 1.537y — 562.23

( ) ) . . ( ) ) 2
a 2 ;04x 56 08 b COnCaVe dOWllwaId < O
Ihe rate Ot Increase Of ]'Iedlcme expenscs (z) I8 dCChImlg

i —2.704
x? ’ with respect to worker’s compensation expenses (x).

9z = —0.005y + 1.537 ' (c¢) Concave downward (a_zz < 0)

dy Y i ay?

Pz 0.005 The rate of increase of Medicare expenses (z) is slightly

ar declining with respect to public assistance expenses.
103. False 104. True 105. True 106. True

Letz=x+y+1.

M (x,) # (0,0)

107. flx,y) =9 x2+y2
0, () = (0,0)
= &2+ y)Bxy — 53 - By — (@20 y(et + ity — i)
@ filx,y) = (2 + y2)2 = (% + y2)2
£l y) = EHE - 397 - By — 59)(2y) = X0 = dx?y? — y9)
P o2 + 22 G2+ y2)2
= lim {8%0 - f(0,0) _ . 0/[(A -0 _
®) £0,0) = Alir—[}o Ax B Al:{)no Ax =90

=20 L O -£0.0 L Ay(-@ay) -
© 70,0 = ay <6x> 00 A, Ay = Jim, A2ay) ~ A, =1 =-1
S (A L, HA0 - 500 axany
£:(0,0) = ox (By) ©.0 A, Ax = Jim, ((Ax)D2(Ax) Am 1 =1

(d) f,. or f,, or both are not continuous at 0, 0).

¥y
108. f(x,y) = f V1 +Bdr
x
By the Second Fundamental Theorem of Calculus,

of _df 3 df* '
= \/1+tdt=—a Vit ed=—-/1+5

dx dx

o_df 3 3
ay—dyx\/1+t dr = /1 + 3,
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109.

Section 13.4

1.

floy) =@ + )7

@ £,0,0) = Jim, f(0,0 + AAyy) — £(0,0)

Ay
Alyu—?o Ay !

2
®) fxy) = Gg-_%;;)z? fails to exist fory = —x,x # 0.

Differentials

7 = 3x%?
dz = 6xy3 dx + 9x%y? dy

-1

= 5T 4
x2+y7'

. X 2y
dz = G2 + y2)? dx + 2 + y2)?

dy

2

BT

Z=XCOSy — yCOSX

110. f(x,y) = (x? + y2)/3
For (x,y) # (0,0),

2 4x
Aay) =36+ )7V = 3

For (x, y) = (0,0), use the definition of partial derivative.

. [0+ Ax) - £(0,0)

fx(0,0) = Al)lcglo Ax
4/3
= tim 892y ar =0
Ax—0 X Ax—0
2
2. z= x
y
2x x?
dz = —dx ——d
y 2
x+y
4 w=1"2
z~ 2y
1 7+ 2x x+y
dw = + - d
Y =y G-r?  E-wr*®

 dz = (cosy + ysinx)dx + (—xsiny — cosx) dy = (cosy + ysinx)dx — (xsiny + cos x) dy

11.

.= (%)(ex2+y2 — Ry

x4yl g ,mxR—y? ’ x24y2 | mx2—y?
4= 7"<e—_‘i‘—) e 2y<£’——€—_> dy = (1 + e )xdx + y dy)

2 2

z = e*siny

dz = (e*siny) dx + {e* cos y) dy

w =273y sinx

dw = 273y cos x dx + 222 sinx dy + 6z%y sinx dz

(@ f(1,2) = 4
£(1.05,2.1) = 3.4875
Az = £(1.05,2.1) ~ f(1,2) = —0.5125
(b) dz = —2xdx — 2ydy
= —2(0.05) — 4(0.1) = —0.5

8. w=e'cosx + z*

dw = —e¥sinxdx + e*cosxdy + 2zdz

10. w = x?yz? + sinyz
dw = Zxyztdx + (%% + zcosyz)dy +
(2x2yz + y cos yz)dz

12. (a) f(1,2) = /5 =~ 2.2361
£(1.05,2.1) = /55125 ~ 2.3479
Az = 0.11180

X Yy
b) dz = dx + d
() Z /x2+y2 /x2+y2y
_xdx +ydy _ 0.05 + 2(0.1)

VxE A+ y? V5

= 0.11180
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13.

15.

17.

18.

19.

20.

21.

23.

25.

(a) f(1,2) = sin2 ' 14. (a) f(1,2) = * =~ 7.3891
f(1.05,2.1) = 1.05sin 2.1 f(1.05,2.1) = 1.05¢21 ~ 8.5745
Az = f(1.05,2.1) — f(1,2) ~ —0.00293 Az = 1.1854

(b) dz = sinydx + xcosydy (b) dz = ¢’ dx + xe¥ dy

= (sin 2)(0.05) + (cos 2)(0.1) ~ 0.00385 = €2(0.05) + ¢%(0.1) =~ 1.1084

@ f(1,2) = =5 16. @ £(1,2) = 3 = 05

1.05,2.1) = —5.25
" ) 1.05,2.1) = 105 _ 0.5
Az = ~035 705,20 = 4% o
(b) dz =3dx — 4dy Az=0

= 3(0.05) — 4(0.1) = —0.25
(b) dz = %dx = )%dy

1 1
= -2'(0.05) - Z(O.l) =0

Letz = Vx* + y%,x =5,y = 3,dx = 0.05, dy = 0.1. Then: dz=\/%dx+ \/_2Y+_zdy
X2 +y 4y

5 3 0.55
VGO + BIR~ S5 F 3~ 2 (0.05 F e (0.1) = == =~ (.094
COPFHEIE - Gz O e =

Letz=x¥1 +yPx=2,y=9,dx = 003, dy = —0.1. Then: dz = 2x(1 + y)3dx + 3x%(1 + )2 dy
(2.03)2(1 + 8.9)3 — 241 + 9)3 =~ 2(2)(1 + 9)3(0.03) + 3241 + 9A~0.1) = 0

Z9(] — 42
Letz = (1 — x?)/y%, x = 3,y = 6, dx = 0.05, dy = —0.05. Then: dz = —%:—dx + ——%#—ldy

1-(BOSP 1-3_ 23)
(5.95)2 62 6*

0.05) 2—“—6%3—2),(—0‘05) ~ 0012

Letz = sin(x2 + y?),x = y = 1, dx = 0.05, dy = —0.05. Then: dz = 2xcos(x2 + y?) dx + 2y cos(x? + ¥2) dy
sin[(1.05)? + (0.95)4] — sin2 ~ 2(1) cos(12 + 12)(0.05) -+ 2(1) cos(12 + 12(-0.05) = 0

See the definition on page 916. 22. In general, the accuracy worsens as Ax and Ay increase.

The tangent plane to the surface z = f(x, y) at the point P 24. If z = f(x, y), then Az ~ dz is the propagated error,

is a linear approximation of z. Az  dz. .
PP and — = — is the relative error.
z z

A=1h o BT A4 — aa 26. V= 7rh mridh AV -dv
dA=1dh+hdl A 5t v =2arhdr + wridh s
AA = (I + di)(h + dh) — I 2nrhdr._

=hdl +1dh + dl dh Ar

AA —~ dA = dldh
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g7, vy =T Ar oy av AV | av-av
: 3
=3 0.1 0.1 47124 48391 0.1267
h=6 0.1 -0.1 2.8274 2.8264 | —0.0010
2 0.001 0.002 0.0565 0.0566 0.0001
dv = 2’;”’ dr + %r—dh = —7;—’(2hdr + rdh)
~0.0001 0.0002 | —0.0019 | —0.0019 0.0000
AV = Zlr + ArP(h + 8R) = 7]
= 316 + Ary(6 + AR) — 54]
28. S = wrJrit + K
r=8hr=20
das _
o = gr(r2 + BOV2 + 7r¥(r? + BH)71?
i+ B 2 224 R 5
P+ T i
as _ ar(r2 + B)~Vh = w_______rh Ar Ah ds AS AS — dS
dh N
0.1 0.1 10.0341 10.0768 0.0427
ds = m 22 gy ™ an
T/ R TRt R 0.1 -0.1 53671 53596 | —0.0075
-5
- 27T+ — [2r + 1) dr + (rh) dh] 0.001 0.002 0.12368 0.12368 0.683 x 10
d —0.0001 0.0002 | —0.00303 | —0.00303 | —0.286 x 1077
S(8,20) = 541.3758
29. 7 = —0.04x + 0.64y + 3.4
(a) dz = —0.04dx + 0.64dy
az 9z -
(b) dz = -a-;dx + 5}‘)dy = —0.04(x0.25) + 0.64(£0.25) = 70.01 = 0.16
Maximum error: +0.17
Relative error: £0.17 - 2017 021o0r2.1%

30. (x,y) = (8.5,3.2), |dx| < 0.05, |dy| < 0.05

r=Jxt+tyl=dr= = dx + t d
Y Vx4 y? \/xT+y2y

dz _
z  —004(62) + 0.64(7.5) + 3.4 7952

85 . 32,
R52 132 N

ldr| < (1.288)(0.05) ~ 0.064
1

=~ (0.9359 dx + 0.3523 dy

-3
0=arctanX = df= L dx+ X dy
x »V? A%
P+ (2 1+ (2
X X
_ -y x =32 8.5
Trp B tar g ? i 130 g3 ?

Using the worst case scenario, dx = —0.05 and dy = 0.05, you see that

|d6] < 0.00194 + 0.00515 = 0.0071.
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3. V=mrh = dV = Qurh)dr + (7r?) dh

av dr dh
—_ = 4 =
|4 2r h

= 2(0.04) + (0.02) = 0.10 = 10%

32. A=iabsinC
dA = 3[(b'sin C) da + (a'sin C) db + (ab cos C) dC]

= 3[4(sin 45°)(15) + 3(sin 459)(+%) + 12(cos 45%)(£0.02)] ~ +0.24 in.2

33.  C=3574 + 0.6215T — 35,75V%16 + (0.4275Ty0-16

aC

— = (), + 0. .16

o 0.6215 + 0.4275\°

%V—C = ~5.72v7084 + 0.06847y 08¢

aC aC
=—dT + =
dac aTdT 3y dv

= (0.6215 + 0.4275(23)%16)(+1) + (—5.72(23)‘0-8“+O.O684(8)(23)‘°~8“)(-'_-3)
=+1.3275 ¥ 1.1143

= 2.4418 Maximum propagated‘error

dC  +2.4418
?—m~i0.l9or 19% ,
2
M, a= =
-
2
da = —vdv — v—zdr
r r
4. 22— & = 2(003) - (~0.02) = 0.08 = 8%

Note: The maximum error will occur when dv and dr differ in signs.

35. (@) V= %bhl

- (18 sin §)<18 cos ‘59)(16)(12)

= 31,104 sin §in.?

= 18 sin 6 ft3

V is maximum when sin 6 = 1 or § = /2.

by V= %Z(sin o)

2 2
dV = s(sin )l ds + fz—z(cos 0) dé + %(sin 0) di

18<sin %’)(16)(12)(%) + ]—283(16)(12)(cos -g)(%) + 1—;;3(sin g)(%)

1809 in® =~ 1.047 3

I
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36. (a) Using the Law of Cosines:

at=b*+ 2 — 2bccos A
= 3302 + 4202 — 2(330)(420)cos 9°

330ft

Q0
a=~107.3ft

(b) a = VB + 4207 — 2b(420)cos 0

-1/2
= %I:bz + 4207 — 840b cos 0] [(2b — 840 cos 6) db + 840b sin 6 d6]
—1/2
= %[3302 + 420° — 840(330)<cos 2—0->] [(2(330) — 840 cos —)(6) + 840(330)(sm O)(ISO)]

=~ %[11512.79]‘1/2[1:1774.79] =~ +8.27 ft

EZ
3. P=%
2E E?
P =7 dE — deR
2E E?
2 dE — —dR
dP R R? dE dR
> = 5 —2E = = 2(0.02) — (—0.03) = 0.07 = 7%
1 1 1
, =
Bz R, R,
— R1R2
R, + R,
dR, = AR, = 0.5
dR, = AR, = —2
oR R,? RS2
~ —dR + —— = AR, +
AR =~ dR = aR1 dR 4R, Ry (R, + RY)* ' (R, + R)? AR,
152 102

When R, = 10 and R, = 15, we have AR =~ (—10—:1—5)5(0 .5) + m(-—2) = —0.14 ohm.

9. L= 000021(1113'—’ - 075)
dL = 000021[“;:’ dr] 000021[&11/0;00) - (i12/16)] ~ (£6.6) x 1076

L = 0.00021(In 100 — 0.75) + dL ~ 8.096 x 107* & dL = 8.096 x 10~ % 6.6 x 106 micro-henrys

4. T= ZWﬁ
g

dg = 3223 - 32.09 = 0.14
dL = 2.48 — 2.50 = —0.02

AT = dT-—dg-l— dL=—\/‘dg+—'dL

2.5 i
When g = 32.09 and L = 2.50, AT =~ 0.14) + ————
& 32, 09 09( )+ (2.5)(32.09)

(-0.02) = —0.0108 seconds.
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4. z=flx,y)=x2-2x+y
Az =flx + Ax,y + Ay) — f(x,y)
= (a2 + 2x(Ax) + (Ax)? — 2x — 20Ax) +y + (Ay) — (2 - 2x + y)
= 2dAx) + (Ax)? — 2(Ax) + (Ay)
=(2x - 2)Ax + Ay + Ax{Ax) + 0(Ay)
= £, y) Ax + f(x,y) Ay + £,Ax + &,Ay where & = Axand g, = 0.
As (Ax, Ay)— (0, 0), £—0 and £,-0.

2. z=fay) =ty
Az =flx + Ax, y + Ay) ~ flx, y)
=+ 280 + (AaF + 32+ 2(8y) + (W) - (2 + )
= 2x(Ax) + 2y(Ay) + Ax(Ax) + Ay(Ay)
=f(x,y) Ax + £, 9) Ay + £Ax + Ay where & = Ax and &, = Ay.
As (Ax, Ay)—(0,0), £, — 0 and &, 0.

43. z=f(x,y) = x%
Az =f(x+ Ax, y + Ay) — f(x, y)
= % + 2x(Ax) + (Ax)2)(y + Ay) — x>y
= 2xy(Ax) + y(Ax)? + x2Ay + 2x(Ax)(Ay) + (Ax)? Ay
= 20p(Ax) + x?Ay + (yAx) Ax + [2xAx + (Ax)*] Ay
= flx,y) Ax + 52, 9) Ay + £Ax + £,Ay where & = y(Ax) and &, = 2xAx + (Ax)2
As (Ax, Ay)—(0,0), &, — 0 and £,—0.,

4. z=flx,y) =5x— 10y + 3
Az = f(x + Ax, y + Ay) - f(x, y)
= 5x + 5Ax = 10y — 10Ay + y* + 3y3(Ay) + 3y(Ay )2 + (Ay)* = (5x — 10y + y?)
= 5(Ax) + (3y? = 10)(4y) + 0(Ax) + (3(Ay) + (Ay)?) Ay
= filx,y) Ax + £x,3) Ay + £Ax + £,Ay where £ =0 and g, = 3y(Ay) + (Ay)2
As (Ax, Ay)—(0,0), &, — 0 and &,—0.

3y, (%) # (0,0)
45. flx,y) = 13 +
0,

(x,») = (0,0)
0
= o SJAX0) - 0,00 . (Ax)* _
@ £0,0) = Al}rj}o Ax h Alil—];]o Ax =0
0,
= jim LOAY) ~f0,0 @Ay T
£0,0) = Alyu—l»lo Ay B Alleo Ay =90
Thus, the partial derivatives exist at (0,0).
. o . o > x
(b) Along the line y = x: (x'y)hgo‘o)f(x, y) = xhg}) Trac Xh_%xz e 0
3x4 3

— 42 ; ===
Along the curve y = x2; (x,y)hﬂ‘%(). 0)f (x,y) 2% 2

Jfis not continuous at (0, 0). Therefore, fis not differentiable at (0, 0). (See Theorem 12.5)
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Sy (hy) #0,0)

46. f(x,y) = {2+
o , (x,y) = (0,0)
f(Ax 0) - £0,00 . 0-0_
@ £(0,0) = Jim FEESE R < Jim S = 0
f(0 Ay) — £(0,0) 0-0_
fy(o 0) = Ay Al)]zI—I)lO Ay h

Thus, the partial derivatives exist at (0, 0).

47. Essay. For example, we can use the equation ¥ = ma:

dF=a—F-dm+ oF

Py da = adm + mda.

Section 13.5

1. w=x2+)y?
x=é
y=e'

dw 8wdx+§‘j/_d_y

dt ox dt  dy dt

3. w=2xsecy
x=ée
y=m—1
dw _ dwdx ow dy

dr ox dr dy dt (sec y)(¢') (xsec ytan y)(—1)

¢ sec(w — D[1 — tan(7 — 1)]
—~¢' (sect + sec ttan f)

I

5. w=xy, x=12sint, y = cost

dw _ aw dx ow dy

@ Et— ax dt 8y dt

= 2(cos?t — sin?t) = 2 cos 2t

(b) w = 2sintcost = sin 2f, %=20052t

6. w=cos(x—y), x=1t% y=1
@ dff— = —sin(x — y)(21) + sin(x — Y)(0)
= —2tsin(x ~ y) = —2sin(t2 — 1)

(b) w = cos(2 — 1), % = —2¢sin(r? — 1)

= 2xe' + 2y(—e7") = 2e¥ — 7 %)

N 52 _5
(b) Along the line y = x: flx,y) = hm >3 =)

(x, )‘*(0 0)
o om, lim f y) =

Thus, f is not continuous at (0, 0). Therefore f'is not
differentiable at (0, 0).

Along the line x = 0,

Chain Rules for Functions of Several Variables

2. w=Jx+y?
x=costy=¢
dw _dwdx | wdy
dt oxdt 9y dt

X (—si —r
e e

i

_ —xsint + ye! _ —costsinz + e¥
iy ettt er
4 w=In2
x
X = COS !
y = sint
d —1 . 1
LA (——)(—sm 0+ (—)(cos f)
dt x y
=tanf + cott = T
sin zcos ¢

= 2ycost + x(—sinf) = 2ycost —~ xsint
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Tow=x>+y2 + 72

x = éecost

y = eé€'sint

z=é

(@) d_wza_wiij@ig;v a—wﬂ—Zx(—e'sinH-e’cost) +2y(e‘cost+e’sint)+2ze‘=4e2’

dt  oxdt aydt azdr

(b) w = (e'cos * + (¢ sin 1)? + ()2 = 2%, % = de¥

8. w=1xycosz

x =1
y=1
I = arccost

() idwt— = (ycos 2)(1) + (x cos 2)(21) + (—x sin Z)<_\/1_1——tf)

= 3(0) + d)(2) 4:2)m<—~i;t_2) PSR

dw
=4 W _ 43
by w t’dt 4t

Sow=xy+txz+y,x=t-1,y=12-1,z7=¢

dw _owdx  owdy  owdz
dt  axdrt 3y dt oz dt

=(t2—1+t)+(z~1+t)(2t)+(z—1+t2—1)=3(212—1)
® w=0-DE~-1)+ ¢~ 1+ (2— 1)

(@) =+ + &+ + (x+y)

%=2t(f—1)+(t2—l)+2t—l+312—1=3(2t2—1)

10 w=xyz, x =12, y =21, 7= ¢!
@ G =220 + x2) + (o)) = @) + (e + (2~

=202+ 1~ 1) =223 ~ )
) w= ()20 ") = 263

B @) + (D) = 2% (1 + 3)

11. Distance = £(1) = /&, = )7 + (3, = 3,7 = /{0 cos 2 = T cos 77 + (6 sin 27 = Asin 7
F0 = 3{(10.c08 2¢ — 7 cos 12 + (§in 2 — 4 sin 1] 12
[[2(10 cos 21 ~ 7 cos t)(—20sin 2z + 7 sin )] + [2(6 sin 2¢ — 4 sin £)(12 cos 27 — 4 cos 0]l
7(3) = 316102 + 101001 + (-4 121]

2
-2 _ -1129 _
2/29 2

—2.04

= :21.(1 16)“‘/2(—44) =
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12. Distance = 1) = <G5 =57 ¥ Oy =302 = V[48 + (3 - V2| + 481 - V2)f
= 481/8 —~ 2/2 - 26
1) = 48/8 — 22 — 26 = f(1)

13. w = arctan(2xy), x = cost, y = sint, t =0

dw _dwdr  owdy
dt d9xdt 9oy adt

2y . 2x
1+ (4x2y2)( sinf) + 777 (%) (cos 1)
2sint 2cost

t(—sin 1+ (cos 1)

"1 + 4cos* ¢ sin? 1 + 4cos?tsin?t

_ 2cos*t— 2sint
1 + 4cos?tsin? ¢

dw _ (1 + 4cos?tsin £)(—8 cos tsin 1) — (2 cos? ¢ — 2 sin? (8 cos3 ¢ sin t — 8 sin’ rcos 1)
dr? (1 + 4 cos?tsin? 1)?

_ —8costsin#(l + 2sin*r + 2 cos*s)
(1 + 4cos? ¢sin? £)?

d*w
Att—O,dtz—O.
14. w=)—;2— 15, w=2x2 + y?
x = {2 roewd
y=t+1 y=s—t
r=1 %—‘;—=Zx+2y=2(x+y)=4s
dw_owds | owdy ) |
dt  oxdt oy dt a—’:=2x+2y(—1)=2(x‘y)=4t
2x —x2
=5 @+ = 1) Whens = 2andr = —1,
2t2(2¢) tt aw aw
=S s 2~ gand 2 = —4.
(+1 @+ 1p a5~ Sand %

@+ DER) -
B (r + 172

_ 34 + 413
(t+ 1)?
dhw _ (¢ + 1201283 + 1203 — (3t* + 4°)2(r + 1)
dr? (r+ 1*
_ . dw 424 - (D@) _ 68
Atr=1: =5 = 5 =g =425
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16. w =3 — 3x% 17 w=xt -2
x=¢' X =S5Ccost
y=eé y = ssint
aw aw ,
Frie —6xy(e’) + (32 — 322)(0) = — G+ Pl 2xcost — 2ysint

= 24 - in2t =
%Ltv_: — 6x7(0) + (3y? — 32)(e!) 2s cos?t — 2ssin?t = 25 cos 2¢

W eing) — 2
= 3ei(ed — o) o 2x(—s sin ) — 2y(s cos #) 252 sin 2t
Whens=0andr=1,a—w=~6eanda~w=3e(e2—1). Whens =3andr =22 _ a2 = _1g,
as dt i 4’ 95 t
18. w = sin(2x + 3y) Bow=x-2y+y, x=r+6 y=r—0
x=g -+t a -
@ 5 = @x = 2)(1) + (-2 + 2)(1) = 0
y=s—1
aw W @x = 2)(1) + (=25 + 2)(= 1)
:9:=200s(2x+3y)+3cos(2x+3y) 20 Yy 4
= 5 cos(2x + 3y) = 5 cos(5s — 2) =dx~dy =4(x - y)
=46+ 0 - (- 6] = 50
%=2cos(k+3y)-3cos(b+3y) 4 ( ]
(b) w=(r~i-(;?)2—2(r+6)(r~(9)+(r——(9)2
= — + = — -
cos(2x + 3y) = —cos(Ss ) = (P20 B) = 22— B) + (2= 20 + )
Whens=0andt=z,a—w=03nda—‘2=0. = 442
2’ 9s or
aw
5‘;’—0
aw
60——89

20. w= /25 ~ 52 = 5y% x = rcos 0,y = rsin @

w —S5x —Sy .
s e o 0+ ——— g
@ o = e 2552 5"
_ —5rc0520—5rsm20: —5r
V25 = 522 = 52 V25 =572
ow

—5x . -5y
—_—— 5 +o—_—
30 /B s Ot e 52 00 0)

_ —5r*sin® §cos § — 5r2 sin @ cos 6

B V25 = 5% — 552
) w= 25 =572
ow —5r d

w
0—0

o B o579
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2. w= arctani, x=rcosf, y=rsing

@ %;X=;z—%i°°59+xzf_y28in9= —rsinrgcose rcosrstin(?___0
%‘;izleyyz(—rsm 0 +;—2—ﬁ7(rcos 6) = —(rsin Ozg—rsin 0) + (r cos 02(2rcos 6) _ |
(b) w = arctan ::(1:;2 = arctan(tan 8) = 6
-0
=

22.w=zf,x=02,y=r+9,z=r40

w _ Ty z Yy =ity 2
@ - TEe+im 2 =2 =T
a ——
5%=—x{5(2e)+§-(1)+§(—1)
=+ 6r—0 r-0—-(+19
= o 20) + Pz
_ 2(6% — r?) 2 —2r
ik [ 9
+or-6_1r
(b)wzzfz(L'—();Tr”—):';_Z‘l
w _2r
a 6
Qv_v_z—2r2
a6 @

24. w=xcosyz, x=sL,y=0,2=5—2
ow . .
Pl cos(yz)(2s) — xz sin(yz)(0) — xy sin(yz)(1)
= cos(st? — 263)2s — s%* sin(s? — 28%)
ow . .
Py cos(yz)(0) — xz sin(yz)(2) — xy sin(y2)(—2)

= —25%(s — 21) sin(s/? — 28) + 25°F sin(s? — 27)
= (6522 — 25%) sin(s?2 — 2P)

WB.w=xy, x=s+ty=s— 1 2=

25.

%—: = yz(1) + xz(1) + xy(#?)

=(s— s+ (s+ s+ (s +1)(s — )

= 2520 + 22 — 14 = 352 — 1t = 2357 — 1)

a
a—‘f = yz(1) + xz(— 1) + xy(2s1)

=(s— s — (s + s+ (s + 1)s — )(2st)

= —2sP + 253 — 258 = 257 — 4sP = 2st(s> — 2%)
w=ze’ x=s—t,y=s+tz=1st

Q_‘y_ = _Z.ex/y(l) + _.Z’;ex/y(l) + ex/y(t)
sy y

— e(s—-t)/(s%-l)[__s_t__ — (_S__:_z_)it + t]
2
s+t (+9

= e(-"‘f)/(s—!-t)[St(s + 1)~ st s s+ t)l]

(s + 1)?
= e(s-—l)/(s+t)w
(s +1)?
aw Z X, a X,
Y] = ;e »(—1) + —;;e /(1) + e*(s)

_ e(s_l)/(sﬂ)[_ st st(s — 0 + s]
s+t (s+1P

— — _ 2
_ e("‘)/(”’)[ st(s + ) — st(s — 1) + sls + 1) ]

(s + 1)?

= e(:—r)/(s+r)§_(i2_.+_tz_)
(s + 9?
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26.w=.7c2-i-y2+z2,x=tsins,y’——tcoss,z=st2 2. 2 =3y +y -~ +y~5=0

w _ ; 2 Q__Fx(xd’)__2x~3y—-2
95~ X T coss + 2y(~tsins) + 22(7) dx F(x,y) —3x+2+1
=2 sinscoss — 2 sinscos s + 2st* = et _y - +2
ow 2y - 3x + 1

rri 2xsins + 2y cos s + 2z(2s1)

= 2sin?s + 2t cos?s + 4520 = 2¢ + 4529

28. cosx +tanxy + 5 =0

29. In /5T +y2 + xy = 4

Ffx, —si 2
D By sinx +ysectyy %ln(xz+y2)+xy—4=0

dx F(x,y) x sec? xy

X
—__—.‘_
Q__:_FX(X,)’)z_xz-f'yz y__x+x2y+y3
dx  F/(x,y) y y+axyr+
X2+ y?

+x

x
30.x2—+—y—2~—y2~6,=0 3L Fx,y,2) = x2 + y2 + 22 — 25

& Fxy) Fe=2x
dx Fy(x,)’) Fy=2y
- O —xy/(x? + y2p2 F,=2z
— 2+ 22 _
(—2x)/(x? + y2)2 = 2y 2 _ _F_ x
- y?—x? ox  F, 2
+ 2+ 2)2
2xy + y(x2 + y?) oz _ F_
y2 — x2 3y F. e

- Zxy + 2yxt + 4xy3 + 295

32. Flx,y,2) = xz + yz + xy 33. Fx,y,2z) = tan(x + y) + tan(y + 2) — 1

F,=z+y
Fy=z+x
F,=x+y

34 Flx,y,2) = e*sin(y + 7) — 2
F,=e*sin(y + z)
F, = e*cos(y + z)
F,=e"cos(y +z) — 1
¥ _F e*sin(y + z)

Ix
ax F, 1-e*cos(y + x)

9z _.Ifzz e*cos(y + z)
dy F, 1-e*cos(y+ 2)

F, =secHx + y)

F, = secHx + y) + secH(y + 2)
F, = secX(y + z)

az Fr  secdx+y)

ax 17Z sec*(y + z)
9z _ _Fy _ secdx +y) + secy + 2)
dy F, secy + z)
2
- ~(SLC_(JC_H_) + 1)
secX(y + z)

35 Flx,y,2) =x2+2yz+ 72— 1 =0

o _

ax

az
dy

Fx(x,y,z): —2x _ X
T O Fy,2) 2y +2z y+z

_fl(}»)hz)z ‘“22 - —Z
Fy,2) 2y+2z y+2
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36. x +sin(y+2 =0

@1+ gicos(y + z) = 0 implies

9z 1
== ————— = —sec(y + 2).
ax cos(y + z) (& +2)

.. Jz .. 0z
i + — = = 1.
(ii) (1 + ay) cos(y + z) = O implies 3 1

38. xlny +yz+22—8=0

(i) 'a—z = _Fx(x,y’ Z) = _lny
ax  Flxoyzd Yt
X
Ly
iy & = “Foyd  _y T xt i
ay F(x,y, 2) y:+ 2z ¥+ 2yz

40. x2 + y* — 22 - Syw + 10w? — 2 = F(x,y,z,w)
Fx=2x,Fy=2y—5w,Fz=2z,Fw= ~5y + 20w

ow F, —2x 2x
5 F, —5y+20w 5y-20w
ow Fy_Sw—Zy

ay F, 20w —35y

ow F, 2z

%z F, 5y-—20w

2. Fx,yzw)=w—Jx—y—Jy—2=0

w_—F, _1x=-yp'7_ 1
o F, 2 1 ey
ow —rF, -1 —12 1 1
—_—r e T ——— — + = - /2
. ~=3 x- 5O 2)

e B

2Vx—y 2Vy -z

ow_—F -1
az Fw 2./)}-—2

4. flx,y) =2 - 32+
flx, ) = (2 = 3(=) ) + ()
Al — 32 + ) = £f(x,y)

il

I

Degree: 3
xflx,y) + v y)

It

x(3x2 — 3y?) + y(—6xy + 3y?)
38 -9xy? + 3y3 = 3f(x,y)

il

3. Flx,y,z) = e +xy =0
oz _ _Fxy2  zemty

ax Fx,y.2) - xe
oz _ Fxyd -x 1

ay  Flxy2 xet e®

39, F(x,y,z,w) = xyz + xow — yow + w? = 5
F,=yz+zw
F,=xz—w
F,=xy +xw — yw
F,=xz—yz+2w

ow_ F___dytw
ax F, xz—yz+ 2w
aw_ B dx=w)
dy F, xz — yz + 2w
w_ F_ mptaw—yw
9z F, xz —yz t+ 2w

41. F(x,y,z,w) = cosxy + sinyz + wz — 20

ow _ —F, _ysinxy

ax F, z

aw _ —F, xsinxy - zcosyz
ay F, z

aw —F, _  ycoszytw

9z F,, z
43. flx,y) = —\/;_sz—“}-_)_l_;
_ () v \_
~mm"<W+WZ<ﬁTQ g7
Degree: 1

X
wtix) 0 = ) + At )
= = = 1)

A+

45. f(x,y) = ¥
flex, 1) = /v = &7 = f(x,y)
Degree: 0

xf(x,y) + yhxy) = xge*/’) + y(—-;;ex/y) =0
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46. flxy) = —J-xf—_Jr_y;

w2 )
daki J<tx>2+<ty)2“<¢x2+y2) g

Degree: 1

13 2 —
w509 + 2500 = | ] + o ]

_ X a2+ Y
T2+ Y32 T (52 + y2)3/2

2
= —x2\/i+_—y2 = flxy)

dw _adwdx  owdy dw _ dw 9x  dw dy
== — = 48. — + =
a7 dt  oxdr 9y dt (Page 923) ds  dx ds 3y as

dw _ dw dx | ow dy
e Sy D
o ax or oy ar 288929

d ,
49. w = f(x, y} is the explicit form of a function of two 50. a% = —}.f"—((x—y))
variables, as in z = x? + y2. The implicit form is of the Y.
form F(x,y,z) = 0,asinz — x2 — y2 = 0, 9z fxy.2)
dx fxy,2)
2 _ Sy
ay %y, 2)
51. V= mrth
av _ dr  odh) _ dr dh\ _ —ay = LAy
i 7r<2rh o + r dt) = 7'rr<2h o + rdt> = m(12)[2(36)(6) + 12(—4)] = 4608 in.>/min
S =27r(r + h)

as _ dr ) _ 4] = 2 it
i #[(Zr + k) o +r dt] = 27[(24 + 36)(6) + 12(—4)] = 624 in. /min

52, v= %‘W?‘zh

av 1 dr dh
= = _ 4+ 207
d 3 W(zrh dt 4 dt)

§ = ar/r? + B + arr? (Surface area includes base.)

- %W[Z(IZ)(%)(G) + (12~ 4)] = 15367 in3/min
2
ey SN A ar __rh _dh
< rhR r2+h2+2r>dt+mdt

= 144 36(12)
=7 ( 122 + 362 + ﬁ + 2(]2))(6) + ﬁ(“ﬁ]

1>
i
3
]

T 12 36
= 77-<12ﬁ6 + —\/—1_6>(6) + 144 + ﬁ(-@}

= BT atrrin/min = 27 (20 + 9 /T0) in2/min

V10 5
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2

id‘:‘-=g-44£+%it?=xsint‘)-d—x—*—x—zcose-d—(2
dt oxdt a6 dt a2 dt

= 6(51:1%)(;) + %(c S%)(;(.)) 3\2/— l\g_m /hr

=~ 2.566 m?/hr

1 .0 0 K2,
53. A=—bh=(xsm§)<xcos-2—>=*2—sm0 .4__%__”

T

x

54, (a) V= %—T(rz + 1R + R?h

%—‘; = -—[(2 + R)h—— +(r+ 2R)h— +(rP+ R+ RZ)%?]

w

- ~[[2(15) T 25(10)(4) + [15 + 225))(10)(4) + [(157 + (15)(25) + (25)2](12)]

W

= 73’(19,500) = 6,500 cm®/min
® S=a®+ISR-TEFR
R-7

ds _ - 5 R -1 SR I
E_W{I:\/m (R+r)\/———)T:—}-l—2}dt |:(R N+ k4 R+ )——(———\/___7——+—‘__—h2':}dt

k. an
R +r
( \/ —r2+ h dt}

_ A oo - L 25-15 ]
{{ (5 = 157 + 107 = (25 + 19— |(4) +

[\/(25 “EE T A0 + (25 + 15) \/(__g%_ﬁ](‘;) + (25 + 15){\/@5_:%72_?%_2(12)}

= 320~/27 cm?/min
55. I= %:m(rl2 + 3 56. pV = mRT
1
ar 1 dr, drz] = -——(pV)
< + mR
a2 [2r‘ dt 2r, dt
dar 1 [.dp  _dv
= = 2 — —— - +
m{(6)2) + ®)2)] = 28m cm?/sec 2 Llve 4

57. (a)

E
©
I

tan(@ + @) =
tan 6 + tan ¢ _
1 — tan ftan ¢

tan 8 + (2/x)
1 — (2/x)tan 6

I

Ris ®Is R =
S

xtan0+2=4—%tan6
xtanf—2x+ 8tan 6 =0

—CONTINUED--
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57. —CONTINUED—

S8.

60.

61.

() F(x,0) = (2 + 8)tan § — 2x = 0

d_@z_ﬂ:_thanO—Z=2coszt9~2xsin0cos0
dx F, sec? 6(x2 + 8) X2+ 8
de , . . 1
(c)a=0=>2005 0=2xsm0cos0=>cos0=xsm0=>tan0=;
1 1 8
Thus, 2| =] = 2x +8{=) =0 = ~=x = x=2/2ft.
X X X
8(0) = flxt, yr) = t7£(x, ) 59. w = f(x,y)
Letu = xt, v = y1, then xX=y—v
= du o d_o o y=v-—u
0= T e & a5
d '()—nt"“( ) .@:.alé ?KQ:M_.B_W.
and g = n""f(x, y). u  oxdu  dydu ox oy

Now,lett=landwchaveu=x,v=y.Thus, a_”’-é!fi_x+?_‘fi)’_~ Bw+aw

a a
—fx+ of = nf(x, y). av dxdv  dydv dx dy
ox ady
w, ow _
ou dv
w = (x = y)sin(y ~ x)
aw .
oo = —(x = y)cos(y — x) + sin(y — x)
ox
a
—w=(x—~y)cos(y—x)~sin(y-x)
ay
o w o
ox  dy
sz(x,y),x=rcoso,y=rsin0
aw  ow
— e +—-_
or axcos() 3 sin @
dw  ow R aw
—_— e - +_
30 ax( r sin 6) 3y (r cos 6)
(a) rcos@a—w=6—wrc0320+a—‘zrsin0cos0
o  ox dy
W _dw. o dw
sin 8 50 = 6x(rsm 6) ayrsmecose
w

W dw 2 .
= — + 2
o (rcos? 8 + rsin? 6)

ow .
rcos()ar smeae

ow  Ow ow |
i ar(rcose) - aBsme

dw  ow dw sin 6 .

ax o cos 6 36 r (First Formula)
rsin(?ivZ = ersin fc¢os 8 + lrsmze

or ax

ow  ow ow

—— e 3 + — 2
cos 6 20 ax( r sin g cos 6) 3y (r cos? 9)

—CONTINUED—
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61. —CONTINUED—

rsin 2 +cos03—é-=3-(rsm20+rcos26)
ow  adw ow
e i — + —
r o ™ rsin Y cos 0
Iw  ow . dw cos 0
e e — o — ——
oy or sin @ 26 - (Second Formula)

aw\?  1fow aw w ow w aw\?
—_— + i - 20 + __.._ + in2 @ + | — in2 0 —
(b) (ar) 2 ) (6x> cos? 8+ 2 ax 3y sin fcos 0 (6y> sin® 0 (ax) sin* 0

a6
2 2 2
2§lv-é£sin fcos 6 + (a—vg> cos? = (a—vz) + (ﬂ)
dy ay

62. w= axctani, x=rcosf, y=rsind

rsin 6 T T
= a:ctan(r o5 0) = arctan(tan §) = 0 for 5 < 0 < 5
aw -y ow _ X 93:0 6w=1

ax_x2+y2'5)7—x2+y2’ ar ' 30

<3_“_’)+<§g>= . ¥ -1 __2
) &) " @ Ry P
aw\? 1\/ow 1 1
o =0 + — [r—
<6r> +( >(60) 0 rz(l) r?
ow ow ow 1 2
+ n |
Therefore, (a;:) (ay> (ar) + 3 (ae>

63. leen%;l—c—%:-,andg—:= —%,x= rcos@andy = rsin 6.
3—:=%cos0+%sm0=g—;cose—%sin0
%=%(—rsin 0) +%(rcos 8 = r[%cose—%sin 0]

Therefore, 31: ’l_g;
%=%coso+g—;-sin0= —%cos@-k%sinf)
du

= ﬂ‘-(—r sin 6) + %(rcos 6 = —r[—a—ucos 9+ 21‘-sin 9]
ox By

a0 ay ox

av 1 du
Theref — = -
erefore, ar ey
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64. Note first that

du _ av X

ax  dy T2+ y?

vy

ay ox  x* + y¥
%—xz—iﬁ?coso+x2_{yzsin0=rcosza:;rsm20=%
g; x2+ 2( rsm0)+ch+ 5 (rcos 6) = rzsinzo:-zrzcoszez
%:xz:_ —cos 0+ 21 2Sin0=—rsinecosorz-f-rsinecose=0
g; x2+ (- rsm0)+;—i—y2(rcos0) rzsmecoser:rzsmt‘)cose

Section 13.6

1. S, y) = 3x — dxy + Sy

Directional Derivatives and Gradients

0

2 fuy) = -y ='-§a +3)

48i — 27j
M2, N2,
2 2 J

Vi(4,3) - u = 24f— ==

—J

- %(i +3) Vi, y) = 3x% — 3y3
Vi, y) = (3 — 4)i + (—4x + 5)j Vf(4,3) =
VF(1,2) = ~5i +j “=ﬁ
U2 PR
“V“ 2 2 Duf(4’ 3)
D,f(1,2) = V/(1,2) - u = (=5 + 3)
3. f(x’ y) = 4. f(x, y) - f
v=1i+j ‘e
Vi, y) = yi + xj
VF(2,3) = 3i + 2j Vi y) = ~i - ]
w= ¥ o ¥2 V2 VF(1,1) =i —j
M 2 2 )
u=--— =
0,123 = W23 -u=2L2 I

D, f(1,1) = Vf(1,1) ru=1

21

7
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5. gy =V +y?
v =3i~—4j

X . Y s
Vg = i+
\/x2 + y2 \/xZ + yZJ

3., 4.
Vg3, 4) = si+3i

IMi 5" 5
D,g(,4) = Vg(3,4) -u = —=
u b b 25

7. h(x,y) = e*siny
v = —i

Vh = e*sinyi + e* cos yj

9. flx,y,2=xy+yz+az
v=2i+j—k
Vi y, ) =(y +2i + (x + 2j + (x + y)k
VF(,1,1) = 2i + 2§ + 2k

26

D, f(1,1.1) = VAL, 1, 1) -u ==

11.  hlx,y,7) = xarctan yz
v=1{(1,2-1)

. Xz . Xy
- +
Vh(x,y,7) = arctan yzi + 77 G T T ()’Z)zk
T, .
Vh(4, 1, 1) = Zl + 2] + 2k
M\ V8 V6

m+8 (m+8)/6
4./6 24

D h(4,1,1) = Vh(4,1,1) - u =

6. glx,y) = arccosxy,v =1 + 5j
—y —x

\Y X, = i+ .
Ve I
w=Y oLy 3
M V26 26
-5 —-5V26
D, 1, 0 = V 1, . = —— =
8. h(x, y) = o~ (¥*+y%)
v=i+]j
Vh = —‘2xe’(x2+y2)i - 2ye—(xz+yz)j
VA(0,0) = 0
D, h(0,0) = VK(0,0) -u =0
10. f(x’ ¥, Z) = x2 4 )’2 + Zz

v=1i-2j+3k
Vf = 2xi + 2yj + 27k
VF(1,2, —1) = 2i + 4j — 2k

v 3

U= = j + k

1 2
M- 7 7

D, f(1,2,-1) = Vf(1,2, = 1) -u = _gm

12.  hix,y,2) = xyz
v=1(2,12)
Vh = yzi + xzj + xyk
VA(2,1,1) =i+ 2j + 2k

DH2.1,1) = Vh2,1,1) - u =3
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= x2 4+ 32 D
13. fr,y) =x+y 14. f(x,y) Ty
1 1
u:————i-}-———‘ 3. 1-
a2 A w=Li L
Vf = 2xi + 2yj

2,2 e
Duf=Vf'u=———x+—y=\/§(x+y) X ¥ X Y.

R Dy f=Vfru= - _x
v 2 + 3 2(x + ¥
1
= ee— +
2(x+y)2(ﬁy x)
15. f(x, y) = sin(2x — y) 16. g(x,y) = xe”
1, L
BET T 2! T
Vf = 2 cos(2x — y)i — cos(2x — y)j Vg = e’ + xe’j
‘ y
D,f=Vf-u=cos(2x — y) + —‘2/—5 cos{2x — y) Dg = —-21-ey + —\{;}-xey = %(ﬁx - 1)
= <2 +2‘/§> cos(2x — y)
17. flx,y) = x* + 4y? 18. f(x,y) = cos(x + y)
v=—2i-2j _—_—
Y = El A |
Vf = 2xi + 8yj
- ] ! Vf = —sin(x + )i — sin(x + y)j
i R ey 2
5 M 5 5
Dyf=——zx——=y=—J2x+ 4) ‘
V2 V2 D,f= “—l-sin(x+y)+—-2—sin(x+y)
AtP=(3,1), D,f= —7/2. V5 /5
= —\}—gsin(x +y) = gsin(x +y)
At (0, ), D f= 0.
19. (x,y,z) =In(x + y + 2) 20. g(x, y,2) = xye*
v=3i+3j+k V=2 — 4

Vg = yeri + xe’j + xye’k
b= +1+ G+j+K g = ye*i + xe*j + xye
rryTz At(2,4,0), Vg = 4i + 2j + 8k.

At(1,0,0), Vh=i+j+ k. v 1 2
u= = e - 2
u=t =L Gi+3j+K M55
M 19 i 4 g
D = V U= —r— = ——— = ————
Dyh=Vh-u=—— =122 ug = Y8 NN AN
N Ji9 19
21, fl,y)=3x—5y2+ 10 22, glx,y) = 2xev/*
VF(x,) = 3i - 10y Velx, y) = ( e 2ey/">i T 2075
X

V£(2,1) = 3i — 10j Vg(2,0) = 2i + 2j
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23, z = cos(x? + y?) 24. z = In(x2 — y)
= — . 2\ . 2\ s
Vzlx, y) 2xsin(x® + yd)i — 2y sin(x? + y?)j Valx, y) = x22—x yi -3 1_ j
Vz(3, —4) = —6sin 251 + 8sin 25 ~ 0.7941i — 1.0588] Y

VZ(2,3) = 4 — j
25, w = 3x%y — Syz + 2?
Vw(x,y,2) = 6xyi + (32 = 52)j + (2z — 5y)k
ww(l, 1, -2) = 6i + 13j — 9k
26. w=xtan(y + 2)
Vw(x,y,z) = tan(y + 2)i + xsecHy + 2)j + xsec(y + 2k
Vw(4,3, —1) = tan 2i + 4 sec22j + 4sec?2k
27 F§—2i+4'u—Li+i' 28 @=—zi+7°u=——2—i+i'
. i} \/5 \/5-] g Js \/5—?; \/ﬁj
Velx,y) = 2xi + 2yj, Vg(l1,2) = 2i + 4j Vf(x, y) = 6xi — 2y, Vf(3, 1) = 18i — 2j
2 8 10 36 14 50 5053
De=Vg-u=—-—=+—=—-—==2/3 D f=Vf-u=— - =— = - ,
N VAV V5 A R S 53
29, PO = 2i+ju=-2i+ L 0. PO = T4 miu= -+ 25
QlluﬁlﬁJ Q?muﬁlﬁJ
Vf(x,y) = —e *cos yi — e *sin yj Vf(x,y) = 2 cos 2x cos yi — sin 2x sin yj
V0,00 = -i V£(0,0) = 2i
2 2.5 2 25
D f=Vfou= ——= = 22 D f=Vfou=— =22
uf fu 75 5 i f-u NG 5

- 3L h(x,y) = xtany
Vh(x, y) = tan yi + x sec? yj

T . .
Vh(2, Z) =i+ 4j

[<+3)] - /7

32. h(x,y) = ycos(x — y)
Vh(x,y) = —ysin(x — y)i + [cos(x — y) + ysin(x — y)]j

Vh(O, 7—’) LA (3 = ﬁ”)i

3 6 6

Vh(O 1_r) _ \/glr_z L 9-6/n+3n?_ /32 —2.Bm+3)
'3 36 36 6
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33. g(x,)’) = In \3/_X‘2 -+ y2 = %ln(xz + yl)

2> o 2y
Vet ) = 3| it + 72|
2. 4\_2. ..
Vg(I,Z) = E(El + 5]) =13 G+ 21)
25
”Vg(l, 2)” = TS"

3B, farnd=JE+y ¥ 2

l . .
Vf(X,y, Z) = *?;\/_'*_m(xl + y) + Zk)

V£(1,4,2) = —lz—l-(i + 4§ + 2K)

=
[VF(1, 4,2)] = 1

37. flx, v, 2) = xe¥
Vi(x, y,z) = i + xze” j + xyerk
VF(2,0, —4) =i — 8j
Ivf2,0, —4)| = V65

34. glx,y) = ye @
Veglx,y) = —2xye i + e~ ¥j
Vg(0,5) = j
Ve, 5)| = 1

1
36. =
T Aoz
1

Vw = (W)g,(xi +yj + k)

Vw(0,0,0) = 0
Vw(0,0,0)] = 0
38. w= xyzz2

Vw = y222% + 2xyz%j + 2xyk
Vw(2,1,1) =i+ 4f + 4k
Vw2, 1,1)] = /33

Statie s g ~ 5 and D, f(x,y) = '(1) cos 6 — (1) sin 6.

2

x_X
3 2

39' f(x’y) = 3 -

o =34 - (52

:2+3J§
12

o= (04

=3—2\/5
12

3 2

o 0t (42532

Duf_—vf u
- _(i)_l_ _ (1)_1_ __52
3//2 \2/ /2 12
(b v=—3i-4j
Ivl=+9+16 =
3, 4,
u'——g]——gj
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43. (a) v=-3i+4j
Ml =S +16=5
3. 4,
u—-—5|+5_]
1 2 1
D f=Vfru=z-%=-3

4. Vf=—3i- 3]

3
/R P
A~ e AW

b v=i+3j

Ml = /10
SR SR I
Jio' /1o’
—11 11./10
D,f=Vf-u= = -
wf=Vf T 0
1.1 1
a5, |Vfl = 9+Z—6JT§

Therefore, u = (1/ J13 )(3i — 2§) and D, f(3,2) = Vf - u = 0. Vf is the direction of greatest rate of change of f.
Hence, in a direction orthogonal to Vf, the rate of change of f is 0.

For Exercises 4750, f(x,y) = 9 — x> — y>and D, f(x,y) = —2x cos 8 — 2y sin § = —2(x cos 8 + y sin 0).

47, flx,y) =9 — x* ~ y?

49. Vf(1,2) = —2i — 4
IVF(1,2)] = V& + 16 = /20 = 2/5

51. (a) In the direction of the vector —4i + j
1 N .
(b) Vf= E(Zx - 3y)i + 10( 3x + 29)j
1 S PRV T
V/(1,2) = (-4 + 3505 = ~Zi + 15
(Same direction as in part (a))

(c) —Vf= —§1 - l_l()j’ the direction opposite that of
the gradient

48. (a) D_,/, f(1,2) = —2(%5- - Ji) =2

® D, f(1,2) = —2(—;- + ﬁ) = —(1 +23)

50. VF(1,2) = —2i — 4j

VFAL2) L.
Rl - AT
Therefore,

u=(1/V/5)(~2i + j) and
D, f(1,2) = Vf(1,2) - u = 0.

52. (a) In the direction of the vectori + j

1 1 .. 1 y ., 1 ~.
b) Vf=cy——=i+ =Jxj= ——=i+35/x
OW=m T E T

1, 1,
(Same direction as in part (a))

(c) —Vf= —%i - -;— j, the direction opposite that of
the gradient
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53. flx,y) =22 —y2, (4, -3,7)

@ i (b) D, f(x,y) = Vf(x,y) - u = 2xcos § — 2ysin 0
D, f(4,—3) =8cos 6 + 6sin 6
x Dof

el
Qe
Wy

¥ 3
(\ t /: =0
x 2%
—44 )
g4 \/

NI

Generated by Mathematica

(¢) Zeros: 6=~ 221,536
These are the angles @ for which D, f(4, 3) equals zero.
(d) g(8) = D, f(4,~3) = 8 cos 6 + 6sin

g'(6) = —8sin @ + 6 cos 0
Critical numbers: 6 ~ (.64, 3.79
These are the angles for which D, f(4, —3) is a maximum (0.64) and minimum (3.79).

© [IVF (4, =3)| = [2(4)i — 2(-3)j| = /64 + 36 = 10, the maximum value y
of D, £(4, —3), at 6 ~ 0.64. 4

) fey)=x2-y=
Vf(4, —3) = 8i + 6f is perpendicular to the level curve at 4, -3).

FS
s
t

n
}
T

—24

—44

~64
Generated by Mathematica

_ 8y B __—léxy . 8+ 82— 8y,
M@ o) ==t OV =Tt T

= 4dy=1+x2+y?
4=y -~y +4+x2+1
(y—22+ax2=3
Circle: center: (0, 2), radius: /3

vF(v/3.2) = "fi

(c) The directional derivative of S is 0 in the directions =j. (d)

55. fl,y) =22 + y? 56. f(x,y) =6 — 2x — 3y
c=125 P=(3,4) c=6, P=(0,0)
VG, y) = 2xi + 2yj Vix, y) = —2i — 3j
X2+ y2 =25 6-2x—3y=6
Vf(3,4) = 6i + 8j 0=2x+ 3y

VF(0,0) = —2i — 3
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5. fw)) = 75 58. flx,) =
1 c==3P=(-13)
c=% P=(1,1) Vf(x,y) = yi+ xj
2 2 xy = -3
Vflxy) = (iz " yxz)zi - (xzixyyz)zj VA(-1,3) = 3i - ]
x _1
24y 2

2+y-2x=0

VAL 1) = =35

59. 42 —y=6 , 60. 332 — 2y2 = 1 y
f(x’ }’) = 45 — y 27 f(x, y) =32 - 2y2 1+
Vf(x,y) = 8 — ol Vf(x,y) = 6 — 4yj
V£(2, 10) = 16i — § 1 Vi1, 1) = 6i — 4 - i
V£(2, 10) 1 .. + VALY 1 it
2 = 1 — = __(31 -2 )
wrGo] - oo Y e ALl B D
V257, .. . | = Y13
= W(IGI - i 13 (i - 2j)
61. 922 + 4y? = 40 62. xe» ~y =35 y
fly) =927 + 42 [ y) =xe” =y 61
Vi(x,y) = 18x + 8yj Vi, y) =i+ xe? = 1)j 4]
V@, —1) = 36i - 8 * T VF(5,0) =i+ 4 21
vFe, -1 . V65,0 __1 G + 4j) — .
Ve -1~ /&5 98 - 2)) v, 0~ /17 4 46
NP ST,
= g5 %i - 2j) =5 G+ 4
63. T = —>—
T=21y 64. hl(x,y) = 5000 — 0.001x2 — 0.004y?
vr y2— a2, 2y ., Vh = —0.002xi — 0.008yj
@@ +y @+ y)? VA(500,300) = —i ~ 2.4j or
PR U S T 5Vh = ~(5i + 12§)
VI, 4) = G551~ st = s 1 24)
65. See the definition, page 932. 66. The directional derivative gives the slope of a surface at a
point in an arbitrary direction u = cos 0i + sin 0j.
67. Let f(x, y) be a function of two variables and 68. See the definition, pages 934 and 935,
u = cos 6i + sin 6j a unit vector.
- _of
(a) If 6 =0°thenD, f pw
(b) If § = 90°, then D, f = g—f;
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70. The gradient vector is normal to
the level curves.

See Theorem 13.12.

72. The wind speed is greatest at B.

73. T(x,y) = 400 — 222 — 32, P = (10, 10) 74. T(x,y) = 100 — 2 — 2y?, P =(4,3)
ax & _ & _ [
- dr L PP i Y
x(t) = Cye=* W) = Cpe= xf) = Cre™% yWo) = Cre
10 = x(0) = C, 10 = ¥(0) = C, 4 =x(0) = ¢, 3=y(0)=c,
x(t) = 10e~ % ¥t) = 10e~% xt) = de~2 ¥) =34
- )ﬁ 2(4) = —4t 3_x_3 = oM — = -—3— 2
) =70 YHt) = 100e Tk y = u T
¥2 = 10x

(b) The graph of —D = —250 — 30x2 — 50 sin(7y/2)
would model the ocean floor.

75. (a)

(¢) D(1,0.5) = 250 + 30(1) + 50 sin%* 3154 ft (d) %? = 60x and %g(l, 0.5) = 60

aD my 9D T . vry).
=0 = —_— i — = . — + A
(e) 3 257 cos ) and P (1,0.5) = 257 cos n 55.5 (f) VD = 60xi 257rcos( > )

VD(1,0.5) = 60i + 55.5j

(b) VT(x,y) = 400e*(“'2’Ly)/z[(*x)i - %J]
VI(3,5) = 400e~7-3i — 4]

There will be no change in directions perpendicular to the
gradient: +(i — 6j)

76. (a)

(c) The greatest increase is in the direction of the gradient:
~3i - 3j
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71.

80.

True 78. False ‘ 79. True
D, fx,y) = V2 > 1 when

my, AT
u= (cos 4)1 + (sm 4)1.

2
True 81. Let f(x,y,z) = e*cosy + % + C. Then
Vf(x,y,z) = e*cos yi — e*sinyj + zk.

Section 13.7  Tangent Planes and Normal Lines

1.

3.

5.

7.

9.

F(x,y,2) =3x— 5y +3z—-15=0 2 Fl,y,9=x2+y?+722—-25=0
3x — Sy + 3z = 15 Plane R4y +2=25
Sphere, radius 5, centered at origin.
Flx,y,2) = 42 + 92— 42 =0 4, Flx,y,z) = 16x2 — 9y? + 144z =0
4x2 + 9y? = 4z% Elliptic cone 16x2 — 9y? + 144z = 0 Hyperbolic paraboloid
Flx,y,2) =x+y+z—4 6. Flx,yg=x2+y*+22-11
VF=i+j+k VF(x,y,z) = 2x + 2yj + 2Zk
VF(3,1,1) = 6i + 2j + 2k
n=———VF =—1—(i+j+k) ( ) ]
” Fl /3" VF 1 (6 + 2§ + 2K)
‘ n = —— = —=(6i
B N S
= =(i+j+k)
’ =—l—(3i+'4rk)=——'“(3i+j+k)
J11 ! 11
F(x,y,2) = /3 +y* — 2 8. Flxy2=x—z
VF(x,y,2) = JPx 51+ ﬁxzy i~k VF(y,2) = 351 ~ K i
ty ty VF(2,1,8) = 12i ~ k j
3, 4 ;
VF(3,4,5) =2i+2j— k VF 1,
5 5 n=——=-—=(12i — k
IVF \/145( )
VF 5 (3. 4, )
no VE 5 (3, 40 AT,
IVF| 5./2\5 5] = —175—(12' - k)
1
= ——(3i + 4j - 5k
5\/5( j )
NI
= — -+ i —
o (i + 4§ = 5K)
Flx,y,2) = x»* — z 10. Fl,y,) =22 +3y+22-9
VF(x, y, z) = 204 + &%) — k VF(x,y,2) = 2x + 3j + 32%k
VF(1,2,16) = 32i + 32j — k VF(2,—1,2) = 4 + 3j + 12k
VF 1 VF 1
D= = 320+ 32— k n= e = —(4 + 3j + 12k
VF] - J20% =k TR = 130 k)
2049

= 01 (32i + 32j ~ k)




Section 13.7 Tangent Planes and Normal Lines

215

1. F(ryz) = m(y—f—z) =Inx - In(y ~ 2)

1

12. F(x,y,z) = ze*~ > - 3
VE(x, y,2) = 2xze” i — 2pz¢¥ =7 + 2~k

VF(xy,z) f= =i 72X VF(2,2,3) = 12i ~ 12 + k
VF(1,4,3)=i—.i+k =—Vf—=i(12i—12j+k)
oF IVFl - 17
i—j+k
"R 750
=£(i—j+k)
3
13.  Flgy,z)=-xsiny +z—4 14. Flx,y,z) = sin(x ~y) —z -2

VF(x,y,2) = —sinyi — xcosyj + k

VF(x,y,2) = cos(x — y)i — cos(x ~ y)j — k

VF(6,§,7)=—%i-—3\/§j+k VF(%T,-;—T, ~%)=‘/T§i—‘—§j—k
- VE _ 2 (1. . . - VE _ 2 (V3 V3L
7 113( 2! 3‘@”1‘) Nz m(zi 29 ")
=—:—13(—i—6ﬁj+2k) =7_—(f1—f1—2k)
=T};—3(—i—6\/§j+2k) =£O(fl—fj—2k)

15' f(x,)’) = 25 - x2 _)’2, (3’ 1; 15)
F(x,y,z)=25~xz?y2~z

Fx,y,2) = —2x Fx,y,z) = — Flx,y,2) = -1
F(3,1,15) = -6 F(3,1,15) = -2 F3,1,15) = —
—6x—3)-20y- 1)~ (z— 15) =

‘ 0=6x+2y+z—35
6x + 2y + z=135
=2
16' f(x, }’) - x: (17 2) 2)
=7 _
Flx,y,2) = -
Flyz)=~% Fy(x,y,2) =~ Ffxy,2)=~1
F(1,2,2) = -2 F(1,2,2) =1 Ff1,2,2) = —1

“2x-D+(y-2)-(z-2 =0
—2x+y—-z+2=0
x—y+z=2
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1. fy) = JETABG4S)
Flx,y,2) = /32 +y* —z

= Y = -
Fxy.2) = —== = Ffx,y,2 = ~1

4
5

X
e d = 7S

F3,4,5) = % F,(3,4,5) = F3,4,5 = —1

2=+ 2= 9 --5=0
3x—-3)+4y—4)-5:z-5=0

3x+4y—-5z=0

18.  g(x,y) = arctan f (1,0,0)

Glx,y,2) = arctani -z

— (/%) -y

Glind =R =T GG T Ea s Gend =
G(1,0,0)=0 Gy(l,O, 0)=1 G(1,0, 0)=—1
y—2z=0

19. glx,y) =2 -y% (5,4,9)
G(x,y,2) =x2 —y* — 2
G(x,y,2) = 2x Gx 2 = —2 G2 = —1
G,(54,9) =10 Gy(5, 4,9) = ~-8 G549 = -1

10x—5) -8y -4 —-(z-9=0
10x—8 —2z=9

20, flry)=2-3x-y G -1L1
Flx,y,2) =2 —3x—y—z
F(xy, 2 = -3, Fx,y,2) = -1, Fx,y2 = -1
-3 -G+ D)-G-1=0
—%x—y—z+2=0
2+ 3y +32=6

21. 7= eXsiny + 1), (o, 75’ 2)
F(x,y,2) = eX(siny + 1) —z
F(x,y,2) = eXsiny + 1) F/(x,y,2) = e*cosy Flx,y,2)=—1
w a o
Fx<0, E’ 2) =72 Fy<0, 5, 2) =0 FZ<O, a—, 2) = —1

2x—z=—2
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22 z=x* -2y +y%,(1,2,1)
Flx,y,2) =x* - 2xy + y2 — 2

Flx,y,z)=2x—2y Ffx,y,2) = ~2x + 2y

Ffx,y,2) = -1

F(1,2,1)= -2 F(1,2,1) =2 F(1,2,1) = —1
“2-1D+200-2)-(z-1)=0
—-2x+2y~-z—-1=0
X —2y+z=—1

23. hxy) =l +5% (3,4,1n5)
H(x,y,z)=ln\/x2+y2—z='21-1n(x2+y2)—z
- - -
Hx(X,y, Z) = 2+ y2 Hy(xrya Z) = m Hz(x»}’, Z) =-1

H(341n5) = = H,(3,4,1n5) = = H(3,4,1n5) = ~ 1

%G =+t~ -5 =0
3x~3)+4(y — 4~ 25(z -~ In5) =0

3x + 4y — 25z = 25(1 — In3)

24, h(x,y) = cosy, (5’;’3@)

H(x,y,z) = cosy — z

H(x,y,2) =0 H(x,y,z) = —siny Hix,y,2) = ~1

A .72\ /2 7 2\
Hx<5,4, 2)-0 Hy<5,4, 2>— HZ(5,4, 2)- 1

42y + 8z = /2w + 4)

25 2+ 2+ 2 =136, (2,-2,4)
Flx,y,2) = x* + 4y + 32 - 36
Fx,y,2) = 2x Fyfx,y,2) = 8y
F2,-2,4=4 Fy(2, -2,4) = —16
4x—2)~16(y +2) + 8z~ 4) =0

-2 -4y+2)+2z—-4) =0

Fxy, 7) =2z
F(2,-2,4) =8

x— 4y + 2z =18
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26. 2 + 222 =3 (1,3,-2)
Flx,y,2) =22 —y* + 22
Flx,y,2) = 2x Flx,»2=~2 Fx, 2 =4
F(1,3,-2)=2 Fy(1,3,—2) = —6 F[(1,3, -2) = ~8
2Ax—1)~6(y—3)—8z+2)=0
G=1)-3y=-3)-4z+2=0
x—3y—4z=0

Mo+ =4 (2,1,-2)
Fx,y,2) =0 +3x— 72— 4

Fx,y,2) =y +3 F/(x,y,2) = 2xy Fix,y,2) = —2z
F(2,1,-2)=4 Fy(2, 1,-2)=4 Ff2,1,-2) =4
x—2)+Hy—-1)+4z+2)=0

x+y+z=1

28, x = y(2z — 3),(4,4,2)
F(x,y,z) = x — 2yz + 3y
Flay.2 =1 Fx,y,2) =2z +3 Fx,y,2) = ~2y
F(4,42) =1 F,(4,4,2) = —1 F(4,42)= -8
x—4-1y—4-8z-2)=0
x—y—8=—16

-x+y+8 =16

29. X2+ ¥+ 2=9, (1,2,4)
Flx,y,2) =x2+y+2z-9
Fx,y,2) = 2x F(x,y,2) =2y Ffx,y,2) =1
F(1,2,4) =2 F(1,2,4) =4 Ff1,2,4) =1
Direction numbers: 2, 4, 1
Plane: 2(x — ) + 4y —2) + (z—4) =0, 2x + &y + z =14

x°-1=y—2=z—4
2 4 1

Line:

30. 2+ +22=9, (1,2,2)
Floy,g=x+y +7-9
Flx,y,2) = 2 F(x,y,2) =2y Flxy,2) =2z
F1,2,2) =2 F,(1,2,2) =4 F(1,2,2) =4
Direction numbers: 1,2,2
Plane: (x = 1) +2(y —=2)+2(z~-2)=0,x+ 2y + 2z =9

x—lzy—Z___z—Z
1 2 2

Line:
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31.

32.

33.

xw—2=0(-2,-36)
Fl,y,z) =xy -z

Flx,y2) =y Fyxy,2) = x Fx 2 = -1
F(-2,-3,6) = -3 F(=2,-3,6) = -2 F(-2,-3,6) = ~1

Direction numbers: 3,2, 1
Plane: 3(x+2)+2(y+3)+(z—6)=0, Ix+2+z=-6
x+2=y+3=z—6

3 2 1

Line:

2=y +72=0, (5, 13, —12)

Fx,y,2) =x2 —y2 + 22

Fx,y,7) = 2x Fx,y,2) = ~-2y Ffx,y,z) =2z
F(5,13,-12) =10 F,(5,13, ~12) = —26 Flx,y,z) = —24

Direction numbers: 5, —13, — 2

x=5_y-13_z+12

Plane Line: 5 13
5(x = 5) ~ 13(y — 13) ~ 12(z + 12)=0
Sx~ 13y — 12z =0

z= arctanx, (1, 1,—7—T>
X 4

F(x,y,z)=arctan%—z

Fx,y,2) = 52 Fxy,2) = 52— Flx,y,z) = ~1
xr Y, +y2 b s x2+y2 FANEIn4)

F(ll-’f):—l F<11’—7)=l F(113)=—1
x ;a4 2 ¥ ),4 2 z v94

Direction numbers: 1, —1, 2

Plane: (x—-1)—(y—1)+2(z—%)=0,x—y+2z=-2ﬂ:

Line:x—lzy—1=z—§7r/4)

1 -1

. X)’Z = 10» (1$2$ 5)

F(x,y,2) = xyz = 10

Flx,y,2) =yz Fy(xy,2) = xz Fx,y,2) = xy
F(1,2,5) =10 Fy(l,2, 5)=5 F[(1,2,5) =2
Direction numbers: 10, 5, 2

Plane: 10(x — 1) + 5(y — 2) + 2(z — 5)=0, 10x + 5y + 2z = 30

x—1=y—2=z—5
10 5 2

Line:

-12
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Ay 2<x<20<y<3

35, z = flx,y) = m, =

4xy

(a) Let Flx,y,2) = [EEECE

Z

4 (¥ +1 -7,

4 2+ 1 -24°
VF(x, y,2) = 5> & )

y2+1\ (x® + 1)2 o

L e
i@ T

VF(1,1,1) = ~k

41\ (P + 1)

a1-y) .
ey

Direction numbers: 0,0, —1
Line: x=1,y=1,z=1~1¢
Tangent plane: O(x — 1) + 0(y = 1) =1z = 1) =0 = z

—4(-3), 6

4 I k) U P
(b) VF<—1,2,—§) =0i + 2GR 3 25 Tk

—o—t

Line:x=—1,y=2+—6*t,z= 5

25

Plane: 0(x+l)+—6—(y—2)—l(z+i>=0
25 5

6y — 12 -25—-20=20

6y — 25z —32=0

36. (a) f(x,y)=§—ui—y, ~3<x<30<y<2r
siny

Let F(x, y, z) ==z

—siny, , cosy,
VF(x,y,z)Z—‘xz—yl-i-—x—yj—k

a1 1.
VF<2, 2,2> = —41 k

Direction numbers: —1, 0,—1 or 1,0,4

4
a
= +

3 4t

ST

Line: x=2+¢ y=-7,2~

Tangent plane: 1(x —2) + 0

N

2373\ _9.,
(b)VF( 3’2’2)”4' e

Direction numbers: %, 0,—-1 or 9,0,—4
37

2
Line: x= =+ 9, y=-",2=

3 ) — 4

k

(d) At (1, 1, 1), the tangent plane is paraliel to the xy-plane,
implying that the surface is level there. At (— 1,2, —%),
the function does not change in the x-direction.

T 1
- =1+ —-=|= + 47— 4=
¥ 2) 4(2 2) 0= x+4-4=0

Tangent plane: 9<x+ Z) + O( —3—7T> - 4(2 - é) =0= 9x—4z+12=0

3 2 2

~CONTINUED—
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36. —CONTINUED—

(d) At both points the function does not change in the
y-direction.

37. See the definition on page 944.

38‘ Fx(xo’ yO» ZO)(x - xo) + Fy(xo’ }’o, ZO)(y - yO) + Fz(xo’ )’o» %)(Z - ZO) = 0
(Theorem 13.13)

39. For a sphere, the common object is the center of the 40. Answers will vary.
sphere. For a right circular cylinder, the common object is
the axis of the cylinder.
N, Flryz)=x+)y -5 Gl,y,2) =x—z
VF(x,y,z) = 2xi + 2yj VG(x,y,2) =i—-k
VF(2,1,2) = 4i + 2 VG(2,1,2) =i-k
) i ok
(@ VFx VG = |4 2 O=-2i+4j-—2k=—2(i—2j+k)
1 0 -1

Direction numbers: 1, -2, 1. x; 2 = y:zl =2 I B

|VF - VG| 4 2 /10
b) cos 6 = = = = ; not orthogonal
® IVFTIvGl ~ 73672~ Vo~ 5 g
42, Flx,y,2) =x* +y* — ¢ Glx,y,2)=4—-y—z
VF(x,y,2) = 2xi + 2yj — k VG(x,y,2) = —j — k

VF(2,—1,5) = 4i — 2j — k VG(2,-1,5) = —j - k

i j Kk
@ VFxVG=1|4 -2 ~1|=i+4j- 4k

0 -1 -1

et . aXx~2 y+1 z-5
Direction numbers: 1, 4, — 4. R S

:M-VG|‘ 3 __3 V4
(b) cos 8 “VFH HVGH = N = Nz =1z ; not orthogonal
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43, Flx,y,7)=x*+22—25 Glx,y,0=y*+22-25
VF = 2xi + 2zk ' VG = 2yj + 22k
VF(3,3,4) = 6i + 8k VG(3,3,4) = 6§ + 8k
i i k
@ VExVG=6 0 8 =—48i- 48+ 36k =—12(4i + 4j — 3K)
0 6 8

x-=3_y-3_z2-4
4 2 3

Direction numbers: 4, 4, —3.

_ |VF-VG1* 64 16
(b) cos 6 = |IVFH ||VG|| 1010 ~ 25 not orthogonal

44, F(x,y,z)=\/x1+?—z Glx,y,2) =5x—2y +32=122

X y . o
(x,5,2) Jeip t JeT =i (x,y,2) = 5i j
VF(3’4’5)=%i+§j—k VG@3,4,5) = 5i — 2j + 3k
i j Kk
VFx VG = |35 475 —1 | = Zi - 245 - By
s —2 3| > 33

Direction numbers: 1, —17, =13

x~3=y—-4_z‘5

1 17 T 13 Tangent line
|VF - VG| _ —(8/5) _ =8
cos 6 = = = Not orthogonal
IVAlIVG] ~ V238 576 g
4. Flyg=x+y+2-6 Gy, =x—y~z
VF(x,y,2) = 2xi + 2yj + 2zk V6(x,y,2) =i —j— k
VF(2,1,1) = 4i +2j + 2k v, 1, )=i-j-k
i j K
(a) VF x VG = |4 2 2=6j—6k=6(j—k)
1 -1 -1
Direction numbers: 0,1, —1. x = 2, 1—;—1 = 3:_1_1

(b) cosf):-lll—g%”-"g—g—ﬁ = 0; orthogonal
46. F(x,y,2)=x*+y -z G{x,y,2) =x+y+ 6z—33
VF(x,y,z) =2xi + 2yj — k VGx,y,z) =i+]+ 6k
VF(1,2,5) =2+ 4j — k vG(1,2,5) =i+ j+ 6k
ik
(a) VF x VG =2 4 —1| =251~ 13- 2k
1 1 6

x—1=y—2=z—5
25 —-13 -2

Direction numbers: 25, —13, —2.

VF - VG

b 0=
() cos 6 = g AT Iva]

= (; orthogonal
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47.f(x,y)=6—xz—§, g y) =2 +y

(@ F(x,y,z)=z+x2+§—6 Gy =z-2x~-y
VE(x,y,2) = 2xi + -;—y_] +k VG(x,y,2) = -2~ j+ k
VF(1,2,4) =2i + j + k VG(1,2,4)=~2i—j+k
The cross product of these gradients is parallel to the curve of intersection,

i Jj k
VF(1,2,4) x VG(1,2,4) = | 2 1 1] = 2i — 4j
-2 -1 1

Using direction numbers 1, —2, O,youget x=1+7¢ y=2— 2t, 7 = 4,

VF-VG _—4-1+1 -4

COSNANG T e 6 = 0~ KT

®

. 4. (@) f(x,y) = V16 =2 =y + 2x — 4y
) ¥

g(&)’)=—2—x/1 = 3x% + 32 + 6x + 4y

(b) fxy) = glx, y)

[P

/

A
W

16—x2-y2+2x—-4)3=%(1-3x2+y2+6x+4y)

32-2x2—2y2+4x~8y=1—3x2+y2+6x+4y
x =2+ 31 = 32 + 12y
02— 2x+1) +42 =302+ 4y + 4)
(x = 1)2 + 42 = 3(y + 2)2
To find points of intersection, let x = 1. Then

3y +2)2 =42
(y+2)2=14
=-2+ /T4

Vf(l -2+ J_) = —2j, Vg(l -2+ J_) (l/f) Thenormalstofandgatthlspomtare—\/_J — k and
(1 /N2 )_] ~ k, which are orthogonal.

Similarly, Vf(l -2 - \/—) V2jand Vg(l -2 - \/—Z) = (——I/ﬁ)j and the normals are +/2j — k and
(-1/v2 )i = k, which are also orthogonal. ’

(c) No, showing that the surfaces are orthogonal at 2 points does not imply that they are orthogonal at every point of
intersection.
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49. Flx,y,2) =32 + 2y* —z— 15, (2,2,%) 50. F(x,y,2) = 2xy — 2%,(2,2,2)
VF(x,y,2) = 6xi + 4] — k : VF = 2yi + 2xj — 32%k
VF(2,2,5) = 12i + 8§ — k VF(2,2,2) = 4i + 4) — 12k
cos0=|VF@,LS)-kj= 1 cose=|VFQ’22)l51="12l=3‘/“
IVF2,2,5)] /209 IVF2,2,2) V176 11
1 3J/11
0 = arccos ~ 86.03° # = arccos =~ 25.24°
(J%ﬁ> < 11 >
51 F(x,y,2) =¥ —y* +z (1,2,3) 52. F(x,y,2) =2 +y*—5,(2,1,3)
VF(x,y,2) = 2xi — 2yj + k VF(x,y,z) = 2 + 2yj
VF(1,2,3) =2i — 4 + k VF(2,1,3) = 4i + 2§
|VF(1,2,3) - k| 1 |VF(2,1,3) - ki
cos 6 = = cos 8 = =0
IVF(1,2,3)] 21 IVF(@2,1,3)]

0 = arccos U 77.40° 9 = arccos 0 = 90

V21
§3. Flx,y,z) =3 - —y2+ 6y —z
VF(x,y,2) = —2xi+ (=2y + 6)j — k
-2x=0,x=0
—2y+6=0y=3
7=3-02-32+6(3) =12

(0,3, 12) (vertex of paraboloid)

54. Fx,y,0) =32 +2" - 3x+4dy— 25
VF(x,y,2) = (6x — 3)i + (4y + 4)j — k
6x—3=0,x=3
4y +4=0,y=-1
=30 +2(-12 - 3() + 4-D -5=-%

¢.-1,-%)

55. T(x,y,z) = 400 — 2% — y? — 422, (4,3, 10) 56. T(x,y,2) = 100 —3x —y — 24, (2,2, 5)
@ _ @ _ dz _ _ dx _ dy _ dz _ _
a - a2 2~ 8k A prinint a- =
x(f) = Cie™* W) = Cre™® Z(t) = Cye ™ x(t) = =3t + C, y&)=—-t+C, (1) = Ce™®
x0)=C, =4 y0)=C,=3 2(0) = C; = 10 #H0)=C, =2 ¥0) = C, = 20 =C,=5

x = de” % y = 3e"¥ 7= 1078 x=-3t+2 y=—1+2 7= 5%




Section 13.7 Tangent Planes and Normal Lines 2258

2

2
57. F(x,y,z)=§+f§+%—1 58. F(x,y,z) = y—-z——l

N

b 2

2x 2x
Floyd = Floy2) ==

2y 2y
F(x,y2) = W F(x,y,2) = 7

2 —2z
Flxy2) = gz Flxy,2 = =

2x, 2y, 2z, 2x, 2y 22,

Plane: ?(x - x) + “b—z()’ ~ ¥ + “‘CT(Z —z) =0 Plane: a_zo(x T %) + b_zo(y =) - —CT(Z m%) =0

XX VoY | T Xt ¥t %P XX | Yo¥  Z2T _ X | Yzt
St A= 0 =2 =—— 4L 0 -
TR T T gttt el PR R e S B

59. F(x,y,2) = a®® + b2 — 2
Flx,y,2) = 2a%
F(x,y,z) = 2b%
F(x,y2)=~22
Plane: 2a%x,(x — x5) + 2b%yo(y — yo) — 225z ~ =0
ax0x+by0y-zoz=ax02+b2yoz—z02=0
Hence, the plane passes through the origin.

)
F(x,y,2) = x <§) z
Fxy,z) =f<x + Xf’( )
Flxy2) = xf(2><i>

Flxy 2 =~1
Tangent plane at (x,, y,, z,):

60. z =xf(

= =

N-2)=A2) -2
- f f)

[2)- 22 -0 HZo - - -z =0
62 -2 2 o) (2 2] - < ar(2) o
) -Gl -

Therefore, the plane passes through the origin (x, , z) = (0, 0, 0).

61. f(x,y) = ex» ;
£ y) = e, Sxy) = —ex
ful%y) = e, Fylxy) = ex, [ y) = —exy
@ Py(x,y) = £(0,0) + £(0, 0)x 0,0y =1+x—-y

—CONTINUED—
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61. —CONTINUED—
() Pylx,y) ~ £(0,0) + £0, 0)x + £00)y + 310, 05® + £,0, O)xy + 3£, (0, 0)y?
=1+x—y+i2—xy+3)
© Ifx=0P,0,y)=1-y+ 1y2. This is the second—degree Taylor polynomial for e™”.
Ify =0,Pyx,0)=1+x+ 12 This is the second—degree Taylor polynomial for e*.

(@
x |y | f&xy | Py | Paxy)

0 0 1 1 1

0 0.1 | 0.9048 | 0.9000 | 0.9050
0.2 | 0.1 1.1052 1.1000 | 1.1050
02 | 0.5] 0.7408 | 0.7000 | 0.7450
1 0',5 1.6487 | 1.5000 | 1.6250

62. f(x,y) = cos(x + y)

flx,y) = —sinx + y) fxy) = —sinlx + y)

fulx,y) = —cos(x + ), fy(x,y) = —cos(x + ), fo(x,y) = —cos(x + )

@) Py(x,y) = £(0,0) + £(0,0)x + £(0,0)y = 1

(b) P,(x,y) = £(0,0) + £(0,0)x + £0,0)y + 110,022 + £,(0, O)xy + 'lz‘fyy((), 0)

=1-32 -0 -3¥

(© Ifx=0,P0,y)=1— % 2. This is the second—degree Taylor polynomial for cos y.

Ify=0,P,x0) =1- 1 x2. This is the second-degree Taylor polynomial for cos x.

@T. y | fy) | Pilxy) | Paxy) © |
0o |0 |1 1 1
o |01} 09950 1 0.9950
02 | 0.1] 09553 1 0.9950
02 | 05| 0.7648 1 0.7550
1 | 05] 00707 1 —0.1250

63. Given w = F(x, y, z) where F is differentiable at
(g Yo» Z0) and VF(xp, Yo, 7) * 0,
the level surface of F at (xo, Yo, Zo) is of the form F(x, », z) = C for some constant C. Let
Glx,y,2) = Flx,y,2) — C=0.
Then VG(xy, Yo 25) = VF(xq, Yor 2o) Where VG{xo, ¥, 7o) is normal to F! (x,y,2) — C = 0at (x4, o 20)-
Therefore, VF(x,, oZo) is normal to the level surface through (%9 Yor Z0)-
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Extrema of Functions of Two Variables

64. Given z = f(x, y), then:
) Fx,y,2) =f(x,y) =z=0
VF (xoy Yo %) = f;(xoy Yoli + fy(xo, Yoli — k

[VF (o, ¥or 20) * K|
IVF G, v, 20 ]
_ -1

v o 30T + 6o v + (— 10
_ 1

VA0 ¥ + (£ yo P + 1

cos @ =

Section 13.8 Extrema of Functions of Two Variables

Lgey)=G-12+(~3220 i
Relative minimum: (1, 3, 0) s
&=2x-1)=0 = x=1 =

&=2Ay=3)=0= y=3 N

¥ 1,30 T
|
‘ 2.8(6y) =9 - (x—32~(y+22<9 G299 |
:' Relative maximum: (3, -2, 9) *;:;:;s“‘.
) 8= —2x—=3)=0= x=3

&="20+2)=0=y=—2

A fay)=VaZ+yr+121

Relative minimum: (0, 0, 1)

Check: f, = x

T =0 = x =0
Va4 oy ]
y
= =0 = y=0
STryrl g
2+1 2 +1
fu= 2

= £ = fo = X
G2+ yr+ 12y T @y 1P/27 90 7 (2 4 32 1)

At the critical point (0, 0), fo > Oandf, £, — ( [ > 0. Therefore, (0, 0, 1) is a relative minimum.

4 fy)= V25 —x-2FP—3I<5

Relative maximum: (2, 0, 5)

x—2
Check: f = — =0 = x=2
. VB - =2 -2
fo=~ Y =0=y=0
‘ Y V25— (x =2 =2
I £ = 25~ y? 25‘(}"—2)2 y(x—Z)

5= G- 2=yt

B5- G- e S T

At the critical point (2, 0), S < Oandf, £, ~ ( f)* > 0. Therefore, (2, 0, 5) is a relative maximum.

5S-G
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5.

10.

.f(x,y)=—-x2—y2+4x+8y—11=——(x-2)2-(y——4)2+9S9

f(x,y)=x2+y2+2x—6y+6=(x+1)2+(y—3)2—42—4 H

Relative minimum: (—1,3, ~4) 1

Check: f,=2x+2=0=> x=—1 -1 ,
fy=2y—6=0—-—.‘>y=3 4
fo=21y=2,f,=0 /

At the critical point (—1,3), f > Oandf, f,, — (f,)? > 0. Therefore, (-1, 3, —4) is a relative minimum.

-1,3,-4

Relative maximum: (2,4, 9)

Check: f,= —2x+4=0 = x=12
fy=—2y+8=0 = y=4
fo="2.f,="2,f,=0

At the critical point (2, 4), f, < Oand f,, f, — (f,)* > 0. Therefore, (2, 4, 9) is a relative maximum.

Cfay) =22+ 22y + Yyt 2x =3

=4+ + 2=0
f=2x+2y= 0 Solving simultaneously yields x = —1 andy = 1.
y

fa=4 [y =2, fy =2
At the critical point (—1, 1), f, > Oand f. f,, — (f,)* > 0. Therefore, (—1, 1, —4) is a relative minimum.

. f(,y) = —x* — 5y* + 10x — 30y — 62

fi= —2x+10=0
= —10y ~ 30 =0
fo= —2.f,="10,£,=0

At the critical point (5, —3), fx < Oand £ f,, ~f3>0.

]x=5,y=—3

Therefore, (5, —3, 8) is a relative maximum.

. f(x,y) = —5x2 + 4xy — y? + 16x + 10

ﬁ=ﬂm+@+m=ﬂ

fy —4x—2y =0 Solving simultaneously yields x = 8 and y = 16.
fo=—10,f,= =2 f,=4

At the critical point (8, 16), f,, < Oandf, f,, — (f,)* > 0. Therefore, (8, 16, 74) is a relative maximum.

flx,y) =22 + 6xy + 10y* — 4y + 4
fo=2+6y=0

fy=6x+20y—4=0}
fu=2 fy=20,f,=6
At the critical point (=6, 2), f, > Oand fy, f,, — (f,)* > O. Therefore, (—6,2,0) is a relative minimum.

Solving simultaneously yields x = —6andy = 2.
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11 f(x,y) = 222 + 3y2 — 45 — 12y + 13
=4 —4=4>x-1)=0Owhenx= L.
f,=6y=12=6(y ~2) = Owheny = 2.
Ja=4 £, =6, f,=0

At the critical point (1, 2), S > Oand
S oy — (f)? > 0. Therefore, (1, 2, —1) is a relative
minimum.

13 fl,y) =222 +y2 + 3

2x

= — = O X = O, = O
I+ g
- Ay
VL]
Since f(x,y) 2 3 for all (x, ), (0, 0, 3) is a relative
minimum.

15. g(x,y) = 4 — x| ~ [y|

(0, 0) is the only critical point. Since g(x, y) < 4 for all
(x,), (0, 0, 4) is a relative maximum,

- —4x
2+yr+l
Relative minimum: (1, 0, —2)

17. z

Relative maximum: (~1, 0, 2)

19. z = (32 + 4yel —+-»
Relative minimum: (0, 0, 0)
Relative maxima: (0, +1, 4)
Saddle points: {+1, 0, 1)

21. h(x,y)=x2—y2—2x—4y—-4
hy=2x—2=2(x~1)=0whenx= 1.
hy=—2y—4=—2(y+2)=0wheny=—2.
hu=2 hy =2, h, =0

12, f(x,y) = =32 =22 +3x~4y +5
fx=—6x+3=0whenx=§
5= —4y —4=0wheny = ~1.
Jouo= =6, f,=—4,f =0

At the critical point (% - 1), Jfee < Oand

Jafyy = (fo)* > 0. Therefore, (4, ~1,3) is a relative

maximum.

14. h(x,y) = (2 + y2)13 + 9

- x
b= 35 yan = O
h = »____
G TC N

Since h(x, y) = 2 for all (x, y), (0, 0, 2) is a relative
minimum.

x=0,y=0
0

16. f(x,y) = Jx +y| =2

Since f(x,y) = ~2 for all (x, y), the relative minima of f

consist of all points (x, ) satisfying x + y = 0,

18. f(x,y) = y3 — 3yx2 - 3y2 — 332 + |
Relative maximum: (0, 0, 1)
Saddle points: (0,2, —3), (+/3, -1, ~3)

20, z = e
Saddle point: (0,0, 1)

At the critical point (1, —2), o By — (B )? < 0. Therefore, (1, -2, — 1) is a saddle point.
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22. g(x,y) = 120x + 120y —xy = 22 = y?

8= 120'—y—2x=0}
g, = 120 - x—2y=0 Solving simultaneously yields x = 40 and y = 40.

8= =2, 8y = "2 8y = 1
At the critical point (40, 40), g, < Oand g, &,, — (g,)* > O. Therefore, (40, 40, 4800) is a relative maximum.

23. h(x,y) = 2 — 3xy ~ y?

h,=2x—3y=0

Solving simultaneously yields x = O andy = 0.
h, = —3x—-2y=0
he=2 h,= -2, b, = -3

At the critical point (0, 0), h b, — (h,)* < 0. Therefore, (0, 0, 0) is a saddle point.

24. glx,y) = xy
g =
* } x=0andy=0
8 =

=0, 8,=0 8,5=1
At the critical point (0, 0), g, 8,y — (85,)* < 0. Therefore, (0,0, 0) is a saddle point.

28. f(x,y)=x3—3xy+y3‘
fi=3-y=0
£ = 3=x+y) =0
fxx=6x7fyy=6yvf,\y:_3

At the critical point (0, 0), f. f,, — ( f)? < 0. Therefore, (0, 0, 0) is a saddle point. At the critical point (1,1),f, = 6 > Oand
Sk = ( f* > 0. Therefore, (1,1, — 1) is a relative minimum.

} Solving by substitution yields two critical points (0,0) and (1, 1).

26. flxy) = 2 — 3t +57) + 1

f. =2y — 22°] Solving by substitution yields 3 critical points:
£=2-2% 0,0,0,1,(-1,-1

fo= -6 f, =~ f, =2
At (0, O),fmfyy - (f)‘y)2 < 0 = (0,0, 1) saddle point.
At(1, 1), fio Sy — (fy 2> 0and £, < 0 = (1, 1,2) relative maximum.

At(—1,—1),fof, — (f > O0and £, <0 = (—1, — 1, 2) relative maximum.

27. f(x,y) = e *siny
fo= —eFsiny = 0} Since e—* > 0 for all x and sin y and cos y are never both zero for 2

fy =¢*cosy =10 given value of y, there are no critical points.
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28. flx,y) = (% ~x*+ yz)el‘f‘y2
fi=1(28 = 2xy? — 3x)el-*-» = ¢
fy=0x% = 2% +))et =27 =g
foo = (4 + 42 + 1202 — 2y2 — 3)p1 -2 -2
fy = @y — da?y? + 222 — 8y2 4 )l -5
fo = (=48 + 4ny® + 2yl 2 -7

At the critical point (0, 0), £, f,, ~ (£,)> < 0. Therefore, (0, 0, ¢/2) is a saddle point. At the critical points (0, +/2/2),
Ja < Oandf, f,, — (f,)* > 0. Therefore, (0,+2/2, /e) are relative maxima. At the critical points (++/6/2, 0), fa>0
candf, f,, - ( f,)* > 0. Therefore, (i V6/2,0, — Ve/ e) are relative minima.

} Solving yields the critical points (0, 0), (0, i—‘;—i ) <j:?, 0).

G-y e _ 02— yY2 S
29-Z—x2+y220.z—01fx—y¢0. 30. z = 2Ty 20.z=0ifx® = y2 # 0,
Relative minimum at all points (x, x),x # 0. Relative minima at all points (x, x) and (x, —x),x # 0.

3L fofy — (£ =(9)4) - 62 =0 32 fo < Oand £, £, — (£,)* = (-3)(~8) — 22 > 0
Insufficient information. Sfhas a relative maximum at (x0, ¥o).

3B fafy — ()P =(-9)6) - 10* < 0 3. fo > O0and f, £, — (£,)? = (25)(8) — 102 > 0
fhas a saddle point at (x,, y,). fhas a relative minimum at (x,, y,).

35. (a) The function fdefined on a region R containing (x,, ¥o) has a relative minimum at (o, ¥o)
if f(x,y) 2 f(xo, o) for all (x, ) in R.

(b) The function f defined on a region R containing (x» ¥o) has a relative maximum at (% Yo)
iff(xv )’) < f(xo’ yO) fOI' a]-l (xv y) lI'lR.

(¢) A saddle point is a critical point which is not a relative extremum.

(d) See definition page 953.
36. See Theorem 13.17.

No extrema Extréma at all (x, y)
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39. Saddle point 40.

i
&

Relative maximum

41. In this case, the point A will be a saddle point. The 42. A and B are relative extrema. C and D are saddle points.
function could be
foy) = xy.
a.d=f.f, = @) - f2=16—-f2>0 M.d=f,f,—f <0iff, and f,, have opposite signs.

Hence, (a, b, f(a, b)) is a saddle point. For example,

= f2<l16 = —4< < 4
i L consider f(x,y) = x* — y* and (a, b) = (0, 0).

45, fix,y) =22+ 46. f(x,y) = +y — 62 + P2 + 12x + 27y + 19
f=32=0 ' f=32—12x+12=0
L= 3y = O} Solving yields x = y = 0 5= 3y2 + 18y + 27 = 0} Solving yields x = 2and y = ~3.
fo= 6% £y =69, [, =0 fo=6x—12,f, =6y + 18,£,=0
At (0,0), f, £, — (f,,)* = 0 and the test fails. 0,0,0) At (2, =3), fio £,y — (f,)? = Oand the test fails. (1,-2,0)
is a saddle point. is a saddle point.

47. fooy) =G - DAy +42 20

f=2x- Dy +42=0
f=2x— 1)y +4=0 Solving yields the critical points (1, a) and (b, —4).
y

fa=20 + DS, =2 — D2 S, =4 — Dy + 4)
At both (1, a) and (b, —4), fix fyy = (fx),)2 = ( and the test fails.
Absolute minima: (1, a, 0) and (b, —4,0)

48. f(,y) = V- 1P+ (y+2220

_ x—1 -0
-1+ +27
y+2 Solving yieldsx = 1 and y = —2.
v e e e
o +2)° (c— 1) (x= 1Dy +2)

S G rG DT P TG R 6 DR o T - P+ 6+ O
At(l, —2), fu £y — ( f,)? is undefined and the test fails.

Absolute minimum: (1, —2,0)
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49. flx,y) = x¥3 4 y2/3 > ¢

2
Y
fyandf, a:eundeﬁnedatx=0,y=O.'Ihecriticalpointis (0, 0).
fee [T |
Y3y

2 2
g3 - p = P =0
, 93.{‘4/; f)’y 9)’%/; fx)’
At (0,0), £, Jyy = (f,)? is undefined and the test fails.

Absolute minimum: 0 at (0, 0)

50. flx,y) = (2 +y2)23 > 0

4x
ﬁr - 3(x2 + y2)1/3

- 4y
5= 3(x2 + y2)1/3

=2 4By 8y
xx 9(x2 + y2)4/3’ yy g(xz + y2)4/3’ xy 9(x2 + y2)4/3

At(0,0), £, Sy = (f,)? is undefined and the test fails.

[, and J are undefined at x = 0, y = 0. The critical point is (0, 0).

Absolute minimum: (0, 0, 0)

5L fny,2) =R+ (y =32+ (z + 1)2 > 0
fi=2x=0
=2y =3) =0 Solving yields the critical point (0, 3, —1).
=2z+1)=0

Absolute minimum: 0 at (0, 3, — 1)

52. fuy, ) =4~ [x(y — )z + ) < 4
L= m2ly - 1P+ 22 =0
=2y - Dz+22=0
fi==2x(y = 1Pz +2) = 0

Solving yields the critical points (0, a, b), (c, 1, d), (e, f. ~2).
These points are all absolute maxima.

53. f(x,y) = 12 = 3x — 2y has no critical points. Onthe liney = x + 1,0 < x < 1,
fy) =f) =12 -3x - 2x + 1) = -5x + 10

and the maximum is 10, the minimum is 5. On theliney = —2x + 4,1 < x < 2,
Gy =f) =12 - Ix—-2(-2x+ 4 =x+4
and the maximum is 6, the minimum is 5. On the line y = —%x +1,0 £ x <2,

ey =f@) =12-3x-2(~dx+ 1) = —2c + 10
and the maximum is 10, the minimum is 6.

Absolute maximum: 10 at (0, 1)
Absolute minimum: 5 at (1, 2)
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54. f(x,y) = 2x — y)* Y
fi=42x—y)=0= 2=y N
fy=—2(2x—y)=0=>2x=y | wy

Ontheliney=x+1,0<x <1,
ey =f@) =@x— &+ D)P=G-17

and the maximum is 1, the minimum is 0. Ontheliney = —%x +1,0<x<52,
floy) = £ = (2x = (~hx + ) = G2 -1

and the maximum is 16,theminimumi50.0ntheliney = -2x+4,1<x<2
Flry) = fx) = @x = (—2x + 4)F = (4x — 47

and the maximum is 16, the minimum is 0.

Absolute maximum: 16 at (2, 0)
Absolute minimum: O at (1, 2) and along the line y = 2x.

55, f(x,y) = 3a* + 2y? — 4y 4’

f=6x=0 = x=0

fy=4y—-4=0=>y=l} £0.1) = =2 st

Ontheliney =4, ~2 £ x £ 2, 2t
fl,y) =flx)=3x2+32-16= 3x2+ 16 1+

and the maximum is 28, the minimum is 16.Onthecurvey = x%, =2 < x £ 2, A e
e, y) = fx) = 3x* + 2()* — 4 = 2t — 2 = (22~ 1)

and the maximum is 28, the minimum is fé.

Absolute maximum: 28 at (+2, 4)

Absolute minimum: —2 at (0, 1)

2.4 4

56. f(x,y) = 2x — 20y +¥? ]

fi=2-2y=0 = y=1 )= N
fy=2y-2x=0=:ry=x=>x=1f(’)— \
L1 1D

Ontheliney=1,-1 s x £ 1,
foy)=fx)=2x—+1=1

Onthecurvey = %%, ~1 S x £ 1 - '
f(y) = fx) = 2x — 2x(x?) + ()P =~ 280 + 2

. . .. i
and the maximum is 1, the minimum 1S —7g.

Absolute maximum: 1 at (1,1)andony =1
Absolute minimum: —i—é— = —0.6875 at (—%, %)

57, flr,y) =@ + xp, R={xy): x| £2.pl <1} 4’
J;=2x+y=o}x:y=0 2t
f,=x=0
f(0,0)=0 : : P
Alongy=1,—2stz,f=x2+x,f'=2x+1=0=>x=—%. ‘
Thus, f(—2,1) = 2,f(-3,1) = —5and f(2, 1) = 6. Wt
Alongy=—1,—2st2,f=x2—x,f’=2x—l=0=>x=%.

Thus, f(-2, = 1) = 6,f(3, 1) = —4.f2, -1 =2.

Alongx =2,-1 €y < 1,f=4+2 = f=2+#0.

Alongx = —2,~1<ys 1 f=4-2 = f=-2%0.

Thus, the maxima are f(2, 1) = 6 and f(—2, —1) = 6 and the minima aref(—%, 1) =1 andf(i, —1) = -1
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58. f(x,y)=x2+2xy+y2,R={(x,y): [« <2,]y < 1} F
J;=2x+2y=o} : 2t
y=—x
L=2x+2y=0

S, —x)=x1— 22 +2=90

Alongy=1,-2< x5 2,
[=@ %t L =2 +2=0 = x=-1£(~2,1) = 1,A(~1,1) = 0,f2, 1) = 9. .
Alongy = -1,-2 < x £ 2,
f=x*—2x+ Lff=2x-2=0= x= 1,f(-2,—1)=9,f(1,—1)=0,f(2,~1)= 1.
Alongx=2,~1 <y < Lf=4+4y +y2f/ =2y +4%0.
Alongx= =2, -1 Sy < Lf=d~dy+ )21 =2 — 4#0.
Thus, the maxima are f(—2, — 1) = 9and (2, 1) = 9, and the minima are f(x, —x) =0, -1 < x < 1.

59. flr.y) =x*+ 2y + y2, R = {(x,y): 22 +y?2 < 8} . i
fx=2x+2y=0}y=_x
f,=2x+2y=0 2<\
fr, =0 =2 -22+ 2 =90 o o

v -4 L2 2] 4
On the boundary x> + y? = 8, we have y2 = 8 ~ xandy = +./8 — +2. Thus, 2l
=22 /8 -2+ 8- =8+ -2 _ﬂ.
16 — 42
T= (8 )T~ 242) + 2(8 — V2] = e
= 8 =)0 4 205 — ] = 2100

Then, f'= 0 implies 16 = 4x2 or x = +2.
f2,2) =f(=2,-2) = 16 and f2,-2) =f(-2,2) =0
Thus, the maxima are f(2, 2) = 16 and f(—2, —2) = 16, and the minima are f(x, —x)=0,|x] 2.

60.f(x,y)=x2—4xy+5,R={(x,y):Ost4,O_<.ys\/)_c} i

fxzzx—4y=0} ot
x=y=0 .

f;}:—z‘x:O 3+

f0,00=5 2t

Alongy = 0,0 < x < 4, f=x? + 5Sand f(4,0) = 21.

Alongx =4,0 <y < 2,f= 16 — 16y +5,f=—-16# Oand f(4,2) = ~11.
Alongy = /x,0 < x < 4f=x" =432+ 5, f = 2x — 6x1/2 £ 0 on [0, 4].
Thus, the maximum is (4, 0) = 21 and the minimum is f4,2) = —-11.

61. f(x,y)=m—i4-5%z—+_—l)~,R= {(x,y):O Sx<1,0<y<1} y

- _M-x)y - -
,ﬂ—m—o:x—lor)}—-o

o 41—y _ _
_fy—*————(xz+1)(y2+l)2==>x~00ry—l

Forx = 0,y = 0, also, and (0, 0) = 0.
Forx=1,y=17(1,1) = I.
The absolute maximum is 1 = f(1, 1).

The absolute minimum is 0 = £(0, 0). (In fact, S0,y =fx0) =0)
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= 4xy - . 2
62. f(x,y) = IO+ 1),R— {(r,y:x20,y2 0,22 +y? <1}
A=y _ _
jﬂt—————————(y2+1)(x2+])2—0=>x~1ory—Q
401 — y¥x

=0=>y=lorx=90

b= @ D0+ 17
For x = 0,y = 0, also, and f(0, 0) = 0.
Forx = 1 and y = 1, the point (1, 1) is outside R.

dx/1 = X2 NG NG

2 4 oy2= = M= 2) = . _ _ .

For x* + y 1 fx,y) f(x, 1 x) 2+x2_x4,andthemax1mumoccursatx ———2,y 5
Absolute maximum isg = f(iz—z—,{z>

The absolute minimum is 0 = £(0, 0). (In fact, f(0,y) = f(x, 0) = 0)

y

63. False 64. False
Letf(x,y) = 1 = |x| — [y]. Let fx,y) = x* — 2% + y2.
(0,0, 1) is a relative maximum, but £,(0, 0) and £,(0, 0) do Relative minima: (1,0, —1)
not exist. Saddle point: (0,0, 0)

Section 13.9  Applications of Extrema of Functions of Two Variables

1. A point on the plane is given by (x,y,12 — 2x — 3y). The 2. A point on the plane is given by (x, y,12 — 2x — 3y). The
square of the distance from the origin to this point is square of the distance from (1, 2, 3) to a point on the

S=x2+y + (12~ 2x — 3P plane is given by

o — 2 — 2 — - 2
S, = 2x + 2(12 — 2x — 3y)(~2) S=G-1P+ -2+ 0 -2
S, =2y + 2012 - 2x ~ 3)(-3). S, =2(x— 1) + 209 — 2x — 3y)(-2)

From the equations S, = 0 and S, = 0, we obtain the S = 2y =2 +20 - 2= W3

system From the equations S, = 0 and S, = 0, we obtain the
5x + 6y = 24 system
+ =
3x + 5y = 18. Skt by=19

+ 10y = 29.
Solving simultaneously, we have x = l72, y= % 6x + 10y =29

z=12 - 27—4 - -575 = %. Therefore, the distance from

(=

Solving simultaneously, we have x = 13,y =
the origin to (2, %,9) is and the distance is
/17 16 2 (31 )2 (43 )2 1
2 2 2 16 L (3 (B _ .
‘/(2> N <§> * (§> -° 714' \[<14 1> T TR B

7 7 7
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3. A point on the paraboloid is given by (x, y, x + »?). The
square of the distance from (5, 5, 0) to a point on the
paraboloid is given by

S=( =52+ (y— 52+ (2 + y2p
Se=2x—=5)+4(x+y) =0
S, =2(y — 5) + 4y(x* + y?) = 0,

From the equations S, = 0 and S, = 0, we obtain the
System

20+ 22 +x—5=0
23+ Uy +y—5=0,

Multiply the first equation by y and the second equation
by x, and subtract to obtain x = ¥. Then, we have x = 1,
y = 1,z = 2 and the distance is

J(1—5)2+(1—5)2+(2—02=6.

5. Let x, y and z be the numbers. Since x +y+2z=30,z=230

P = xyz =30xy ~ 2%y — xy?

Px=30y~2xy—y2=y(30—2x—y)20 2x +y = 30
x+ 2y =30

P,=30x - x> -2y =x(30 - x - 2y) = 0

Solving simultaneously yields x = 10,y = 10, and z = 10.

6. Sincex +y+27=32,7z=132 — x — y. Therefore,
P = xy’z = 32xy% ~ x%)? — xy?
Po=322 - 2xp2 3 =y2(32 - 2x — y) = 0

Py = 64xy — 2x%y — 3xy? = y(64x — 2x2 — 3xy) = 0.

Ignoring the solution y = 0 and substituting y = 32 — 2x
into P, = 0, we have

64x — 2x2 - 3x(32 — 2x) = 0
4x(x — 8) = 0.
Therefore, x = 8,y = 16, and 7 = 8.

Let x, y, and z be the numbers and let S = x2 + ¥ + 72
Sincex + y + z = 1, we have

o

S=x+y2+ (1 —x~y)?
Sx=2x—2(l—x-y)=0J2x+y=1
$,=2y =20l —-x—-y) =0/x+2y=1.

Solving simultaneously yields x = l, y = % and z =

L

4. A point on the paraboloid is given by (x, y, 12 + ¥?). The
square of the distance from (5,0, 0) to a point on the
paraboloid is given by

S= (= 5P+ 574 (24
S, =2x=5 +4(x2+y) =0
S, =2y + 4y(x® + y?) = 0.

From the equations S, = 0 and S, = 0, we obtain the
system

23+ 2 +x-5=0
2P+ ¥y +y=0.

Solving as in Exercise 3, we have x ~ 1.235,y = 0, »
z = 1.525 and the distance is

(1.235 — 5)2 + (1.525)2 ~ 4.06.

~x =y

7. Let x, y, and z be the numbers and let § = x2 +y? + 2
Since x + y + z = 30, we have
S=x2+y2 4+ (30 -~ x — y)2
SX=2x+2(30—x‘}’)(—1)=0}2x+y=30
S, =29 +2(30 ~x—y(-1) =0 x + 2y = 30.

Solving simultaneously yields x = 10, y = 10, and z = 10.

9. Letx, y, and z be the length, width, and height, respectively.
Then the sum of the length and girth is given by
x+(2y+22) =108 0rx = 108 — 2y — 2z. The volume
is given by

V = xyz = 108zy — 2zy? — 2yz?
Vy, =108z — 4yz — 222 = (108 — 4y — 27) = 0

y
V, = 108y — 2y — 4yz = y(108 — 2y — 4z) = 0.

Z
Solving the system 4y + 27 = 108 and 2y + 4z = 108,
we obtain the solution x = 36 inches, y = 18 inches, and
z = 18 inches.
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) C,— 15
10. Let x, y, and z be the length, width, and height, respectively. Then Co = 1.5xy + 2yz + 2xzand z = ——o-—*—xz.
e 2(x + )
The volume is given by

V= vz = Coxy — 1.5x%2
ToTE 2x + )
v = y2(2C, — 3x* — 6xy)
ST
Vo= x(2C, — 3y? — 6xy)
»T o Ax P

In solving the system V, = Oand V, = 0, we note by the symmetry of the equations thaty = x. Substituting y = x
into V, = 0 yields
2(2C, — 92

L= 0,26, = 9 x = %cho, y= % 2C,, and z = }1\/2c0.

11. Leta + b + ¢ = k. Then

__4mabc

V= 3 wablk —a — b)

Il

Wik Wid

w(kab — a*b — ab?)
4
Va=—3—(kb—2ab—b2)=0 kb — 2ab—~ > =0
4qr
V,,=—3—(ka—a2*2ab)=0 ka — a* — 2ab = 0.
Solving this system simultaneously yields ¢ = b and substitution yields b = k/3. Therefore, the solutionisa = b = ¢ = k/3.

12. Consider the sphere given by x> + y2 + 22 = r2 and let a vertex of the rectangular box be (x, y, 1t =2 — yl).
Then the volume is given by .

V= @@)2vrT =2 =) =8xySrF - 2 = y?
+y\/;2__:—x—2—':_}"2>=____8i——-—(r2_2x2_y2)=0

—-X
Ve= 8("ym

-y 8x
vV, =8 —————+xJTj7:__i =-———-———'—r2—x2—22=0.
y ("ym 4 y> m( ¥)
Solving the system

22+ yr=rt

2+ 22 =rl

yields the solution x =y = z =1/ V3.

13. Let x, y, and z be the length, width, and height, respectively and let V,, be the given volume.
Then V, = xyzand z = V,/xy. The surface area is

VO VO
S=2xy+2yz+2xz=2xy+—x—+—;
V,
Sx=2<y—x—§)=0 Xy = Vy=0

v,
Sy=2(x—;§>=0 X2 —Vy=0.

Solving simultaneously yields x = /Vo, y = 3V, andz = AV,




Section 13.9 Applications of Extrema of Functions of Two Variables 239

14. Let x, y, and z be the length, width, and height, respectively.
Then the sum of the two perimeters of the two cross sections is given by

(2x+2z) + 2y + 27) = 14dorx = 72 -y -2z
The volume is given by
V= xyz = T2yz — y% — 2yz*
Vy=T22 =22 -22 =272 -2y~ 22) = 0
Vi=T72 —y* —dyz =y(72 — y — 42) = 0.
Solving the system 2y + 2z = 72 and ¥y + 4z = 72, we obtain the solution

x = 24 inches, y = 24 inches, and z = 18 inches.

| ‘
15, A= 5[(30 — 2x) + (30 — 2x) + 2x cos @)x sin 8
= 30x sin 6 — 2x2 sin 6 + x2 sin O cos §

£—=30sin9—4xsin9+2xsin0cosﬂ=0

%%=3Ocos@—2x1cose+x2(2cosze—- )=0

From%=0wehave15—2x+xcosé)=0= cosG=2x—;—15—.

JdA .
From 90 0 we obtain

30, gx_;_g) - w(g—;—li) + x2(2(2x - 15)2 - 1) =0
30(2x ~ 15) — 20(2x — 15) + 2@x — 15) ~ 2 = 0

332~ 30x =0
x = 10.

Thencos(?z% = 4= 60°.

Let h be the height of the trough and r the length of the slanted sides. We observe that
the area of a trapezoidal cross section is given by

A=h[(w—2r)f[(;—zr)+2x]]=(w—2r+x)h

16

by

where x = rcos §and h = rsin 6. Substituting these expressions for x and k, we have
A(r, 6) = (w — 2r + rcos 6)(r sin 6) = wrsin @ ~ 2r2sin 6 + 72 sin 6 cos 6.

Now
Ar, 0) = wsin @ — 4rsin @ + 2rsin § cos § = sin 6w — 4r + 2rcos ) =0 = w = r(4 — 2 cos 6)
Aglr, 6) = wrcos 6 — 2r2cos 6 + r2 éos 26 = 0, .

Substituting the expression for w from A (r, 6) = 0 into the equation A(r, 6) = 0, we have

r(4 — 2cos 6) cos § — 2r2cos 6 + r¥2cos29—-1) =0

r}(2cos@—1) =0 or 9050=%.

Therefore, the first partial derivatives are zero when 6 = 7/3 and r = w/3. (Ignore the solution r = § = 0.) Thus, the
trapezoid of maximum area occurs when each edge of width w/3 is turned up 60° from the horizontal,
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17. R(x,, x,) = —5x% — 8x2 — 2xyx, + 42x; + 102x,
R, = —10x, — 2x, + 42 =0, 5x; + x, = 21

X1

R, = —16x, — 2x, + 102 = 0,x, + 8x, = 51

X2

Solving this system yields x; = 3 and x, = 6.

18. R = 515p, + 805p, + 1.5p,p, — L.5p¢ — pi
R,, =515+ 15p, = 3p, = 0
R, = 805 + 1.5p, — 2p, =0

3p, — 1.5p, = 515

R, =—10 Tl 2 A
1*1
Rx112 = =2 —3Pl + 4p2 = 1610
Rx2x2 = -16 T o
= 850
Ry < 0 and R,‘lle,‘Q,c2 - (Rxlxg)Z >0 P2 e
P = 3

Thus, revenue is maximized when x; = 3 and x, = 6.

19. Plx;, %) = 15(x, + 1) - €, = G,
15%, + 15x, — (0.02x2 + 4x, + 500) — (0.05x? + 4x, + 275)

il

= —0.02x2 — 0.05x? + 11x; + 11x, — 775

P, = =004, + 11 =0,x, =275
P, = —010x, + 11 =0,x, = 110
o, = —0.04
o = 0

Py, =010

P, < 0and Py, Pyo — Py, > 0

Therefore, profit is maximized when x; = 275 and x, = 110.

20. P(p, q,7) = 2pq + 2pr + 2qr.
p+q+r=1impliesthatr=1—-p —gq.
P(p.g) =2pq +2p(1 —p —q) +2¢(1 = p — q)
= 2pq + 2 — 2p* — 2pq + 29 — 2pq — 24
= —2pq-§~2‘p+2q-‘2pz—-2q2

%=—2q+2—4p;%§=—2p+2—4q
Solving%=%‘;= 0 gives

g+2p=1

pt2g=1
andhenccp=q=-;;and
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21. The distance from P to Qis /x? + 4. The distance from QtoRis /(y — x)2 + 1. The distance from R to $is 10 — y,
C=3k/*+ 4+ 2%y —22 + 1 + K10 ~ y)

_ X —(y-x) ):
.- ) Zk(m ’

y—x y—x 1
G, =2 —k=0= =
W ) 1) Vo -Er1 2
X 1
3 ——— +2k(——)=0
k<s/x2+~4> 2
—x _1
Vai+ 4 3
3x=/x?+4
9x? = x2 + 4
1
7
Y72
a2
2

Therefore, x = l;—i ~ 0707 km and y = 1‘/%—3*‘/5 ~ 1.284 kms.

2. 5=d, +d, +d, = (O-O)2+(y—0)2+\/(0—2)2+(y—2)2+x/(0+2)2+(y‘2)2
=y+2/4+ (y -2
ds 2y -2 23 _6-2.3
—=_= =

—=1+ =Owheny =2 —
dy JIT (=2 Y 3

The sum of the distance is minimized when y = 2t —3 V3 = ().845.
23. (@) S(x,y) = d, + d, + d,
B R R VR SN R Yo Y -y ey
=V +y+ (x+2)2+(y-2)2+\/(x-4)2+(y—2)2

From the graph we see that the surface has a minimum. 3
X x+ 2 x— 4
®) S(xy) = E +
Y E M R TR R vy praa
y y—2 y—2

S%3) = NN ) e R P+ (y-2p
o o oo L. 1 2\
© =V, 1) = -5, 1)i ~ 5,1, 1); Nok (ﬂ J1_0>J
) -(ya) 2
an 6 = . = 1= T2 = 0~186027

—CONTINUED—

T
6 g ey

41
%*k

rl .
x
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23, —CONTINUED—

@ Gy = (x - S.(xy, yoLy Sy(xl’ yot) = <1 - %t, 1+ (—\-/2—1_6 = T}—z)l‘)
1 2 L)) - 2/10 _2Y5,2),
1"'\7_.51,1‘*‘(—:/—1_6 ﬂ>t)—\/;+( 5 2ﬁ>t+(l 5 +5)t
+ \/;—(z‘gmwuz\/i)w(l —2‘?/_§+%>12
+ \/;—(—2—{—&—4\/5)1‘%—(1 —2—‘5)/—§+%>t2

Using a computer algebra system, we find that the minimum occurs when ¢ = 1.344. Thus, (x,, ¥,) =~ (0.05,0.90).
© (30 ys) = (g = 5,05 y2)0 2 = 8,0, 7)) ~ (0.05 + 0.037,090 = 0.261)
5(0.05 + 0.031,0.90 — 0.260) = /(0.05 + 0.031)% + (0.90 — 0.261)2 + J@2.05 + 0.037)2 + (—1.10 — 0.261)?
+ JS(=395 + 0.031)2 + (—1.10 — 0.261)?

Using a computer algebra system, we find that the minimum occurs when ¢ = 1.78. Thus (x5, ¥3) = (0.10, 0.44).
(g ya) = (x5 — S {x3 vt y3 — S, y i) =~ (0.10 — 0.09¢,0.44 — 0.011)
$(0.10 — 0.091, 0.45 — 0.019) = /(0.10 — 0.097)2 + (0.45 — 0.01)? + V(2.10 - 0.099)2 + (—1.55 — 0.012)?
+ (=390 — 0.0947 + (—1.55 — 0.0

Using a computer algebra system, we find that the minimum occurs when ¢ = 0.44. Thus, (x4 v4) =~ (0.06,0.44).
Note: The minimum occurs at (x, y) = (0.0555, 0.3992)

(f) —VS(x, y) points in the direction that S decreases most rapidly. You would use VS(x, y) for maximization problems.

24. (a)S=\/G+4)2+y2+\@—1)2+(y—6)2+JG—12)2+(y—2)2

The surface appears to have a minimum near (x,y) = (L,9).

®) 5. x+ 4 N x—1 . x - 12
T Ay JSa-1DP+ G -6F Je- 122+ (y - 27
y—6 y—2

= \/G—Jr_y“'m+ V- 1)"’+(y—6)2+ Ve =127+ (v - 20

() Let (x,,y,) = (1,5). Then
—Vs(1,5) = 0.258i + 0.03j.

Direction = 6.6°
(d) £~ 094 x, ~ 1.24 y, ~ 5.03
(e) t = 3.56, x, =~ 124,  y; =506,

t = 1.04, x, = 1.23, ¥y = 5.06

Note: Minimum occurs at (x, y) = (1.2335, 5.0694)

(f) —VS(x, ) points in the direction that S decreases most rapidly.

25. Write the equation to be maximized or minimized as a function of two variables. Set the partial derivatives
equal to zero (or undefined) to obtain the critical points. Use the Second Partials Test to test for relative extrema
using the critical points. Check the boundary points, too.
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26. See pages 962 and 963.

27. (a) . > " 28. (a) . 5 o 2
-2 0 0 4 -3 0 0 9
0 1 0 0 -1 1 -1 1
2 3 6 - 4 1 1 1 1
Exi=0 Eyi=4 zx,.y,-=6 Exi2= 3 2 6 9
- Ex,=0 2)’1‘=4 Ex,yi=6 Exi2=20'
3(6) — 0(4) 3 1 3 4
:éét%¥=}b=gp—zmﬂ=} 46) ~ 0(4) 3 1 3
ey “= 0 —(oF =15t~ 3[4~ 20| = 1.
4773 3
(mS:<‘3+§*Oy+<§_ly+<g+§—3y - 7 VL (13 N (19 )
| ® 5= (55-0)'+ (m‘l)"“(m‘l)*(ﬁ*z)
6 -1
5
29. (a) x‘ y o 2 B S=@4-49+Q2-3P2+2-12+@©0-032=
4 0 0
1 3 3 1
1 1 1 1
2 0 0 4
>x=4 >y=8 >xy =4 >x2=6
4‘52) _‘tg) = -2, b=%[8+2(4)]=4,
y=-2x+4
30. (a) x y xy x?
3 0 0 9
1 0 0 1
2 0 0 4
3 1 3 9
4 1 4 16
4 2 8 16
5 2 10 25
6 2 12 36
2x,-=28 Eyi=8 Ex,.y‘-=37 Exz 116

=867 —(28)(8) _ 72 _1

T 8(116) — (28 144 7

5= =) (o) (o] - <——1>+‘<§—1>2+<z-z>2+<z-z>2+<z~z>:;
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31. (0,0),(1,1),(3,4),(4,2),(5,5)

Ex,»=13, Ey,=12

Exiy,- = 46, inz =
5(46) — 13(12) _ 74 _ 37
5(51) — (13> 86 43

1 37 1
b= 5[12 B 43(13)] T a3

a =

31 B g
YEB* T3
(5,5)
3, 4.
o(4,2)
(LD
2 0 10
i
33. (0,6). (4,3),(5,0), (8, —4),(10, =5)
S =27, 2%=0
S xy = =70, ¥ x? =205
_5(=70) = @N(O) _ =350 _ _175
4= T5005) — (77 296 148
1 175\, ] _ 945
b= 5[0 - ( 148)(27>_ =T
175 945 5
+ QRIS

3s.

37.

S =T,y =174 Yy = 322, Y x2 =135

(0, 6)

N VTIR VT Neo
N‘gs)

—4 G0) 18

(3~‘§q(10.-5)

(a) y = 1.7236x + 79.7334
(b) 24

4100

(c) For each one-year increase in age, the pressure
changes by 1.7236 (slope of line).

(1.0, 32), (1.5, 41), (2.0, 48), (2.5, 53)

a=14,b= 19,y = 14&x + 19
When x = 1.6, y = 41.4 bushels per acre.

32. (1,0),(3,3),(5,6)
2 x =9, 2 =9
Exyi = 39, E x? =35

3(39) — 9(9) _ 36
47 335) - (9 24

13033

23
2

Il

<
i
=
1
SRR

1 —*

34. (6,4),(1,2),(3,3),(8,6),(11, 8),(13,8n=26

Sx =42 >y =31

> oxy; =275 Sxf = 400
6(275) — (42)(31) _

= T6(400) — (42)2 53 ~ 0.5472

1 29 425

b-g(?:l S 42) T 1.3365
29 45 2

YT 5T 3R >

~1 14

-1

36. (2) (1.00, 450), (1.25,375), (1.50, 330)

S x, =375, 3y, = 1155, 3, x7 = 48125,
S xy; = 141375
3(1,413.75) — (375)LISS) _ 540

@= 7738125 — (3757

b= —;—[1,155 — (—240)(3.75)] = 685

y = —240x + 685
(b) Whenx = 1.40,y = --240(1.40) + 685 = 349.
38. (a) y = 1.85x — 483

(b) For each 1 point increase in the percent (x),
y increases by about 1.85 (million).
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39. S(a,b,¢) = ¥ (3, — ax? — bx, — o)?
i=1

n n n n
a5t + b3 xP + e Jxt = Yy,

=1 =1 =1 =1

n n n n
ayx?+ by x?+ > = >xy;

= =1 = =

n n n

2 -
azxi + bElxi +cn = Eyi
=1 = =

&

S@,b) = Slax, + b -y,
i=1
S,a, b) = ZaExiz + 2b§n:xi - 2§":xiy‘,
i=1 i=1 i=1
Syla, b) = ZaEx,- + 2nb - Ziyi
=1 i=1

Seala, b) =23 x?
=1

Syla, b) = 2n

Sela, b) =2 x,
i=1

8,.(a, b) > 0as long as %; # O for all i. (Note: If x; = O for all /, then x = 0 is the least squares regression line.)

n n n n n n 2
d=38,5,—S,2= 4ny x? — 4<2xi>2 = 4[n2x,-2 - (Ex,)z} 2 Osince ny x? > (Ex,) .
= =1 =1 1 i =1

i= =1

As long as d # 0, the given values for @ and b yield a minimum.

41. (=2,0),(=1,0),(0,1),(1,2), (2,5) 42. (—-4,5), (-2,6), (2,6), (4,2)

Exi=0 8 Exi=0 8

~2,6)

¢
@.6
Eyi =8 : ~Lof F&» Z ¥, =19 4.5
1,2 “2
\ [o R

Sx2 =10 B e Sowre Sx2=40 / \
Exﬁ 0 2 2 x?=0 -

©

]

>xt=34 Sxf =544
EX.-)’,- =12 Exiyi = —12
2 xry, =22 Exizy,- = 160
34a + 10c = 22, 10b = 12, 10a + 5¢ = 8 544a + 40c = 160, 40b = —12, 40a + 4¢c = 19

— 3 _. 8 — 26 —3.2.,6 26 _ _5 - _3 - 4 — _3 . 2_ 3 41
a=70=5, c=5,y=5x* +5x + % a=-=2b=—5 c=%,y= 52 - gx+ 2
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43. (0,0),(2,2),(3,6), 4,12

2 x=9 1
. 4,12)
E yi =2 5.6
> xr=129 . @2
Yx2=99 -
4=
i
Sxf =353
2 xy; =70
3 xty =254

353ag + 99b + 29¢ = 254
99a + 296+ 9c= 70

29a + 9b + 4c 20 -

I

a=1,b=-1,¢=0,y=x~-x

45. () (0,0), (2, 15), (4, 30), by 1=
(6, 50), (8, 65), (10, 70)

Exi = 30
-1 14
E Yi= 230 -20
3 x? =220
> x3 = 1800
3 x4 = 15,664
2 x;y; = 1670
3 x2y, = 13,500

15,664a + 1800b + 220c = 13,500
1800a + 2206 + 30c = 1670

220a + 306+ 6c= 230
y=—Ex+%8x-E ~-02222 + 9.66x — 1.79

47. (a) InP = —0.1499h + 9.3018
(b) InP = —0.1499k + 9.3018

P = e—0.1499h+9.3018 = 10,957.73—0.1499h

(C) 14,000

\\‘\\\

-2 24

-2,000

(d) Same answers

44. (0,10),(1,9),(2,6),(3,0)

Ex,. =6 1
- C0A 1,9
Sy =125 6
> xF=14 3.0
-9 ]

S xp =36 S
Ex,.“ = 98

Exiyi =21

2xi2yi =33

98a + 36b + l4c = 33
36a + 146 + 6¢ =121
l4a + 6b+ 4c =125

9 1 9 1
a=-4 b= =R y=-i2px+ %

46. (@) y = 0.075x + 5.32 (x = 4is 1994).
by y= —0.002x% + 0.10x + 5.22
(c) s

[

(d) For 2010 (x = 20), the linear model gives
6.82 billion and the quadratic model gives
6.42 billion. The quadratic model is less
because of the negative x2-term.

48. (a) % = ax + b = —0.0074x + 0.445

1
Y = 0.0074x + 0.445

®

o

(¢) No. For x = 70, y = - 14, which is nonsense.
y = 1000 which seems inaccurate.
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Section 13.10  Lagrange Multipliers

)
1. Maximize f(x, y) = xy. 2. Maximize f(x, y) = xy.
Constraint: x + y = 10 Constraint: 2x + y = 4
Vf= AVg Vf = AVg
yi+xj=Al+j) yi+xj =241+ Aj
y=A}x=y y=2A
x=2A x=A
xty=10=x=y=35 d+y=4= 4\=14
15,5) =25 A=lLx=1y=2
i A1,2) =2
~
il Level curves
6l
ek
.
R
3. Minimize f(x, y) = x2 + y2, 4. Minimize f(x, y) = 22 + 32,
Constraint: x + y = 4 g Constraint: 2x + 4y = 5
V= AVg Vf = AVg
) 2xi + 29§ = Ai + Aj 2xi + 2y = 2Ai + 4j
2x=/\}x=y ) 2x =20 = x= A
y=2a 2y =41 = y =22
Xry=d=ax=y=2 2+dy= 5= 10A=5
f2,2) =8 A=t x=l y=1
G.1) =3
S. Minimize f(x, y) = x2 — y2, 6. Maximize f(x, y) = x2 — y2,
Constraint: x — 2y = ~6 Constraint: 2y — x2 = 0
Vf= AVg Vf= AVg
2xi = 2yj = Al — 24 2xi ~ 2yj = —2xAi + 2A]
2% = A =>x=% Zx=-2A = x=0o0r A= —]
Ifx=0,theny=0andf(0,0)=0.
—2y=—2/\=>y=/\ A= —1,
_i x=2y=-6 =>*§A=-6 == -2=y=1=x2=2 = x= /2.
) N e AV2,1) =2 ~ 1 = 1, Maximum

f2,4)=~-12
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7.

11.

Maximize f(x,y) = 2x + 2xy + .
Constraint: 2x + y = 100
Vf = AVg
(2 + 2p)i + @x + 1)j = 24i + Aj
2+2%y =20 = y=A-—1
A— 1y =2

2x+1=A = x= T

2%+ y =100 = 4x = 100
x=25 y=50
£(25,50) = 2600

. Note: f(x,y) = V6 — x* = ¥? is maximum when g(x, y)

is maximum.
Maximize g(x, y) = 6 — x* — y%.
Constraint: x +y =2
—2x = /\}
x=y
—2y=A

x+y=2=>x=y=1

F1,D=g1,1) =2

Maximize f(x,y) = e™.
Constraint: x? + y> =8
yer = Zx)\}
x=y
xe? = 2yA

B2+ yrl=8 = u?=8
x=y=2
f2,2) =&

8.

12.

Minimize f(x,y) = 3x + y + 10.
Constraint: x%y = 6

Vf = AVg

3+ j = 2xyAi + 220§

3
3=2xyA = A= 3=
2xy 2 3x
) 3x=2xy=>y=—i-
1=x2/\=> )\:—;2 (x4=0)
3x
x2y=6=>x2'§— =6
x3 =4
3
x=3/3c,y=3\2/2
3 3
f<\3/z,3\2/2> =9\/22+ 20

. Note: f(x,y) = ~/x* + y? is minimum when glx, y) is

minimum.
Minimize g(x, y) = x* + ¥
Constraint: 2x + 4y = 15

2x=2A}
y =2
2y = 4A
2x + 4y =15 = 10x =15
3
x—z,y—-?a

Minimize f{x,y) = 2x + y.
Constraint: xy = 32

2=yA
1=xA}y=2x
xy =232 = 2x* =32
x=4y=28
f(4,8) =16
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13. Maximize or minimize f(x, y) = x2 + 3xy + y2
Constraint: x2 + y2 < 1
Case 1: On the circle x2 + y2 = |
2x + 3y = 2xA
3x+ 2y = 2y/\}

X2 4y =

Maxima: f(i—— +
Minima; f<iT, T) = ‘-5

14. Maximize or minimize f(x, y) = ¢~/4,
Constraint: x2 + y? < |
Case 1: On the circle x2 + y2 = |
~(y/4)e=»/4 = 2x)

= x? =y
~(x/4e /4 = 291 Y

—3)=aNmem

N
SIS

>=e”m~0%%

15. Minimize f(x,y, z) = 22 + y2 + 72,
Constraint: x +y +z =6

16. Maximize f(x,y, z) = xyz.

Constraint: x +y +z =6

Case 2: Inside the circle
g=u+®=ﬂ
x=y=0
f,=3x+2=0
fu=2,f,=2, fo =3 fuly — (Sl <0
Saddle point: f(0,0) = 0

By combining these two cases, we have a maximum of % at

\/—, :ti and a minimum of —- at :ti, +\/—
2 2 2 2
Case 2: Inside the circle
fo= —(y/ e o/t =0 Y=
~(x/@)emii=of = FTYT

P T

At(0,0), f.f, — (£,)* < 0.
Saddle point: £(0,0) = 1

Combining the two cases, we have a maximum of ¢!/8 at

<:t {, ‘/_> and a minimum of e~1/8 at ( ‘/75' ii;)

17. Minimize f(x,y,z) = 22 + y2 + 22,
Constraint: x +y + z = 1

2 = A vz = A 2= A
y=Ajx=y=¢ x=Atx=y=g nyA x=y=z
2= A W= A 27=A
X+tytz=6=x=y=7=7 X+ty+z=6=x=y=7=2 xtytz=l=x=y=z=}
— 1 =
2,2,2) =12 F2.2,2) =8 .35 =14

18. Minimize x> ~ 10x + y2 — 14y + 70.
Constraint: x +y = 10

2= 10 = A) x = (1/2)(A + 10)
y—14=2apy=(1/2)(A + 14)
x+y=10

x+y=%(/\+10)+%(/\+14)

=A+12=10 = A=-2
Thenx = 3,y = 5.
f(4,6)=16—40+36—84+70=~2

19. Maximize f(x,y, z) = xyz.
Constraints: x + y + 7 = 32
x—y+z=0
Vf=AVg + uVh
yzi+xzj+xyk=/\(i+j+k)+,u,(i—j+k)
yZ=A+pu
XZ=A - puryz=xy = x=7¢
Xy =A+ u
x+ty+z=232
x_y+zzo}2x+2z—32=>x—z=8
y=16
f{8,16,8) = 1024
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20. Minimize f(x, y, 2) = 22 + y* + z%
Constraints: x + 2z =6

x+y=12
Vf= AVg + uVh
2xi+2yj+22k=)\(i+2k)+p,(i+j)

2x=A+pu
2y =1 2x =2y +z
2z = 2A

x+2=6 =>z=6;x=3-§

x+y=12=y=12~-x

2x=2(12-x)+(3—f):%x=27=>x=6 ,

2
x=6,z=0
£(6,6,0) = 72

22. Maximize f(x,,z) = xyz.
Constraints: x2 +z2 =5

x—2y=0
Vf = AVg + uVh
yzi + xzj + xyk = M2xi + 2zK) + wli — 2j)

yz=2xA+ p

xz= —2u=> p= —%

xy = 2zA = )t=;~—’z

+z2=5 = z=/5-x*
x—2y=0 =>y=%
A XYY A2
yz”z"(z) 2
x\/S—)cz= x3 x5 — x?
2 W 2
3
x\/S__—7=———x————
2./5 — x*
2x(5 — x¥) = x*

0 = 3x3 — 10x = x(3x2 — 10)

=0or z\/E =l\/'E =\ﬁ
* o 37 T2V 30t 3

Note: f (O, 0,5 ) = 0 does not yield a maximum.

21. Maximize f(x,y,2) = xy + yz.
Constraints: x + 2y = 6

x—=32=0
Vf= AVg + uVh
>’i+(x+Z)j+)’k=/\(i+2j)+n(i"3k)

y=Atp g
= = = + 7z ==
x+z=2A ¥ 4A=>x z 3y
y=—3u
X
x+2y=6 = y=3-5

x—3z2=0= z=

3
x=3y=nz= 1
3
f(3, > 1) =6
23. Minimize the square of the distance f(x, ) = x4+ y?
subject to the constraint 2x + 3y = — 1.
2y = 3A Y772

2 3
2x+3y——1=¢x—~13,y——-1§

The point on the line is (—%, —%) and the desired

distance is

N
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24.

2(y ~ 10) = 2yA

25.

27.

Minimize the square of the distance f(x, y) =2+ (y — 10)2 subject to the constraint (x — 4)2 + y2 = 4,

y—10 5
= = =—Ex+10

2x=2(x-—4),\} x
x— 4 y

(x“4)2+y2=4==:»(x2—8x+16)+<g4§-x2—50x+100>=4

-2-2x2 ~58x+ 112=90
4
Using a graphing utility, we obtain x ~ 3.2572 and x ~ 4.7428 or, by the Quadratic Formula,
.= 58 + /582 — 4(29/4)(112) . 38+ 229 —44 4./29
2(29/4) 29/2 29 -
Using the smaller value, we have x = 4<1 - —23—9> and y= 10—292—9 =~ 1.8570.
. Lo ~/29) 10/29
The point on the circle is [4( 1 39 ) 9
/726 \2 /26 2
and the desired distance is d = \/16(1 239> + (102929 - 10) ~ 8.77.

The larger x-value does not yield a minimum,

Minimize the square of the distance
fry=G=22+(y~ 1) + (; - 112

subject to the constraint x + y+tz=1.

2 - 2) = A
2y - D=2 y=zandy=x— 1
2z- 1) = A

Xtytz=1=x+2x~1)=1
x=1ly=z=90

The point on the plane is (1, 0, 0) and the desired
distance is

d=VU-2P+0- 12+ (0=17= 3.

Maximize f(x, y, z) = z subject to the constraints
Kty +2=36and 2x+y—z=2.
0=2x\+2u
O=2A+p tx= 2y
1 =2z2A -

X+ y? 4 22 = 36
Z+y—~z=2 = 2=2x+y—~2=5y-2
(29 + 2 + (5 - 2)2 = 36
302 - 20y - 32 =0
1592 — 10y = 16 = 0
_ 5+ /265
15
Choosing the positive value for y we have the point

(10 + 2265 5+ /265 —1 + \/265)

15 ’ 15 7 3

26. Minimize the square of the distance
fry,2) = (x — 42 + y2 + 22
subject to the constraint «/x2 + yZ — 7 = (,

x X
- ===
(==t -2
= Y =2 2Ax - 4) = —2x
2y = —=——) =)
Vx4 y? z 2y = —2y
2z =~

\/x2+y2—z=0,x=2,y=0, z=2
The point on the plane is (2, 0, 2) and the desired distance is
d=JVQ2 -9 +02+ 22 =22,

28. Maximize f(x, y, z) = z subject to the constraints
R+y =~ 220 and x + 22 = 4,

0=2xA+p
0=2yA = y=0
1= —-2z0 4+ 2u

2t+yrt-2=0
X+2%z=4 = x=4-7;
@-22+02-2=9
32— 16z + 16 =0
Bz—Hz-9=0
z=§orz=4

The maximum value of f occurs when z = 4 at the point
of (—4,0,4).
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29. Optimization problems that have restrictions or constraints 30. See explanation at the bottom of page 969.
on the values that can be used to produce the optimal
solution are called contrained optimization problems.

31. Maximize V(x, y, z) = xyz subject to the constraint 32. Maximize V(x, y, z) = xyz subject to the constraint

x + 2y + 2z = 108. 1.5xy + 2xz + 2yz = C.

yz=A vz = (1.5y‘+ 27)A

xz=2Apty=zandx =2y xz = (1.5x + 22)A x=yandz=2x

xy = 2A xy = (2x + 2y)A

+ 2y + 2z = 108 6y = 108,y = 18 3
x+ 2y + 22 = 108 = 6y = 108,y 1.5xy+2xz+2yz=c=>1.5x2+3x2+—x2=c
} 2 2
x=36y=2=18
Volume is maximum when the x= N2
dimensions are 36 x 18 x 18 . . 3
inches. Volume is maximum when
J2C V2C
x=y=—" ad z="_"
3 4
33. Minimize C(x, v, 2) = 5xy + 3(2xz + 2yz + xy) subject 34. Minimize A(, r) = 27rh + 27r? subject to the

to the constraint xyz = 480. constraint 7r?h = V.

8y + 6z = yzA 2ah + Awr = 2mrhA)

8x +6z=xzA jx =y, 4y =3z P —— h=12r

6x + 6y = xyA

wrth =V, = 2art =V,

xyz = 480 => $)> = 480
‘ V
x=y =360,z =3360 Dimensions: r = ——;O and k=29 ——27(;,

u
Dimensions: 3/360 x /360 x § 3/360 feet

2 2 ZZ

35. Maximize V(x, v, z) = (2x)(2y)(2z) = 8xyz subject to the constraint Z—i + % + i 1.

8yz = A

a
) 2y
=g 2T

2z
8y =
x2 yz Z2 3x2 3)72 322 ©
atpta- =gty
gt y=b =S
N NN

2 3a y 2./3b y 2/3¢
3 3

Therefore, the dimensions of the box are 3
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36. (a) Maximize P(x, y, z) = xyz subject to the constraint (b) Maximize P = x;x,x, . . . x, subject to the constraint
x+y+z=2S Exizs‘
yz = A i=1
=Arx=y=g ' Kz o Xy = A
= A
= A *1X3 *n
~ XXy o X, = A X =X, =x, = =x,
x+y+z=S:x=y=z=§ :
XXXy o X = A
Therefore, "
S
SSS Exi:S:xlzxz_—_x:;:-.-:xn:;
25 (3)5)E) wre >0
Therefore,
s S\(s\(s S)
2 S — s X, S (R a2
Y BT T (n)<n) <n) <n %20
g/g,zsg xlxzxg..‘x,,S(S)

+y+ S
\/3¢WZSX—M. Yxxxy . . .an;
e x<x1+x2+x,_,)+---+x,,
Yx, «..x, < :

i d? + 2 d? + y?
37. Using the formula Time = 'D%ZZE, minimize 7{x, y) = —-1 + X% T

subject to the constraint x + y = ¢,
v v,
x
T A
vivdZ® + x X _ y
Y N RO R VAR . :

Va/ d22 + y2 - ~

AN
x+y=aq N6
SOt
X y < |<-)‘->|
Since sin 6, = ~———=—— and sin 0, = ——=——— we have * A
) 3 ’ N
Vd?+ 52 VdiE +y PR JQ
Medium 2

x/\/dl2 + x2 y/\/dz2 + y2 sin 8, sin 6,
Rl — or = :
Vi V2 Y1 V2

2
38. Case 1: Minimize P(I,h) = 21 + [ + (%) subject to the constraint Ik + (-7;—[-> =A

T Trl
+ == —
1 2 <h+4>/\
. _2 7 _2h 7
2—1A=>/\-1,1+—2———l +-2
1 =2h

2
Case 2: Minimize A(l, k) = [h + (ﬂ—gl—> subject to the constraint 2 + | + <7—;) = p,

~(1s Zh

+
h 2
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39. Maximize P(p, g, r) = 2pq + 2pr + 2qr.
Constraint: p + ¢ +r =1
VP = AVg
29 +2r=A
2p +2r=A = 3A=4(p+q+r=41)
w+2g=A o, \=1%

ptqg+tr=1

2
gtr=3 S USRS G |
p+q+r=1}$p—3’q—3’r—3

38 = 20)0) +

41. Maximize P(x, y) = 100x°25y%7% subject to the constraint

48x + 36y = 100,000.
075 48\
075,075 = b4 = oA
25x7°-y 48\ = (x) 2%
025 36
25,025 — x = 204
75x025y 360 = (y) =

- Gl

-4
x
y = 4x
48x + 36y = 100,000 => 192x = 100,000
3125 6250

S

Therefore, P(llgzi, 6—2359) ~ 147,314,

43. Minimize C(x, y) =

075 48
— 7E.—075,0.75 b4 a0
48 = 25x79TyOPA = (x) A
025 36
- 25,,~0.25 x ==
36 = 75023y 02\ = (y) oy
()_,>0.75(X)0.25 _ (48 )(75)‘
x x 25A/\ 36
Yot = y = 4x
x

100025075 = 20,000 => 035(4x)°7 = 200

200200
40/ 2ﬁ
y=4x=200\/§

Therefore, C(50+/Z, 200+/2) =~ $13,576.45.

40. Maximize T(x, y, z) = 100 + x? + y? subject to the
constraints x2 + y? + z2 =50 and x =z =0.

2x = 2xA + p
2y = 2yA
0=2ZA — p

Ify¢0,then)\=1andp.=0,z=0
Thus,x =z=0andy = J/50.
T(0, J%o)=1oo+50=150
Ify = 0,thenx? + 22 = =50and x = z = /50/2.

<—\/2—:0—C>=100+5—f-=112.5

Therefore, the maximum temperature is 150.

42. Maximize P(x, y) = 100x0408
Constraint: 48x + 36y = 100,000.

0.6

40x~0606 = 48X => ()}’) - %
04 36A
4 04 = - T ——
60x° 360 = ( ) -

(- (e

X/ \x 40 J\36A
i =2 = y=12x
48x + 36y(2%) = 100,000 = x = 2_5502,y - 50:?0

{0 090) g1z 5001

48x + 36y subject to the constraint 100x025y0.75 = 20,000.

/A
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44. Minimize C(x, y) = 48x + 36y subject to the constraint 100x°6,%4 = 20,000,

0.4
= ~0.4,04 Yo 48
48 = 60x~ 0404 — (x) SOn
0.6
- 6,,~0.6 X\ _ 36
36 = 40x06,=06) — (y) o
B0 - ()
x x 0A/\ 36
y_38 _8
x 9 YT ¥
0.4
100x9694 = 20,000 —» w(?-x) =200
200
8/9)0% 209.65
8 200
= §[WJ =~ 186.35

Therefore, C(209.65, 186.35) = $16,771.94.

45. (2) Maximize g(a, B, 7) = cos a cos B cos 1y subject to the constraint « + B+vy=m.
—sinacos Beosy = A
—cosasinBcosy= A tano = tan B = tan y = a=fB=ry
—cosacos Bsiny = A

at+t B+ y=gqg= a=B='y=%T

(zz@_l

83733/ 7%

®at+Bt+y=a= y=m—(a+p)
g(a+B)=cosacosBcos(7T = {a+ B)

= cos a cos B[cos mcos(a + B) + sin wsin(a + B)]

= —cos acos B cos(a + B)

46. Let r = radius of cylinder, and b = height of cylinder = height of cone.
S =2arh + 27rV/hT + 12 = constant surface area

27r?h Sur2h
—_— = *—3—- volume

We maximize f(r, h) = r2h subject to grh)=rh+r/BEF+ri=cC
(C~rh)? = r2h2 + r?)

V= mrp +

C? ~2Crh =
C2__,.4
h= 2Cr
C? — p4 Cr s
= = 2 = o e—
1) =Ry = | 2L LG
oy € 5r4
F1ir) = °C 0
C? = 5r4
s C
=
V5

—CONTINUED—-
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46. —CONTINUED—

— 1073
C

cr—rt _ C*=CY5
2cr 20(CY/5)'*

/5)C
—2(c?/5)ve

2¢
r
2
= {V5r7)

2J§r
ST

FXr) =

h =

|

It

W

2.5
=

h
Hence, — =
=

By the Second Derivative Test, this is a maximum.

Review Exercises for Chapter 13

1. No, it is not the graph of a function. 2. Yes, it is the graph of a function.
3. flxy) = et 4. f(x,y) = Inxy 5 flxy) =~ y?
The level curves are of the form The level curves are of the form The level curves are of the form
=t ¢ =1Inxy c=x-y
lnc=x2+y2. e = xy. . 1=£_y._2‘
The level curves are circles The level curves are hyperbolas. © e
centered at the origin. The level curves are hyperbolas.

-3 3

Generated by Mathematica
X -1 -l .
6' f(-xi y) = + C'—%C ¢ 22 c-';- 7' f(x’ )’) =€ (}1‘*‘)’2)
%5 y cm-2f—_ %
The level curves are of c=1
the form o )
X -3
= Cm=
x+y -2

y= (29

The level curves are passing through the origin with slope

1—c¢

4
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8. glx,y) = |y|t+ 1

w =

1
11. lim ———==
@wy=0,0xr+y2 2

Continuous except at (0, 0).

13, lim %

9. fuy) =22~y +2=1 10. f(x,y,2) =92 — y2 + 9,2 =

y=x+z2-1 Elliptic cone

Elliptic paraboloid

z

»
P 2y

[, A

Xy

12. lim
&=, nx? — y2

Does not exist.
Continuous except when y=rttx

yt+txe 0+0

®)—=0,0) x* + y? 14. (x,y}l—g(lo,o) 1+x2 1+0 0
~4x2y — 4yt
Fory = x2, Yty g forx#0 Continuous everywhere.
_ —4x2y
Fory = 0, 12T 0,forx # 0
Thus, the limit does not exist. Continuous except at (0, 0).
15. f(x,y) = e*cos y 16. f{x,y) = x?y 17. z = xe’ + ye*
Sy =¢€"cosy dz .
. fz»y(x+y)—w= » o€ Te
f, = —e*siny TGy T ety
x? 9z = xe’ + ¢*
b= ay
T e+ y)p?
- 2 2 = X
18. z=1In(x?+y2 + 1) 19.g(x,y)—x2_'_y2
9z 2x
moTTATT S YE ) - o2y - 2
¢ & (&2 +y2)? (&2 +y2p2
az 2y 2 2
. x(x? —
Iy F+yr+q gy=(£2+“y)2,)2)
2. w= /21252 21, f(x,y,7) = zarctan)xc
ow 1 X
il (R R L P S S :__( y)__-»
s VE T R TR R Ty
aw
y T Eiria b= T = F s
ow z

Yy
. = arctan —
J: X
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1
1—x2—y*—7

22. f(x,y,2) =

fu= (1= =yt = )2

_ x
(1 -2~y — 22

= Y
fy—(l_xz_yz_. 2)3/2

z
f.= 0 - -yt~ P2

24. u(x, 1) = clsin akx) cos kt
CEy. ake{cos akx) cos kt
ax

%% = — ke(sin akx) sin kt

26. z=xIn(y + 1)

0z 0z
- + 1) —=0.
o7 2x In(y + 1).At(2,0,0), Pe 0

Slope in x-direction

az 8z _
ay T+ +y.At (2,0,0), 3y = 4,

Slope in y-direction

X
28. h(x,y)=x+y
-2
= G yP
—X
b= G R
_ %
P = G P
2x
by = v P
" _ -ty x=y
& (x + ¥ (x +y?
5 )ty Xy '

¥ (x + y)* P

23, ulx, 1)
au
ax
ou
at

25. H

¥
27’ f(xs y)
%
5
S

29, h(x,y)
h

X

h

xx

hy
hyy
hey
hys

= ce~ "1 sin(nx)

= cne~"* cos(nx)

= —cn?e™ ™ sin(nx)

=32 —xy +2y°
=6x -y

= —x + 6y?
=6

= 12y

= -1

il

xsiny + ycosx

=siny — ysinx

1t

xcosy + COSX

—ycosx

i

—~xsiny

cosy — sinx

I

cosy — sinx



