CHAPTER 12
Vector-Valued Functions

Section 12.1 Vector-Valued Functions

1. r(s) = 5¢i — 4tj — %k 2. () = /4 — 2 + 1} — 6tk
P - A=
Component functions: f(r) = 5¢ Component functions: £(z) 4t
= 52
gli) = ~4 g) =1
h(t) = —6¢
1
h(r) = 5 Domain: [—2,2]
Domain: (—oo, 0) U (0, co)
3r()=Inti — &j -tk 4, r(f) = sinti + 4cosj + 1k
Component functions: f(f) = In¢ Component functions: f(f} = sin ¢
gy =—¢ g(t) = 4dcost
Ke) = —t k(i) =t

Domain: (0, co) Dormain: (— oo, co)

5 r() =F@) + G@) = (cos ti — sintj + tk) + (costi + sintj) = 2cos ti + ik

Domain: [0, oo)

6. r() =F@) — G(t) = (Inti + 5¢§ — 3t%k) — (i + 4¢j — 3r%k)
=(Int— )i+ (5t — 40j + (=32 + 3¢9k
=(nt— i+1j

Domain: (0, oo)
i j k

sint cost 0

0 sint cost

7. r(t) = F(t) x G(t) = = cos?ti — sintcos tj + sin?rk

Domain: (— oo, oo}

! )i ~ (B3 +2) — ¥1)j + (_t3__1_ + té/?)k

J

Yo ort2

Domain: (—oco, —1), (~1, c0)
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9.

10.

11.

12.

13.

15.

r(t) = 3% — (r — 1)j

@ r(1) = 4

(b) r(0) = j

©r@s+)=3(+D4—(s+1~1j=3%0+1)% — sj

@ r@+A)-r2) =32+ A%~ 2+ Ar— 1)j - (2i - j)
=(2+ 28t + $(A0Y)i — (1 + Adj — 20 +j
= (247 + $(a9i — (A9

r(f) = costi + 2sin¢j
@ r(0) =i
o (Z) =L+ 3

(¢) r(6 ~ m) = cos(6 ~ mi + 2sin(@ — m)j = —cos 6i — 2sin 9
T T T . T . LA .,
(d) r(g + At) - r(g) = cos(g + At)l + 2 sm(6 + At)) (cos<6)x + 2 sin 61)

r() =Insi+ %j + 31k

@ r(2) = In2i + %j + 6k
(b) r(—3) is not defined.  (In{—3) does not exist.)

(© r(r— 4) = In(r — 4)i + t_—14_j +3(r - 4k

1 ,
. — O+ i+
+AtJ+3(l+At)k i +j+ 3k
1
1+ At

@ r(1 + A ~ (1) = In(1 + Adi +

1
= In(l + Adi + ( - 1)j + (3A0k
() = Vi + P2 + el
(@ r(0) =k
) r(4) =2i + 8 + ek
© rlc+2) = e+ 2i+ (c+ 2P + e llerD/alg
@ 10 + Ar) = r(9) = (VO + Ar)i + (9 + A3 + 7O+ — (3f + 27j + e~ 9k)
= (VO + A1 = 3)i + (9 + Arp/2 = 27)j + (e7LO+a0/4) — g=9/a

r(s) = sin3ri + cos 31j + rk 14. r(2) = /i + 3tj — 4k
@ = V(sin 38 + (cos 302 + 12 = J/1 + 12 el = \/(\/;)2 + (B0 + (— 4
=t + %2+ 16:2 = /11 + 251)

r(0) - u() = Bt — D) + (33)(~8) + 4(:3)
= 313 ~ 12— 213 + 413 = 53 — 12 a scalar,

The dot product is a scalar-valued function.
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16. r(f) - u(r) = (3cos )4 sint) + 2sin)(—6cos ) + (t ~ 2)(r2) = 3 — 212, a scalar.

The dot product is a scalar-valued function.

17.e(t) =i+ 2t +t%k, -2 S 152
x=ty=27z=1?

Thus, z = x2. Matches (b)

19. v{)) =i+ 1% + 7%k, -2 <1 <2
x=ty =1 7= 075

Thus, y = x%. Matches (d)

21. (a) View from the negative x-axis: (—20, 0, 0)
(c) View from the z-axis: (0, 0, 20)

22, r(f) =i +1j + 2k

x=ty=fz=2=>x=y

18. r(r) = cos(m)i + sin(m)j + %k, =1 < r < 1
x = cos(art), y = sin(m1), z = 12

Thus, x* + y2 = 1, Matches (c)

20. r(t)=ti+lntj+%k,0.l <£r<s

x=t,y=lnt,z=%

Thus, z = %x and y = In x. Matches (a)

(b) View from above the first octant: (10, 20, 10}
(d) View from the positive x-axis: (20, 0, 0)

(@ (0,0,20) ®) (10, 0, 0)
T
L
1+
o
14
N
1 -+ t ¥
)4 1 2 3
23, x =3t U. x=1-1ty=-/t 2. x=ry=¢
y=t—1 y = ll‘x y=x2/3
y= X _q Domain: ¢ 2 0 ’
3 i+
y s+
y o} T
.P 54 34
24 4t 24
- i+ 1 1 T N/ Fl i } i
. 24 200 W 0 ) A R R
] ; ) \ 1
— ] x -3
o4 -4-3-2-1 | 1 2 3 4
1 Nl
] *
26. x=1+t,y=1—1¢ 27, x =cos 6,y = 3sin 6 y

y2
x + 5= 1 Ellipse f\
L
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28. x = 2cost
y = 2sint
x2 + y? =

¥

30. x =2cos*t,y = 2sin’t

CR

=.1

X3 4 y2/3 = 22/

3

=42 y= =

36. x = 13, 2t, 2 21
Y_Z _3
x—4,z —y4

[
N

N

)
!
w
|
™
o
W

cos?t + sin?t

x

. x=3cost, y=4sint, z =~

29.

3l.x=—t+ 1

y=4t+2
z=2t+3

Line passing through the points:
(0,6,5), (1,2,3)

t

2
2 y?
e =
ETIE
_—
72
Elliptic helix

z
i

=3secf,y=2tan

X
2 y? il
5 =7 + 1 Hyperbola \331 /

—+—+ +—i—
~12 -9 ~6 65 9 12
-3t
-64
o4

3. x=1¢

y=2t—35
y =3t
Line passing through the points:

5 15
(0’ _5’ 0)’ <25 07 2 )

35. x = 2sint, y = 2cost, z=¢"!

2 +yr=4

z=e!
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37.x=t,y=t2,z=§t3 : 38. x=cost + tsint

2 .
vy =x2 z=5x3 y=sint— fcost

=1

PAyr=1+2=1+z2 or 2 +y?—z2=1]

z=1

—
£ N S 2 B V)

Helix along a hyperboloid of
one sheet

wie
wlz

. 3., 1
39. r(s) = ~1t2i + 1§ - {itzk 40. r{t) = ¢i - £tl.] + =1k
2 2 2 2
Parabola Parabola
41. r() = sin i + ('\/TECOS t— %t)j + (%cost + %)k 2. v(t) = —/2sinti + 2 cos tj + /2 sin rk
Elli
Helix pse h
1
¥y
43, (b) i (c)
2% 8% . '
] N>
-z | NP
2, ’ 2 '
x . x g ¥y
The helix is translated 2 The height of the helix The orientation of the
units back on the x-axis. increases at a faster rate. helix is reversed.

(d)

The axis: of the helix is The radius of the helix is
the x-axis. increased from 2 to 6.
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4. r(t) =i+ 2+ %ﬁh

(©) u(®) = r() + 4k is an upward
shift 4 units.

45. y=4—x
letx =1t theny =4 — ¢,
() = + (4 — 9)j

48. y =4 - x*
Letx = t,theny = 4 — £2,
r(t) =1 + (4 — 13j

Letx = 4sect,y = 2tant.

r{f) = dsecti + 2tan ¢

53. The parametric equations for the line are
x=2-2t, y=3+ 5t z =8t
One possible answer is
r(t) = (2 — 20i + (3 + 50 + 8tk.

W n R

(a) u() = r(f) — 2j is a translation
2 units to the left along the y-axis.

z-value by a factor of 4. The curve
rises more slowly.

46. 2x — 3y +5=0

Letx =t theny = %(2t + 5).

49, x2 + y2 =125
Letx = 5cost, theny = Ssint.

r{t) = Scosti + 5sintj

) ul®) =4+ + %ﬁk has the roles

is a reflection in the plane x = y.

z

@ u() =1+ rj+ %ﬁk shrinks the (e) u(t) = r(—1) reverses the

orientation.

47, y = (x — 2)?
Letx = ¢, theny = (t — 2)%
()= i+ (@ —2)7j

r(f) =4+ %(2t + 5)j

50 (x — 22 +y*=4

Letx —2=2cost,y =2sint.

£ Y
5. g =1

Letx = 4cost,y = 3sint.
r(s) = dcosti + 3sintj
54. One possible answer is
1
r(f) = 1.5costi + 1.5sin¢j + ;tk,O <1< 2w

Note that r(27) = 1.5i + 2k.

of x and y interchanged. The graph

r(t) = (2 + 2cos )i + 2sintj
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55.

57.

59.

61.

() = 1, 0<r<4 (r(0)=0,r,(4) = 4i)
() =@4—-ai+645, 0<1<1 (r0) = 4iry 1) = 6j)
ry{) = (6 — 1j, 0<t<6 (ry0) =6jry6) =0)

(Other answers possible)

. =4d 0<t<10 (r,(0) = 0,r(10) = 10i)

r,(f) = 10(cos ti + sinzj), 0 <1< % (rz(O) = 10i, rz(%’) =52 + 52 j)

50 =521 = i+ 5420 - 0, 0<r<1 (r,00) =521 + 52§, 1,(1)) = 0

(Other answers possible)

=6+, 0s1<2(y=x 8. r()=d+ i, 0<str<1(y=x)
() =Q-ni+4, 0<r<2 =01-0i+0-0j 0<r<1(y=2x
=@~-0j 0<r<4 (Other answers possible)

(Other answers possible)

z=x+y, x+y=0 60. z = x> +y% z=4
Letx = t,theny = —x = —rand z = »2 + y? = 212, Therefore, x2 + y* = 4 or
Therefore,

x=2cost,y=2sint,z = 4.
x=1t y= =t z =22

r(f) =4 — j + 27k

r(t) = 2 cos 1i + 2sintj + 4k

4

X +yr=4 z=2x
x=2sint, y=2cost

=x? = 4sin?¢

iloel Z m | & | 3w o
6 4 2 4

x| 0 1 J2 2 J2 0

yl 2 V3] V2 -v2 | -2

z] 0 1 2 4 2 0

r(s) = 2sinti + 2 cos tj + 4sin? 1k
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62. &+ 42 + 2 =16,x=22
Ifz=t,thenx=t2andy=%\/16—4t“—t2.

t | -13|-121] -1 1 1.2

0

x| 169 | L4 1 0 1 1.44
2
0

y| 085 | 1.25 | 1.66 1.66 | 1.25
z| —-13 | -12] -1 1 1.2

r() = A+ %\/16 -4 - A+ k

63. P +yt+2=4x+7=2
Letx=1+sint,thenz=2~x=1 —sinrandx* + y* + z2 =4,
(1+sing?+y2+ (1 —sing)?=2+2sin>t +y> =4
y?=2cos’t, y=%-/2cost

x=1+sint, y=+/2cost

z=1—sint
T T T T
g 2 6 0 6 | 2
. 0 _;_ ! % s r(s) = (1 + sin)i + /2 costj — (1 — sin )k and
r() = (1 + sing)i — /2 cos#j + (1 — sin Nk
y|[ o /8 | e
2 2
3 1
z 2 ) 1 2 0

64. 2+ y? +22=10,x+y=4
Letx =2 +sint,then y=2 —sint and z= /2(1 ~ sin?s) = /2 cost.

P _m 0 T | m
2 6 6 ) 4
3 5
x 1 > 2 > 3 2
5 3
y 3 > 2 s 1 2
z 0 % V2 ? 0| -v2

r() = (2 + sinni + (2 — sinj + 2 cos tk

65. 2+ 72=4 y2+72=4
Subtracting, we have x2 — y2 = Qory = %x.
Therefore, in the first octant, if we let x = f,thenx = ¢, y =1, z = J4 =2

() =ti+ tj+ /44— %k
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66. 2 + y? + z2 = 16, xy = 4 (first octant)
Let x = 1, then

4
Y= and

z= }f‘/—t4 + 162 — 16

16
X+yr+g=2+—=+72=16
t

<\/8-4\/§St3\/8+4~/§>
t | V8443|1512 25130135

V8 + 43

x 1.0 15 | 2 25 | 3.0 35 39
y 3.9 27 | 2 16 | 13| 11 1.0
z 0 26 (28 |27 ] 23|16 0

r()) = d + %j + —1-\/—:4 + 1612 — 16k

67. y2 + 22 = (2rcos 1) + (2 sin)? = 42 = 42

69. li [ri+—’-2—”—i'+lk]=2i+2'+lk
g t2—2t‘] t ) 2
since

. P-4 . 2t
t—»2t2—2t-}1—1>r212t—2

= 2. (LHépital’s Rule)

71. lim [12i + 30§ + 1—1"—5—51;] =0

—0 t

since
.1~ cost . sint
lim ——2% = 1im 22 = 0, @ Hépital’s Rule)
10 1 -0 1

73. lim [ll + costj + sin tk]
=0}t

S 1 .
does not exist since ]m(% 7 does not exist.
1—

68. x2 + y2 = (e~"cos 1)? + (e7'sinf)? = 7% = 72

70. lim[e‘i + 3y e"k] =i+j+k
-0 t

since
. Sint . Cost
lim— = — =1 (L’Hépital’s Rule)
50 ¢ -0 1

since
lim 2l = 21 "Hopital’s Rule)
MM T M, T (LHopitlsRule

74. lim e-ri+1'+—’—k]=o

e t'] 2+ 1

since
lim e~* =0, lim ~ = 0, and lim ———— = 0
1500 P oo t ’ oo f2 4+ 1 :
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75. £(t) = i + %j 76. v(i) = i + VI = 1j 7. £(i) = ti + arcsin 4§ + (¢ — Dk
Continuous on (~ o, 0), (0, 00) Continuous on [1, o) Continuous on [—1, 1]
78. v() = (2e7", 7, In(t — 1)) 79. r(t) = {e7%, 1% tan¢t)

80.

82.

8s.

86.

87.

Continuousonz ~ 1 > Oor¢ > 1: (1, o0). Discontinuous at = 7 +
) ==+ nxw
2

. T T
Continuous on ( -3 + nar, 2 + m-r)

(1) = (8, V1, Yr) 81. See the definition on page 832.

Continuous on [0, co)

No. The graph is the same because r(f) = u{r + 2). Bl r =R +(@—-3)j+k
For example, if r(0) is on the graph of r, then u(2) is the . o v
same point. @sO=r(@+3k=m+ -3+ (F+3k
O s@O=e(-2i=E-2i+¢—3)j+k
@ sO)=r(®)+5j=~+(+2)j+k
- A vector-valued function r is continuous at ¢ = q if the limit of r(f) exists as r— a and

;521 r(d) = r(a).

i+j t20

. is not continuous at ¢ = 0,
—-i+j t<0

The function r(t) = {

Letr(s) = x,(r) + y,()j + z,(Dk and u(t) = x,(i + y,(0j + z,(¢)k. Then:
lim [r() x u(@®)] = lim {[y,(0z(1) = (02,0} — [0 - %0z 01 + [0, - OOk}
= [lim », () lim 2,() — lim y,(¢) lim 2, (9] ~ [lim x,(z) lim 2,(1) — Lim x,(s) lim z, (7}
+ [lim x,(1) im y,(r) ~ lim x,(2) lim y, ()] k
= [3'513 x(i + lim y, (0 + lim z,()k] [lim x,()i + lim y,(5)j + lim 2,(1K]

= lim () x lim u(r)
1-3c fos Yol

Letr(f) = x;(0i + y,()j + z,(0k and u(t) = x, ()i + y,(1)j + z,()k. Then:
lim [r(¢) - u()] = lim [x,()x,(1) + »1(0),() + 2(0)2,(0)]
= lim x, () lim 56) + im y,) im ,) + lim 2,(9) lim 2,()
= [lim x, ()i + lim y,(9j + lim z,()K] . [lim x,(i + Lim y,(1)j + lim z,(1)k]
= }1_)rrcl r{y) - }g}x} u(y)

Let r() = x(0)i + y(¢)j + z()k. Since r is continuous at 88, Let
t = ¢, then Pf} r() = r(c). 0 = 1, 1> 0
r(c) = x(c)i + ¥(0)j + zlo)k = x(c), ¥(c), z(c) ~1, ifr<0
are defined at c. and r(r) = f(#)i. Then r is not continuous at ¢ = 0,
Il = VGOZ + G2 + 02 whereas, |[r|| = 1 is continuous for all 1.

lim firf] = V(x(0))? + (W()* + (&e))? = [Ir(e)]

Therefore, [fr|| is continuous at c.
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89. True 90. False. The graph of x = y = z = £3 represents a line.

91. False. Although r(4) = {4, 16} = u(2), they do not 92. True. y? + z2 = t?sin®t + tZcos?r = 12 = x
collide. Their paths cross this point at different times.

Section 12.2  Differentiation and Integration of Vector-Valued Functions

Lr()=r+1jt,=2

X)) =1, y(o) =1

2. ety =4+ 8§, t,=1

x0) =1t y(@) =1

x=y? y =
r(2) = 4i + 2j ) =i+j
() = 26 + j r() = i + 3¢
r2) = 4i +j r(l) =i + 3
r'{1,) is taﬂgent to the curve. r'(,) is tangent to the curve.

3.r()) =3 + %j, =2 4. @ r)=0Q+i+13] =1 y

1 x=1+1
x(t)ztzy )?(t)'—‘? y=t3=(x—l)3
1 . (®) r(1) =28+

X—‘yz

r(f)) =i+ 3t}

r(l) =i+ 3j

r2) = 4i + 3]

v(0) = 26 — t%j r’(1) is tangent to the curve.

r'(2) = 4i — =j

r'(ty) is tangent to the curve.

w

5. r(t) = cos A + sintj, £, = ) 6. (@) r(t) =e'i + e¥j, 1,=0
x{) = cos t, y(t) = sint x=¢y=e¥=x2= y=xx>0
x2+yr=1
K .
(3)-
r(sy) = —sinti + cos zj

r(’;’) = —j

r’(r,) is tangent to the curve. ) r0)=i+j

r(n)-= e'i + 2e%

r'(0) =i+ 2j

y

ol
N

r’(0) is tangent to the curve.
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7. () = di + 13
@ 7

®)
1y _1. .1
I‘(E) = 21 + 1
B-)-t3
2) " "N\4) T4 g
(©) ') =1+ 24

FE A
r<4)—1+2_]

r(1/2) — r(1/4) _ (1/4)i + (3/16)] . L3
a2 - a/9 1/4 Rt

This vector approximates r’(%).

9. (a)and (b) r(r) = 2costi + 2sintj + tk, 1, = %71’

FP+yr=4z=1

r() = —2sinti + 2costj + k

11. () = 6ti — 7% + £k
r(f) = 6i — 14§ + 31k

13. r(t) =acos’s + asin® 1j + k

r’(f) = —3a cos?tsin ti + 3asin?s cos 7j

8. 1) =1i + (4 - ¢2)j
(a) y

r(1.25)
r(125) ~r(1)

(b) r(1) = i + 3j
r(1.25) = 1.25i + 2.4375j
r(1.25) — r(1) = 0.25i — 0.5625j

(c) r(e) =i— 2t
r(l) =i — 2j
r(1.25) — r(1) _ 025i — 0.5625) _ . . _.
125-1 0.25 =1-225)

This vector approximates r’(1).

10. v(r) = 6 + 2§ + %k, L,=2

= x =§
y ’Z 2
r'()) =i+ 2j

r(2) = 2i + 4j +%k

r'2) =i+ 4

1, . 12
12. r(t) = i + 16t + Ek

rp) = —;lii + 16§ + rk

M. r(s) = 45 + AVtj + In Pk
2 I 2
W=—7i+ |20/t + —=|j + =k
r') N (J 2\/Z>‘] t
3/2
2,+5t . 2

—_— ._.____.+_
\ﬁl 2377
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15.

17.

19.

21.

23.

25.

r() =e'i + 4j
r{t) = —efi
r(t) = (¢sint, tcost, 1)

r’(t) = (sint + tcost,cost — tsint, 1)

1
= 3] + =423
r(H) = i 2t_]

@) rt) = 3% + ¢j
V r(e) =6ti+j

) r(6) - x"(e) =361 + 1t = 183 + ¢

r(s) = 4cos #i + 4sin #j
(@) r’(t) = —4sindi + 4costj
r(t) = —4costi — 4sintj
®) r(®) r1) = (~4sin)(—4cosr) + 4cos f{—4sin7)
=0

1 1
1) == —1j + =’k
r() = 5P -1+ o

1
@rH=n-j+ ?21(

r{) =i+ k

t3

®) £ - 1) = 1) — 10) + %tz(t) =i+t

r(f) = (cost + tsins, sint — 1Cos 4, 1)

(a) rt) = {(—~sint + sint + tcost,cost — cost + rsint, 1)

= (tcost, tsint, 1)

r’{r) = (cost — tsint, sint + rcost,0)

16.

18.

20.

22.

24.

r(f) = (sint — tcost,cost + rsint, 2)

r’(t) = {tsint, tcost,2t)

r(t) = (arcsin ¢, arccos ¢, 0)

- {rp )

)= +i+ -1
@ r'(@=Q+ i+ 2r— 1)j
r(f) = 2i + 2j
® '@ -r()=Qt+ 1)2) + 2t — 1)2) =&

r(t) = 8costi + 3sinyj
(a) r() = —8sinti + 3costj
r(t) = —8 cos ti — 3sintj

® r'@ - rt) = (—8sin)(—8 cos t) + 3 cos t{—3sin?)

= 55sinzcost

r(f) =i+ (2t + 3)j + (3t — 5)k
(@ () =i+2j+3k

r{d) =0
® £ () =0

() r(t) - rt) = (tcosr)(cos t — rsint) + (¢sinf)(sinz + rcosf) = ¢

. () = (e, 2, tan{s))

(a) r'(s) = (—e", 2, sec? 1)
r(z) = {e7*, 2,2 sec? t tan 1)

® r) v = —e ¥ + 4t + 2sec*rtant
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2. () = cos(mdi + sin(mn) + 17k, Iy = —+ ;
r'() = —arsin(w)i + 7 cos(mr)j + 2ik
[ 1\ 2w, V2w, 1
’(‘,Z)“ 2 T gk
Y V2ar\? V2a\? A '1__\/47r2+11
l(z)‘ - \/<_2“) +<T) *( z) = \/””4-“—2
r(—1/4) _ 1 . .
e (-4 /amz + 1\‘/57” +/2m k)
) = — w2 cos(mii — w¥sin(wn)j + 2k
A4 - ST P - o
r'(=1/4) L (— V2ah + V27 + 4k)

Ie(—1/8] " 2/7" 4

28. r(f) =i+ 4 + LK, 1y = %

r( =i+ 24 + 0758075k

rl<l>

4
rl<1)
4

r'(1/4) _ 1
e (74} /20 + 978

9
” = 2] + —£0.75¢
r’(t) = 2i 16° k

il

1 1 3
i+=i+0. 875 = § + —f + =p3/16
i+353 0.75e%1875k = i 2d e k

\/12 ’ G)z * G‘fw)z - \/ 2 Zon= ~20 + 9

i

4 4

(4i + 2j + 3&3/1%k)

1 9
2] = 21 + —g3/16k
r() 21—!—1663

4
e R e A e
r(1/4) _

(32§ + 9¢3/16k)

1
e (1/49)] ~ /1024 + 817

29, () = % + 13 30. r(y) = o= 1i + 3§
r’(t) = 261 + 313
(e = S S 3j
r(0)=0 (t— 1)
Smooth on (—oo, 0), (0, co) Not continuous when t = 1

Smooth on (— oo, 1), (1, o)
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31. () = 2cos® 6i + 3sin® 6) 32. r(8) = (6 + sin 8)i + (1 — cos 0)j
r'(6) = —6cos? #sin 6i + 9 sin?  cos 0 r’(8) = (1 + cos 6)i + sin 0j
,(n_w) =0 ’ r{(2n — 1)a) = 0, n any integer
2 Smooth on (2 — 1), 2n + 1)m)
Smooth on (%T (n_tz_lﬁ), n any integer.
33. 1(6) = (8 — 2sin )i + (1 — 2 cos 6)j 3 r() = 242
g8+  8+¢
r’(6) = (1 — 2 cos O)i + (2 sin 6)j ‘ , 16— 48, 326 — 24
r’(6) # 0 for any value of 6 r'y) = @+ e + @+ gy2d
Smooth on (—co, c0) ; r’(¢) # O for any value of 1.
r is not continuous when t = —2,
Smooth on (—oo, —2), (—2, oo}
35 r(t) = (t — i + %j — 1%k 36. r(f) =ei—efj + 3tk

r() =ei+e’j+3k+#0

r'(t)=i—;1§j—2tk#=0
r is smooth for all 1: (—o0, o0)

r is smooth for all t # 0: (—o0, 0), (0, o)

37. () = ti — 3 + tan 1k 38, r() = JH + (2 — 1)j + 211"‘
r() =i—3j+sec?tk #0

2n + 1
2

e = —i + 2 + Sk # 0
/t 4

N/

r is smooth for all t > 0: (0, c0)

r is smooth for allt#—;‘z-k nw = .

Smooth on intervals of form <_%T + nm, g + mr)

39, r(f) = di + 3¢j + 1%k, u(p) = 4i + 1% + 1k

@r(=i+3j+2k ) r"t) = 2k
©r@) - -ul®) =42 +33+ 15 (d) 3r(t) —ult) = —ti + 9r — 1j + 32 — )k
D[x(s) - u()] = 8 + 91 + 5¢* D[3e(r) —u()] = =i + (9 — 20)j + (61 — 33k
(@) r(t) x u(t) = 24 — (+* — 43)j + ( — 129k ) r@] = V102 + 14 =+ /10 + 2
© D,[r(s) x u(®)] = 8% + (1212 — 4¢3)j + (312 — 24k _10+22
pirof) = =2
40, r(t) = A + 2sin4j + 2 cos &k
u(y) = %i + 2sintj + 2costk
(@ r() =i+ 2costj — 2sintk (b) r{t) = —2sintj — 2 cos tk
©) r(®) - ul®) =1+ 4sin?t + 4cos?r =5 (d) 3r(r) — ult) = (3t - %)1 -+ 4sin tj + 4 cos tk

Dlr(t) - u(®] =0,t# 0 |
D[3r(t) —u@®] = <3 - ?)i + 4costj — 4sintk

—CONTINUED—
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40. —CONTINUED—

i i k ,
(e) r(ty xu(® =| ¢+ 2sint 2cost @) Ie@l = V2 + 4
1/t 2sint 2cost 1 p
D(r@l) = <> + 47120 = =
=2cosf<-1—— )J+2$iﬂt< —%)k 2 P4

D/[r() —u(t>]=[ zsmz(l- )+2cost( 1o )].,
[2cost< >+Zsmf<1 +l2>]

4L () = i + 225 + 2k, u(t) = t°%k
(@) r() - u(@) =7
D[x(® - u(®)] = 7
Alternate Solution:
D,[r(s) - u(@®)] =@ - u(®) + £ (1) - u)
L= (i + 2% + PK) - (49K) + (i + e + 3K) - (%K)

= 45+ 31 = 7s¢

i j Kk
®) r() xul)) = [t 22 3 =25 — £
0 0

D,[r(s) x u(n)] = 1265 — 514
Alternate Solution:
D[r(® x u@®] = v x u(r) + r{t) x ult)
i Kk i k
=1t 22 P+ |1 4 3 =125 - 514
0 0 45 0 0

42. r(t) = costi + sintj + tk, u(s) =j + tk
@ r() - u(p) =sint + 12
D[r(®) - u(t)] = cost + 2t
Alternate Solution:
Dlr(@® - u@] = (@) - u’@) + ) - ule)
= (costi + sintj + tk) - k + (—sin¢i + costj + k) - (j + 7k)

=t+cost+t=72t+cost

i j ok
(b) r(t) x u(®) = jcost sint  # = (tsint — Hi — (tcos r)j + cos tk
0 1 t

DJr(®) x u(®] = (¢cost + sint — 1)i — (cost — tsinf)j — sinrk

Alternate Solution:

D[r(s) x u(@)] = r(r) x u’(s) + r{) x ue)
i j ok i j ok

cost sint  f| + [—sintcost 1| =(sint+ tcost— 1)i + (tsinz — cos #)j — sin tk
0 0 1 0 1 t

il
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43,

45,

46.

r(s) = 3sinti + 4 cos ¢j x
r{t) =3 costi — 4sintj
r(t) - r(t) =9sintcost — 16costsint = —7sinfcost R
() - r’(0) —7 sin £ cos ¢ e 7

cos 0 = =
@it @l /9sin?f + 16 cos? /9 cos? £ + 16 sin? ¢

g = arccos[ —7 sin f cos ¢ ]
J(Osin?r + 16 cos2 )9 cos? t + 16 sin?y)

6 = 1.855 maximum at ¢t = 3.927 = (%) and ¢t = 0.785 = (%)

6 = 1.287 minimum at r = 2.356 = <3T7T> and 1 = 5.498 = (%Z—T)

6=-;-r=(1.571)fort: B =0,1,2,3,. ..

2
() = r2i+ 1 10
r'(s) =21 +j
r@) - r()) =263 + ¢ 0 .
e@ll = Vo5 + 72 el = V& + 1 05
cos 0 = 23 + ¢
NN/
213 + ¢

0 = arccos
NEET N
6 = 0.340 (~ 19.47°)maximum at ¢ = 0.707 = (—‘g—i)

0+ 7—rforanyt.

2
_ . _ e oy o
£ = fim r(t + A1) —r(r) _ Him B+ A +2li+[1—(+A)j— Be+2)i — (1 — 2)j
At-30 At At—0 At
¢ 2 .

— jim GA0E @A+ BODF _ 5 (o 4 A = 3i - 2

Ar—0 Ar A1—0

, ot + Ay —rls
r) = Altl{-)no ( Ai =
i+ i+ +3Atj - 20+ At)k] - [ﬁi + %j - 2tk]

= lim —

Ar—0 At

[ 3 3

- lim \/I+At-\/;i+t+At tj—?.k

Ar—0 At At

Nl At . -3Ar

= + _—

Alx@o _At( T+ Ar + \/Z)l (t+ At)t(At)J ij'
= lim — ! i— 3 j — 2k

A0 |/ + At + ‘/; (t + At)t"

3.
—'t—zj—Zk

1,
= —1
2Vt
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47. r()) = lim (e + A — r() 48. ¢ = lim r(t + A1) — r(2)

Ar=50 At Ar—0 At
.+ A% 0,20 + Af)) — (20,21 . {0,sin(t + A1), 4 + AD) — (0, sint, 41)
Ar—30 Ar A0 At
. (2tAr + (A2, 0,248 . {0, sin ¢t - cos(At) + sin(Af)cos t — sin ¢, 4Az)
= lim = lim
Ar-30 At A0 Ar
= AIEPO 2t + A, 0,2) - lim <O, sin t{cos(Af) — 1) + cos t(sm(At) >’ 4>
A0 At At
= (24,0,2)
= (0,0 + cost, 4)
= (0, cos t, 4)
49, f(Zti +j+Kdi=ri+1j+tk+C 50. f(4t3i + 61§ — 4\ﬁk) dr =t + 313§ — -2—:3/21( +C
51. J(%l +j - t3/2k>dt =Indi+ 14— §t5/2k +C 52. f[lnti + %j + k]dt =(t—ni+Intj+tk+C
(Integration by parts)
53. f [ — 1)i + 483 + 3/1K]dr = (2 — )i + 1% + 20% + C
54. f[e‘i + sin tj + costk]dt = e'i — cos¢j + sintk + C 55. f[sec%i + "l’f,_l_t—zj]dt = tanfi + arctantj + C

i 4 -t
56. f[e" sinti + e fcostjldr = 6—2—(—sint — cos i + %—(—cos t+sinpj+ C

1 1 t2 1 1 1
57. f (8ti +tj—k)dr = [4t2i] + [—j] - [tk] =4i+-j-k
o o 2%Jo o 2

£

1( , 3/) 1 Tt 3 43 1
. i+ 35+ =i=i| +|=j| +|= =
58 jl t+ tk) dt [21] . [43]_1 [4t k]_l 0

/2 /2 w/2 /2 m
59, f [(@acoss)i + (asinnj + k]dr = [a sin ti]0 - [a cos tj]0 + [rk]o = ai + aj + —2—k
o

/4

/4 .
60. f [(sec #tan 1)i + (tan Aj + (2 sin ¢ cos k] dt = [sec ¢i + In|secs|j + sinltk]0
o

=(\/§—I)i+1n\/§j+%k

2 22 2 2
61. f (A + e'j — te’k)dt = [%1} + [e‘j] - [(x - 1)erk] 62, |l + 2 = VP + 1t =1 /1 + 2fort 2 0
(o} 0 0 0
3 3
=2i+(e2—1)j— (& + 1k f”ti + t3jdr = f /1 + 12t
(v (¢}
= [.1_(1 + t2)3/2]3
3 0

(1032 — 1)

W=
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63.

65.

67.

69.

71.

73.

74.

() = f (4e¥i + 3§) dr = 2¢¥i + 3e'j + C 64. r() = f (32§ + 6/1k) dr = 3] + 4132k + C
r0) =2i+3j+C=2 = C=—3j r0) =C=i+2j

r(f) = 2% + 3(e' — 1)j r(f) =i+ (2 + P)j+ 4%k

r'{f) = f—32j dt = —32tj + C, 66. r(s) = —4costj — 3sintk

) = —4sintj + 3cosrk + C
r’(0) = C, = 600/3i + 600j r'() sin £j + 3 cos )

0) = 3k = 3k + C, =0
r () = 600/3i + (600 — 320)j r’(0) =3k = 3k + C, = C,

r(t) = 4cos#j + 3sintk + C,
r(e) = ﬁsoo\/il + (600 — 32t)_)] dr r0) =4+C,=4j = C,=0

= 600-/34 + (600 — 163)j + C r(1) = 4costj + 3sintk

r0)=C=20
r(s) = 600/3i + (600r — 162)j -

r(t)=j(te”2i—e‘j+k)dt= —%e"’i+e’j+tk+c
1. 1. .o
M) = —Ji+j+C=Zi-j+k=C=i-2+k

r() = (1 - le"f’)i et =2j+ @+ k= (2 _ze_tz>i +(e"=2j+(+ 1k

2

1 1 1 1
. = —_ =]+~ = i — =3 + +
(1) f[l iy tk] dt = arctan ri 73 Intk + C

T oo I A
r(l)—41 j+C=2i=C (2 4>1+_|

r(r) = [2 -, arctant]i + <1 —%)j + Intk

4
See “Definition of the Derivative of a Vector-Valued 70. To find the integral of a vector-valued function, you
Function™ and Figure 12.8 on page 840. integrate each component function separately. The
constant of integration C is a constant vector.
At t = t,, the graph of u(?) is increasing in the x, y, and z 72. The graph of u(r) does not change position relative to the
directions simultaneously. xy-plane.
Let r(r) = x()i + y(t)j + z(t)k. Then cr(f) = cx(i + cy()j + cz(t)k and

Dfer()] = cx’ (i + cy(0)j + cz’(Dk
=[x’ ()i + y(©)j + 2’ (k] = er’(2).

Let r(f) = x, (i + y,(0j + z,(k and u(s) = x,()i + y,(0j + z,(Nk.
r(t) = u(r) = [x,() £ 505 + [y, = y,0]j + [,() £ 2,()]k
D[r() = u®)] = [x,"() £ W) + [,'0) £y, 0 + [z, = 2,’()]k
=[x, @i + y, "0 + 2,/ Ok] = [x, O + »,' 0] + 2," (K]

= (1) + u(f)
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75. Letr(r) = x(n)i + y(0)j + z(1)k, then F()r() = f(Nx(1)i + f(O)¥(0) + f(Dz(k.
DLOr(0] = [f0x() + FOx@]i + £y @) + faly0]j + [FzC) + £ D)2k
= fOlx'OF + y () + 2’ (k] + FOIWi + y(@)j + 2(9k]
=f@r@) + for@)

76. Letv(s) = x (i + y,{1)j + z;(Dk and u(r) = x,(1)i + »,()j + (k.
(1) x u()) = [y, (0z,() — 7Oy, — [x,(z(0) — 2,((0)]j + [x,(Dp,(8) ~ y,(Ix,(1)]Kk
D[r() x u(n)] = [»,()z,"() + »,"(Nz,(0) = 7,y ©) — 2/ Dy (O]i = [x,(D2 () + %, Dz,() — 2, (%, (1) — 2" (D, § +
[, (0, (0) + x, @yo() — 3,(0%,°() = y, (x5, ()]
= {[» 02,0 — 2,0y, Oh — [x, 0z, — 7,0x, O] + [x, Oy, ® — »,Ox, O} +
{0z — 'Oy, — [x,/Dz(0) = 2/ Dx()]5 + [x, Or(6) — y/(Ox,()]K}

=r() x u’t) + vt < ulp)

71. Letr(s) = x(Di + y(Oj + z(Ok. Then r(£(1)) = x(f)i + y(F()j + z(f())k and
Dr(f()] = x(fO) Wi + y (fO)F(0) + 2 (f())f(Dk  (Chain Rule)
= OO + y' (@) + 2/(FK] = £ (f()).

78. Letr(s) = x(0i + y(1)j + z()k. Then r(t) = x(1)i + y'(Dj + z (k.
r(®) x v = [y(0z'(0) — 20y’ O]i = [x()z'(0) — 2(x'W)]j + [x()y () — y()x" ()]
D[r(®) x v (0] = [y()z"0) + y'()z"() — 2@y0) = 2’6y Ol - [(Bz") + x(D2() — 2)x1e) — 2 Dx ()] +
(o) + x"()y () — y)x'r) — y ' (Dx ()]k
= [0z — 2y Wi — [xD20) = 2)x W] + [y ) — yOx W]k = £(0) x r10)

79. Let r(s) = x,(0)i + y,(j + z,(Dk, u(®) = ()i + y,(j + 2,(Dk, and v(2) = x;()i + y;(1)j + z;()k. Then:
r() - [u(@) x v()] = x,(0[y,(02,() — )0 — 7O (D2(0) = 2,(Ox(O] + 2Ol (Oy3() — Y Dx;(9)]
Dr(®) - @@ x v)] = x,0)y,(0z5 () + x, 0y, Dz3(0) + x, Wy, ()z5() = x,(y;(0)z,°(0) —
x(0)y; 2(1) = 2" (0y3(02(0) — 3Ny (Dz5(1) — (D1, D25 — ¥, (Dx(Dz5() +
Y1(D2(0%,0) + (02, D08 + 3 Oz Dx3(1) + 2D 0y; (W) + 2, Wy 0) +
/(D ()y3(8) = 2% (0) = 2,y (x3() — 2,y ()x,(2)
= {5/ Oz — »;(D20] + »,' N[~ x,()2,() + ()% ()] + 2, O Oys(0) — y,(Ox,(D]} +
{0y Dz3(0) = 02,/ 0)] + 3, ([~ 2, Wz3(0) + ' Ox()] + 7, O3 (1) = ¥, OO} +
{x[y0z50) — /O] + 3, ([ - x,0z'() + 20x' 0] + 2Oy, ) — y,(Ox, O]}
=10 - [u@) x v()] + (@) - [w’() x v()] + £ - [ul) x v'(©)]

80. Letr(r) = x(1)i + y(r)j + z(t)k. If r(¢) - r(z) is constant, then:
Hy+y* )+ =cC
D) + y*) + 9] = D[]
2x(n)x(5) + 2y(1)y (1) + 2z(0)z°(1) = O
2x(Dx (1) + y(y () + 2Dz’ (H)] = 0
2[e() - ()] =0
Therefore, r(t) - r'(t) = 0.
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81. £(t) = (t — sin i + (1 — cos 9)j

(@ s

LOYYYY),

0

The curve is a cycloid.
(® i) =1 - cosni + sintj

r(¢) = sinti + cos tj

k| =~/1—2cost + cos?t + sinlt =./2 —2cost

Minimum of jr(#)]| is 0, (¢t = 0)

Maximum of [[r (s)] is 2, (t = =)

e “@ff = /sin?t + cos?r =1

Minimum and maximum of |jr (9)}] is 1.

83. True

85. False. Let () = costi + sinfj + k.

el = /2

Lo = o
r’(t) = —sinti + cos ¢j

fr@ll =1

87. r(t) = e'sinti + &' cos tj

r'(f) = (efcost + e'sin )i + (efcost — e'sin1)j

82. r(t) = 2cost + 3sintj

(a) Ellipse y

+
-3 ~1 1 3

(b) rft)=—2sinti + 3costj
r{f) = —2cos ti — 3sintj
e ()] = /4 sin?r + 9 cos?r
Minimum of |jr () is 2, (t = 7/2)
Maximum of [r(2)]} is 3, (t = 0)
e @) = /@ cos?t + 9sin?¢
Minimum of |[r(#)] is 2, (t = 0)

Maximum of [r ()} is 3, (¢t = #/2)
84. False. The definite integral is a vector, not a real number.

86. False
D[r(®) - u(®] = r() - w’(t) + £ - ule)
(See Theorem 11.2, part 4) ‘

r’(t) = (—ée'sint + efcost + e'sint + e'cos i + (ecost — e'sint — e'sint — e'cos 1)j

= 2e'cos ti — 2e'sin tj
r(t) - r"(t) = 2e¥sintcost — 2e¥sintcost = 0
Hence, r(f) is always perpendicular to r ”(r).

Section 12.3  Velocity and Acceleration

Lo() =30+ (¢ = 1)j

V) =) =3i+j Nl
al) =) =0 1, eo 4 - -
x=3t,y=t—1,y=-§—1 (2
At(3,0),r=1. ~at

v(1) =3i +j,a(l) =0

2. r(t) = (6 — )i + ¢} v
vig=r()=—-i+]j
alt) =rt) =0
x=6—~fy=ty=6-—x
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3. r(t) = 2+ 1j y 4. r(p) =4 + 74 y
v(t) = r’(t) = 2ti + j J v() = r() = 21 + 37 i}
v 6+
a(t) = v'(1) = 2i “2 a() = (1) = 2i + 61f
! Ml
= = =y ey x — = = T
x=P y=tx=y | NG R x=F£y=p x=y/? T
At(4,2), 1= 2. 24 At(1,1),¢=1. )
, 4 1IN\ 2345678
v(2) = 4i +j v(1) = 2i + 3j
a(2) = 2i a(l) = 2i + 6j
5. r(f) = 2costi + 2sin¢j 6. r(f) = 3cost + 2sintj
vit) =r/(t) = —2sinti + 2 cos ¢j v({t) = —3sind + 2 cos tj
a(t) = r"(t) = —2 costi — 2 sintj a(f) = ~3cos i — 2sin#j
= = i xz + 2= 2
X =2cost, y=2sint, Y x=3cost,y=251nt,§-+yz=1E]lipse
At(V2, V2), 1 =T y y
4 N At(3,0),1=0.
v<j;) - — /3i + S L 1v) v(0) = 2
; a0) = — / N

12.

a(—}) = - /2i - /2j

. r(t) = (t —sint, 1 — cost)

v() =r(5) = (1 — cost,sint)

a(r) = r"(t) = (sin¢, cos 1)
x=¢t—sint, y=1—cost (cycloid)
At(m2), t = m y

v(m) = (2,0) = 2i
a(m) = (0, ~1) = ~j

»
w
-

'

L r() =+t + (2t — 5)j + 3tk 10.
vi) =i+2j+3k
s@) = v =V1+4+9=/14
a() =0

() = 34 + 4 + %tlk

v(t)=3i+j+%tk

-/ L,/ 1,
s() = 9-4-1+4t2 10+4t

a() = 3k

r(s) = 4ri + 4j + 2tk

v() = 4i + 4j + 2k

=|vi)|= V16 + 16+ 4=6

a(r) =0

13.

vi) =1+ 2tj + 1k

3+
. () = (e, &) ’r
v(e) =r(t) ={(—e", &) 24
a() =) = (¢, &) v s
t+ (I, D)
N RN |
i Ly=7 ¢ |
1 2
At(1,1), t=0
v(0) = (-1 1) = ~i+j
a(0)=(1,1)=i+j
11 r(e) =i + 13 + Ek

a) = 2j + k

r()) =t +1tj+ /9 — 2k
vi) =i+ j— t

/ /18 — 12
s(f) = 1+1 + o= 7
a() = - ,2)3/2

s = JT+42+7 =1+ 352
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14, r(f) = 2i + 4§ + 213/% 15.
v(t) =2 + j + 3tk
s@) = VA2 + 1+ 9= /4% + 0 + 1

3
a(r) = 2i + —k
) 2/t
16. r(H) = {e'cos 1, e'sint, &)
v(t) = (e'cost — e'sin#)i + (e’sint + e'cos B)j + e’k

s(f) = Ve cos f — sin N2 + e*cost + sin 1) + e = ' /3

a(t) = —2efsinti + 2efcostj + €'k

3
17. @ r() = <t, -2, tz> =1 18.

o 312
r(t)——<1, 2, 4>

r(1) = <1, 2, %>

x=1+t y=—-1~21 z=~+

B

t

ENTE,

®) £l +0.1) ~ <1 01, —1 2(0.1),% + %(0.1)>

= (1.100, —1.200, 0.325)

19. ap) =i+j+kv(0)=0,r(0)=0 20.

V(t)=f(i+j+k)dt=ti+tj+tk+C
V) =C=0,v) =1ri +1j + kv() =1l + j + k)

2
r(t)=f(ti+tj+tk)dt=£2—(i+j+k)+c

r(o)=c=o,r(z)=523(i+j +K),

r(2Q) =2+ j+k)=2i+2j+2%k

21, a(t) =tj + tk,v(1) =55, r(1) =0

7 2
vie) = | (4 + tk)dt=5j +§-k + C

I, 1 _ ey _9. 1
v(l)—2J+2k+C—51=:>C—-21 2k

v() = (%2 + %)J + (%2 - %)k

r{t) = (41,3 cos t,3sin t)
v(r) = {4, —3sint,3cost) = 4i — 3sintj + 3 cosk

s(t) = V16 + 9sin®t + 9cos?t = 5

a(r) = (0, ~3cost, —3sint) = —3costj — 3sintk

@ r() = (1,25~ 1225 - 2),1,=3

O (R B

()

3
= + = = —_— =
x=3+fy=z=4 41‘

®) r(3 +0.1) = <3 +0.1,4 — %(O.l),4 - %(01)>

= (3.100, 3.925, 3.925)

a(p) = 2i + 3k
v(t)=f(2i + 3k)dt =24 + 3tk + C
v(0) = C = 4j => v(1) = 24 + 4§ + 3¢k

r() = f(Zzi +4j+3K)dt = A+ 4 + %ﬂk +C

r)=C=0=r()=rAi+ 4 + %ﬂk

r(2) = 4i + 8j + 6k

r(t)zj[(§+%)i +(-tzz—%)k]dt=(t6—3+%t>j+<§——;—t>k+c

14 1 14 1
= ——j — ~k + = = ——3 -
r(1) 53 3k C=0=C 3_|+3k

$ 9 141\, 81 1
r(t)—(6+§t—?>"+(6 2t+3)k

17 2
=—j+=
r(2) X 3k
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22.

23.

25,

26.

27.

a(f) = —costi — sin#j, v(0) = j + k, r{0) =i
v(y) = f(—cos ti—sintj)dt = —sinti + costj + C

vVO)=j+C=j+k = C=k

v(r) = —sinti + costj + k
() = J(—-Sinti + costj + k)dr = costi +singj + 1tk + C

r0)=i+C=i= C=0
r(f) = cos ti + sin fj + 1k
r(2) = {cos 2)i + (sin2)j + 2k

The velocity of an object involves both magnitude 24. (a) The speed is increasing.
and d}rectlon of motion, whereas speed involves only (b) The speed is decreasing.
magnitude.
r() = (88 cos 30°)A + [10 + (88 sin 30°) — 16:2}j 0
= 44./31i + (10 + 44r — 1612)]
Q 300

r(r) = (900 cos 45°)i + [3 + (900 sin 45%) — 162];
= 450/2:i + (3 + 450/2¢ — 168

The maximum height occurs when y(r) = 450/2 — 32¢ = 0, which implies that r = (225./2)/16.
The maximum height reached by the projectile is

2
y=3+ 450\/§<%§> - 16(22?2/5) = 50'8649 = 6331.125 feet.

The range is determined by setting y() = 3 + 450/2t — 1612 = 0 which implies that
= — 4502 — /405,192
—-32

-~ 4502 — /405,192

-32

== 39,779 seconds.

Range: x = 450J§< ) =~ 25,315.500 feet

1 v, vV,
rt=vcos6ti+[h+ vsin0t—-—tz]j=——2-ti+<3+—°t—1612)'
) = (5005 0) (osin ) — ger | = 2 1 - 1617

20y = 300 when 3 + —2¢ — 162 = 3.

V2 V2
2 2
;23002 v 300J§> ~ 16(300J§) ~ 0,300 - 20962 _,
Yo 2\ v Yo Yo

vo2 = 300(32), v, = ~/9600 = 40./6, v, = 40/6 ~ 97.98 ft/sec

The maximum height is reached when the derivative of the vertical component is zero.

y(t)=3+—n—)0——16t2=3+40\/gt—16t2=3+40\/§t—16t2

V2 V2
y(0) =403 - 32t =0
_0/3_5/3
=Tm T

2
Maximum height: y<¥) =3+ 40\/§<§—Z‘/—-§-) - 16<5—;—/—§) = 78 feet
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28. 50 mph = %Q ft/sec

r(r) = <3§-9 cos 15°>ti + [5 + (—2% sin 15°>r - 16t2}j

The ball is 90 feet from where it is thrown when

220 o 2
x = =3-cos 15=90 = ¢ = 77 cos 15° 1.2706 seconds.

The height of the ball at this time is

i

220 . . 27 27 :
y=5+ <—3— sin 15 )(22 o 150) 16(22 cos 150) = 3.286 feet.

29. x(r) = Hvycos 6) or t = S

¥(®) = v, sin 6) — 1662 + h

(v, sin 6) — <L—) + h = (tan O)x — (E sec? 0)x2 +h
° Vo2 cos? @ Vo2

y=vcos0

30. y = x — 0.005x

From Exercise 29 we know that tan 8 is the coefficient of x. Therefore, tan 8 = 1, 8 = (7/4) rad = 45°. Also

16 . .
= sec? @ = negative of coefficient of x2
o

5—62(2) = 0.005 or v, = 80 ft/sec

r() = (40\/_ t)l + (40\/_ 2t — 16t2) Position function.
When 402t = 60

v(r) = 40/2i + (402 — 320)j
(3‘/_) 40+/2i + (402 — 24V2)j = 8/2(5i + 2j). direction

Speed = (3f> ” =8/2./25 T 4= 8/58 ft/sec

3L r(s) = d + (—0.0042 + 0.3667¢ + 6)j

(a) ¥ = —0.004x? + 0.3667x + 6 (¢) y' = —0.008x + 0.3667 = 0 => x = 45.8375 and

b 1 ¥(45.8375) = 14.4 feet.
(d) From Exercise 29,
tan 6 = 0.3667 = 6~ 20.14°

0 120 2 2
o 16 sec 0=0.004:VO2~16se06

Vo2 0.004

= v, ~ 67.4 ft/sec.




102 Chapter 12 Vector-Valued Functions

60
32. r(r) = 140(cos 22°)ti + (2.5 + 140 (sin 22°)t — 16£2)j
When x = 375, 1t = 2.889 and y = 20.47 feet.
Thus, the ball clears the 10-foot fence. ol 50
0
miles feet 440
33. 100 mph = (100 ” )(5280 mile)/(3600 sec/hour) = 3 ft/sec
(@ r(t) = (;?_L cos Go)ti + [3 + <% sin Oo)t - 16t2]j
(b) 100 Graphing these curves together with y = 10 shows that §, = 20°.
6,=20 6,=25
7 1 500

0 g=10 g,-15

(c) We want

x5 = (i;;QCOS 0>t 2400 and y() =3+ (% sin o)t — 1612 = 10.

From x(), the minimum angle occurs when ¢ = 30/(11 cos 6). Substituting this for ¢ in y(¢) yields:

440 30 30\t
3 +( 3 Sme)(llcos e> 16(11cos0) =10

14,400

pa— 2 =
400 tan 6 121 sec* =17
%1+tﬁm2ﬁ)—‘-400tan0+7=0

14,400 tan® 6 — 48,400 tan 6 + 15,247 = 0
_ 48,400 + /48,4007 — 4(14,400)(15,247)

tan 0 2(14,400)
48,400 — /1,464,332 800
— —1 » » s 3 e )
6 = tan ( 28.800 ) 19.38
34. h = 7 feet, 6 = 35°, 30 yards = 90 feet
r(t) = (v c08 3594 + [7 + (v, sin 35%) — 16471
(a) vy cos 35° = 90 when 7 + (v, sin 35°) — 162 = 4
= —90._—._
Vo cos 35°
. 90 90 2
+ ° — =
7+ (v 5in 35 )(vo cos 35°> l6<vo cos 35°) 4
90 tan 35° + 3 = 22000
Vo cos? 35
, 129,600
VO =

~ cos? 35°(90 tan 35° + 3)
vy = 54.088 feet per second

—CONTINUED—
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34. —CONTINUED—

(b) The maximum height occurs when

() = vosin35° — 32t = 0, PR .
54.088 cos 35°
_ Yosin35
VI 0.969 second

At this time, the height is y(0.969) =~ 22.0 feet.

35. r(f) = (vcos G)ti + [(vsin 6)r — 16¢2]j

() x(t) = 90 => (v, cos 35%t = 90

2.0 seconds

(a) We want to find the minimum initial speed v as a function of the angle 6. Since the bale must be thrown to the

position (16, 8), we have
16 = (v cos )t
8 = (vsin 6)r — 162,

't = 16/(v cos 6) from the first equation. Substituting into the second equation and solving for v, we obtain:

s = ama 1) - 1L

vcos 6 vcos 0

sin 6 1
1=2 cos 8 Slz(v2 cos? 0)

2 1 _ sin @
vicos? 6 cos @

1=< sin®  \cos’® 2sinfcos § — cos? @

51

v? cos® ) 512 512
2 = 512
2sin fcos 6 — cos® 8
.. . . 512
We minimize f(6) = Yy —t
20— 2sin28 + 2 si
r6) = _syp 2C0s° 9 — 2sin® § + 2 sin Hcos 6

(2 sin @ cos 8 — cos? 6)?
f(6) = 0 = 2cos(26) + sin(26) = 0
tan(26) = —2
6~ 1.01722 =~ 58.28°
Substituting into the equation for v, v = 28.78 feet per second.
(b) If § = 45°,
J2

16 = (vcos @)t = vt

= (vsin O) — 1682 = v§: — 1622

512 32 1004 = v = 32 ft/sec.

From part @, v = o a7 2/2) — (Va/2F ~ 12
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36. Place the origin directly below the plane. Then 8 = 0, v, = 792 and

r(f) = (v, cos )i + (30,000 + (v, sin 6)r — 16£4)j
= 7924 + (30,000 — 162)]
V(1) = 792i - 32j.

At time of impact, 30,000 — 1672 = 0 = # = 1875 =»> t =~ 43.3 seconds.

r(43.3) = 34,294.6i
v(43.3) = 792i — 1385.6)
[v(43.3)]| = 1596 ft/sec = 1088 mph

_ 30,000
342946

tan a

37. r(t) = (v, cos O)ti + [(v,sin O)r — 16:2]j
(vosin )¢ — 1622 = 0 when + = 0 and ¢ = . ilén 0'
The range is

: 2
x = (vycos O)r = (v, cos 6)29%6!1_0 = 13),92— sin 26.

Hence,

1200?
32

*= 15

38. From Exercise 37, the range is
_vl
x = 35 sin 26.

4800

~ 0.8748 = « =~ 0.7187(41.18°)

sin(26) = 3000 = sin260 = L = 6=~ 191"

30,000

Qermmm

0,0) 34295

= :ﬁXi i © 2 3
Hence, x = 150 §in(24°) = v, o = Vo 108.6 ft/sec.

32

39. (a) 6= 10° v, = 66 ft/sec
r(t) = (66 cos 10°)ti + [0 + (66 sin 10°)¢ — 16¢2]j
r(s) = (6501 + (11.46f — 161
Maximum height: 2.052 feet
Range: 46.557 feet 5

0 50
0

(c) 6 = 45°, v, = 66 ft/sec
r(z) = (66 cos 45°)ti + [0 + (66 sin 45°)t — 16¢%]j
r(f) =~ (46.671i + (46.67t — 16¢3)j
Maximum height: 34.031 feet
Range: 136.125 feet 40

200

=

—CONTINUED—

(b) 6= 10° v, = 146 ft/sec
r() = (146 cos 10°)i + [0 + (146 sin 10°)¢ — 16¢2]j
r{r) = (143.780)i + (25.35¢ — 16£2)j
Maximum height: 10.043 feet
Range: 227.828 feet 15

(d) 8= 45° vy = 146 ft/sec
r(z) = (146 cos 45°)i + [0 + (146 sin 45%) — 1612]]
r(f) = (103.249)i + (103.24¢ — 1662)j
Maximum height: 166.531 feet
Range: 666.125 feet 200
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39. —CONTINUED—
(&) 8 =60° v, = 66 ft/sec
r(t) = (66 cos 60°)ri + [0 + (66 sin 60°)r ~ 1612]j
r(t) ~ (330)i + (57.16 - 161
Maximum height: 51.047 feet
Range: 117.888 feet

60

40. @) () = (v cos 6)i + (tv, sin 6 — 167);

Hvysin @ — 16¢) = 0 when ¢ = w.

16
D ox= Yosin 6} _ v_oz) ;
Range: vocosﬂ( 2 ) (32 sin 20

The range will be maximum when

dx _ Vj) -
e (32 20820 =0

or

20==, 0= >rad.

ST
NE

4L (1) = (v, cos O)ri + [2 + (v, sin 6)r - 4.9:2]j
= (100 cos 30%4 + [15 + (100 sin 30°r — 4.912)j

() 6 =60°, v, = 146 t/sec
r(t) = (146 cos 60°)si + [0 + (146 sin 60%) ~ 1612]j
r(e) =~ (730i + (126.44¢ — 161%)j
Maximum height: 249.797 feet
Range: 576.881 feet

300

(®) ¥(0) = 1, sin 9 — 1642
dy _ . _ . __ vysin @
gr ~ VoSN 6 =32t =0 when ¢ 3

Maximum height:

(vo sin 0) _ volsin? 6 p vo®sin? 6 vy?sin? 6
32 )7 3 322 64

Minimum height when sin § = 1, or 8= g

The projectile hits the ground when —4.952 + 100(%): T 15 =0 = ¢~ 10.234 seconds,

The range is therefore (100 cos 30°)(10.234) ~ 886.3 meters.

The maximum height occurs when dy/dt = 0.
1005in 30 = 9.8 — ¢ ~ 5.102 sec

The maximum height is

¥y = 1.5 + (100 sin 30°)(5.102) ~ 4.9(5.102)? ~ 129.1 meters.

42. r(t) = (v, cos O)ri + [A + (v, sin 6)r - 4.9¢2]
= (v, cos 8°)i + [(v, sin 8°)r — 4.912]§

X = 50 when (v, cos 8% = 50 == ;=

Vg cos 8°°
oo 50 50\
(vo sin 8°) (vo cos 8°) 4'9(v0 cos 8°) =0

SOt g - (4212500
Vo< cos? 8

7=
Voo =

For this value of ¢, y=20:

(4.9)50

tan 8° cos? 30 1777.698

= v, =~ 42.2 m/sec
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43.

45.

47.

49.

£(f) = blowr — sin wi)i + b(1 — cos wt)j

v(f) = bl — wcos i + bosinwtj = bw(l — cos i + bw sin wtj
a(f) = (bo? sin wt)i + (bo? cos ot)j = bosin(wt)i + cos(whjl

v = vZbw/T — cos(w)

a@)| = be?

(@ ||[v(ll = 0 when ot = 0,2, 4m, . . .. (b) ||v(#)]] is maximum when «f =, K A
then [|v(1)| = 2bow.

. 1(t) = b(wt — sin w0)i + B(1 — cos wh)j

v(1) = ba{(1 — cos wi)i + (sin w?)j]

Speed = [|v()ll = J/3bw/T = cos wf and has a maximum value of 25w when @t = 37, ... .
55 mph = 80.67 ft/sec = 80.67 rad/sec = o since (since b = 1)

Therefore, the maximum speed of a point on the tire is twice the speed of the car:

2(80.67) ft/sec = 110 mph

v(t) = —bo sin(w)i + bw cos(wl)] 46. () Speed = ||V = VbPo? sin(er) + bre? cosHwt)

r(e) - v() = —Po sin{wf) cos(wt) + b2w sin(w?) cos(wt) = 0 = VP sin¥(wt) + coswr)] = bw
Therefore, r(f) and v(¢) are orthogonal. () 10

-10 C} 10

-10

The graphing utility draws the circle faster for

greater vatues of o.
a(t) = —be? cos(w)i — bwr2 sin(wt)j = — bo?[cos{wi + sin(w)j] = — &r(?)

a(f) is a negative multiple of a unit vector from (0, 0) to (cos o, sin wt) and thus a(y) is directed toward the origin.

. Ja@ll = bow?|cos(wi + sin(wf)jl] = bo?

la@l| = o, b =2 50, [v(5)] = 30 mph = 44 ft/sec
1 = m(32) vl _ 44
1 w=""= 300rad/sec
= 2
o = 410 rad/sec F = m(be?) = __—(3(3)(2)0 300)<%0> = 605 Ib
V@)l = bo = 8/10 ft/sec
Let n be normal to the road.
||ni| cos 6 = 3000
||nl} sin 6 = 605
Dividing the second equation by the first:
_ 605
tan 6 = 3000

605 o
6= arctan<3000) = 11.4°.
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51.

52.

53.

55.

To find the range, set y() = h + (v, sin 8)¢ — tgt? =0then0 = (3g)? — (vysin 6)t — h.
By the Quadratic Formula, (discount the negative value)

_yosin6 + (v sin )2 — 4[(1/2)gl(—h) _ vosin 6 + Vv sin® 6 + 2gh

seconds
2[(1/2)¢l g
At this time,
x(f) = v, cos O(VO sin 6 vg sin” 6 Zgh) =Y C;s B(VO sin 8 + v&(sin2 6+ %))
()

2
=3°—°?°§—q<sine+ . /sm20+27‘g§>feet
(¢}

h = 6 feet, v, = 45 feet per second, 8 = 42.5°. From Exercise 47,

. o 2 oin o
, - 45sin 425° + J@5)32sm 42.5° + 232)6) _ 5 08 seconds.

At this time, x(f) = 69.02 feet.

r() = x(0)i + y(£)j + z()k Position vector 54. () = x(Oi + y(0)j
v(f) = x(0)i + y(0j + z(Pk Velocity vector y(t) = m(x(z)) + b, m and b are constants.
a(t) = xi + yj + z2"(t)k Acceleration vector r() = x(0)i + [m(x()) + blj

Speed = [[v(0)] = V&0 + y'0)* + 2’ (1) v(t) = x ()i + mx'(Dj

= C, Cis a constant. s(t) = \/m = C, C is a constant.
L2+ y 0P + 26P) = 0 Thus, x0) =~
2(Ox) + 29" Oy) + 227021 = 0 x5 =0
2AxOx) + y(y) + 2 (92W] = 0 a() = xi + mx(0)j = 0.

v(e)-a( =0
Orthogonal

r(f) = 6 cos ti + 3 sin ¢j

(@ v() =rs) = —6sinti + 3costj (b) t o - @ 2 -
v@)| = /36sin*t + 9 cos® ¢ 4 2 3
=3 /ASm2 1 + cost 1
3V/Asin" 1+ costt Speed | 3 | 2/10 | 6 EN/ER
=3./3sin*r+1 ,
al) = v{(t) = —6costi — 3sintj
(©) J (d) The speed is increasing when the angle between
>~§ v and a is in the interval
-9 ; : 9 T
k__,_,,/ [O’ E)
-6 The speed is decreasing when the angle is in the

interval

4]
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56. (2) r,(n) = x(0)i + y()j + 2k
r,(1) = r,(2)
Velocity: r, (1) = 2r,"(2¢)
Acceleration: r,"(r) = 4r,"2s)

(b) In general, if ry(r) = r,(wr), then:
Velocity: r(t) = or,(wf)
Acceleration: r,(f) = or, {wi)

58. True

57. False. The acceleration is the derivative of the velocity.

59. a(s) = sinti — cos tj
V() = ja(t) dr = —costi — sintj + C,
VO =-i=-i+C = C =0
() = —cos ti — sin 1§
r(y) = fv(t)dt = —sinti + costj + C,
r0)=j=j+C, = C,=0
r(t) = —sinti + cos

The path is a circle.

Section 12.4  Tangent Vectors and Normal Vectors

5. r() =i+ 25 =1

r'() =24 + 2§, [[f0) = VA T 4=2/F 1
(1) 24 + 2j

BT e v (A
T(l)——(l +_])——£1+ \/-

NG

7. r(t) =4costi + 4sintj,t=g

r'{) = —4sind + 4 cos 1

e @l = V16sin?¢ + 16 cos?r = 4

_r _ .

T() = w0l sind + cos

7\ _ V2. V2
-

4 2t

v,
—

6. r() =Fi+ 2
r(s) = 34 + 44
e’ = Vo + 162

r’(t) 1
T() = IO WGt i+ def)

3 4
le__“3°+4'=_.'+_.'
W \/94-16(l ) 5l 5J

8. r(f) = 6cosd + 2sin
r'() = —6sinfi + 2 cos fj

e @) = /36 sin?¢ + 4 cos ¢

o) = r(s) _ _—6sind + 2 cos 4
el V36sin?t + 4cos? s
AT =330 + j
T(3) NG Eaor ( Wi+ )
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9. r(=Inti+2j,1=c¢

£ = 7 + 2]

1
) = —i + 2§
r{e) P 2j

I, .
I NS BT
I el 1 V1 + 4e?
;—2- + 4

~ 0.1809i + 0.9835j

11. () =+ti + ¢4 + 1k, P(0,0,0)
r()=i+2uj+k
Whent =0, r'(0) =i+ k, [t =0at(0,0,0)]
0 _ V2

o] ~ 20tk

Direction numbers: a =1, b=0, ¢ =1

T() =

Parametric equations: x = ¢, y =0, z = ¢

13. r(t) = 2costi + 2sing + 1k, P(2,0,0)

r'(t) = —2sinti + 2costj + k

Whent =0, r(0) = 2j + k, [r = 0at (2,0,0)].

R () __\/5 .
T(O)—M—O)”—?(Zj—l—k)

Direction numbers: a =0, b=2, c =1
Parametric equations: x =2, y=2t, z = ¢

15. r(s) = (2cost, 2sint, 4), P(V/2, /2, 4)
r(t) = (=2sint, 2 cost,0)

Section 12.4

10. r(t) = e'costi +€'j, t =0

r’(r) = (efcost — e'sin i + €

r’0)=i+j
_xo) _i+j_ V2. V2.
TO = ol T A 2 T2

12 r() =4+ 4 + %k P<1, 1%)

r{) =24+

When: = 1,r'(t) = r{1) = 2i + j [t = lat(l, l’g)]'

r{1) =2i+j_£
e V5 s

Direction numbers: a =2, b= 1,¢ =0

T(1) = (2i + j)

Parametric equations: x =2t + l,y=¢t+ 1,z =

14. r(t) = (1,1, V&~ 2), P(1,1,/3)

r(r) = <1, 1, _\_/_Z't'"_——:;>

Wh

Whent = 1, r(1) = <1, 1, _—}§> t=1at(1,1,v3)}

() v 1
TW = 1om) =7 <“’ >

1 c=—L
y \/g

Parametric equations: x =t + 1, y =1¢ + 1,

1
VA V3

Direction numbers: a =1, b =

When ¢ = E, r<ﬂ> = (—\/f V2, O), [t = %T at (\/i, V2, 4)]

4 '\4

o W G/ N VI
1(5) = ey = 5~V V20

Direction numbers: a = — ﬁ b= ﬁ c=0

Parametric equations: x = — /2t + /2, y = V2t + V2, z = 4
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16. r(t) = (2sint, 2 cost, 4sin? 1), P(l, V3, 1)
r’(r) = (2cost, —2sint, 8 sinfcos )

'Whent = g, r(g) = <\/§, —1,2\/§>, [t =g at (1,\/5, 1)]

6
Direction numbers: a = \/5, b=~1 ¢c= 2.3
Parametric equations: x = 3+ 1, y=—t+ SBoz=2S3+ 1

7\ _ r’(1/6) _1 B
1) o] ~ 3~ ~12Y3)

17. r(®) = <t, 2, %t3>
r'(H) = (1, 2¢,21%)

When s = 3, r(3) = (1,6, 18), [t =3 at (3,9, 18)].

r3 _ 1
[XO/CA

Direction numbers: a =1, b =6, ¢ = 18

T(3) =

Parametric equations: x = ¢+ 3, y=6:r+9, z = 18t + 18

18. r(r) =3 costi + 4sintj + %k

r(¢) = —3sinti + 4costj + %k

T AT 2 3+ L =T z
Whent—z,r<2> 3|+2k, [t 23t<0,4,4)]-

T(%T) - tm2) L(—z,i + -l—k) =L (~6i+K

e/l /37 2 /37
Direction numbers: a = -6, b =0, ¢ = 1
Parametric equations: x = —6¢, y =4, z =1t + %
19. r(@=d+Ingj+ Jik, f=1 20. r(r) = e~i + 2cos tj + 2sintk, 1, = 0
PO =i+ [+ ik T =i+ + gk £'0) = —e™i ~ 2sinj + 2 cos rk
) ! r(0) =i+ 2j, r0) = —i + 2k, |[r(0)] = V5
) i+j+ (/2 2. 2. 1
T(1) = = =zi+Zj+zk r0) —i+2k
Ile®l ~ J1+1+(/49 3 3 3 T(0) = -
A O=fron =~ A
Tangentline: x =1+ y=¢z=1+ 5! Parametric equations: x(s) = 1 — s, y(s) = 2, z(s) = 2+
rso + 0.1) = r(1.1) ~ L.1i + 0.1j + 1.05k o + 0.) = r(0 + 0.) = (1 = 01,2, 2(0.1)
=(0.9,2,0.2)

= (1.1,0.1, 1.05)
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21. r(4) = (2,16,2)
u(8) = (2,16,2)

Hence the curves intersect.

r'(f) = <1, 2t, %>, r'(4) = <1, 8, %>
- om-(is

r(4) -u’(8) _ 16.29167

0 @l 162513 0T

22. r(0) = (0, 1,0)
u(0) = (0, 1,0
Hence the curves intersect.

r’(t) = (1, —sint, cos #), r(0) = (1,0, 1)

u’'(s) = <—sinscoss -~ cos s, —sinscoss — cos s,

u’0) =(-1,0,1)

r’(0) - u’0)

cos 0= roMeo] ~ 2= 072

3. =4 +21=2
r'(d) =1 +1j
) i+
TO =) = 75 7

i
tET A

t/ — _t 3
T =Grypr

. -2, 1.
T(2)=‘5‘37‘2‘1+WJ

N(z)_“"—“‘T( 2+ j) = —5 i+-——§—j

25. r=Inti+ @+ 1)jt=2

£ = i+ ]

1,
_ r(n _ ?l _ i+
TO =1 = /— N
T0 =7 +z2)3/2 +

T 1.
(2) 53/2 ol t ST/fJ

10 15, S,
ND =jre) = s s

1 1
—— + p—
cos 2s 2>

2. r(t)=ti+-?j,t=3

, , 6,
r'l) =i-3j

t
_r' _ 1 6
o = @l VT+ (36/t45( t"")
sl )
4+ 36 tl"
, 72 128
T = i 3t6)3/21 + o 36)3/2j
T2)
NG = frg * 7+ 2

26. () =3costi + 3sintjt=—

4
r’(f) = —3sinti + 3cos £, r' @ = 3
T() = — sinti + costj
TAr) = —costi — sintj
r{f)- -5
N(z) o 2,
4 2 2
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27.

28.

30.

32.

r() =ti+2j+Intk,1=1

r’(f)) =i+ 2uj+ %k

i+2tj+-1t-k

k

() = r’(t) _ _ i+ +k
fle ‘() 1 M F 17+ 1
1+ 412+ t_z
T = 1 — 4t ;. 20 + 4 —8% —1
@irerp? T r e AT @2 )
p -3, 6 . -9 3. . .
T(l)=ml+mj+gmk=—[63/2 “I+2]—3k]
-i+2j-3k -/14, 2/14, 3./14
N(l) = —2—— _ i+ i -
W J14 @ T Tk

r() = V2ti+tej+ekt=0
() = V2i + e — e’k
@l =vV2Z+erFtet= JSle+eR=e+e"

r')  V2itej-e'k

T =~ ere
i N2 e, 2. 2
() = (e' + )2 1+ (e' + e")z" * (e* + e*’)zk

T0) = 35 + Lk

2 2
N(0) = ——z‘gj + %k
() = cosfi + 2sintj + k, t = —7747
r’(t) = —sinti + 2 cos 1

T() = r(f) _ —sinti+ 2cosij
Ie@| /sin*t + 4 cos?t

The unit normal vector is perpendicular to this vector and
points toward the z-axis:

—2costi — sinfj

N = —/—/m———.
® Jsin?t + 4cos?t

M) - (52

r(s) = 4i — 2t

V() = 4i — 2]
a(t) =0

v 1
TO =11~ A% 9
T =0

N(@) = “%:E%ﬂ is undefined.

The path is a line and the speed is constant.

29.

31.

33.

r(f) = 6cosd + 6sintj + k,t=%§I
r’(t) = —6sint + 6 cos ¢
T() = r _ —sin i + cos ¢

el
TXt) = —costi — sint}, [T = 1

3m\ _ TGa/4) _ V2. V2.
N(T) Sema] - 20 29

r(f) = 4ri
v() = 4i
a(t) = 0
_ v _ 4
O = =%
T =0
N() = —”:8” is undefined.

The path is a line and the speed is constant.

r() = 422i
v() = 8ri
a(r) = 8i

_ v _8i_.
TO = fyg) =8 =1
T =0

N = H%%))ﬂ is undefined.

The path is a line and the speed is variable.
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M.r() = 2 + k 3s.

() = i+ 13, V0 =i = ), V() =i =

v(r) = 2tj 2
al) = 2§ a() = i, al) =
v 2 _ . . N GO PO SRS | L
0= ey = 2~ L e = R G
T'(’)z"() T(1)=—\}—§(i—j)=\—£z(i-j)
T .
N@) = m)—" is undefined. 2 - 253 ;
N . . _ T _ (#* + 1)3/2° (¢4 + 1)32
The path is a line and the speed is variable. N(2) T o
(t*+ 1)
F(i + 2 )
N(1) = — \/- +J)‘£{l +J)
ar=a-T= -2
ay=a-N= .2
3. r) =14+ 24,0=1 3. riD=0G—-)+ 2Y,r=1
v() = 24 + 2j,v(1) = 2i + 2j v()) = (1 — 39 + 4, v(1) = —2i + 4j
a() = 2i,a(1) = 2i a(t) = ~64 + 4j,a(1) = —6i + 4j
R0 1 L. vl Q=39+ 4
TO = Lo ,/—‘42 TR A A = AT T =ol = rrioms1
f f _=2i+d4y -+ 2j V5. .
T(l) \/‘(l + ) = T(l) - \/‘2—6 - \/‘5— - 5 (l 2])
1 ] -t . oy —16H32 + 1) 4 — 3614 .
P I 07 " T0 = G102 ¥ 2 * G s 102 + P
2 i —
“+1 T (1) = 203/2 203/2.]
_ 1 . P
ETA N = =2
2, V2
N(1) = 255 — 255 S 145
2 j_ ap=a T——\/§(6+8)——5
ap=a-T=2
ay=a-N=.2 ay=a- N—\—/:(12—4) 8f
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38. )= —-4i+ (12— 1)j,t=0 39. rip=ei+e¥jt=0
v(f) = (312 — 4)i + 2tj, v(0) = —4i v(e) = efi — 27§, v(0) =i — 2j
a(s) = 64 + 2j,a(0) = 2j al) = i+ 4e¥§,a(0) =i + 4§
) = v(t) - (312 — 4)i + 2t T() = v(s) - i~ 2e%j
v 9t — 2012 + 16 ' @l Va4 ¥ + &
~4 i-2j
TO) = —= = —i T(0) =
0 == 0=
P 32 - 8¢ i+
T = O — 2007 + 16)72" T O — 207 + 16)3724 NO) = NG
oo 32 1 e L
T(I)—‘_mm.l—zl ar=a T—\/g(l g) = S
N{) = aN=‘a-N=%(24-4):“"“6\5/g
ar=a-T=0 3
ay=a-N=2
4. r(=¢i+etjt+ikt=0
vi)=ei-e’j+kv0)=i-j+k
a() = e'i + e'j,a(0) =i + j
v(?) eéi—e’j+ k
T) = =
O=hol - Ve
i-j+k
T(0) = —L—
© V3
T = eZ(e? +32) e¥(2e? + 1) (1 — e K
T e T PR T @ ke + 1) T (e 1 e 1 12
. 3. 3.
T (O) = —?,T/Z_‘ + 53—/3.]
_ V2. V2,
N(©) = 51 + i
ar=a-T=0
ay=a-N=3
41. r(s) = (¢’ cos DI + (&' sin 1)j 42. () = acos(w)i + b sin(w?)j
v(1) = ef(cos t — sin )i + ef{cos r + sin 1)j V(1) = —awsin{wi + bw cos(wt)j
a(r) = e(—2sin )i + (2 cos 1)j v(0) = bwj
Ats = _g, T = ﬁ _ %(—i 1)) = _\g_i(‘i ). a(t) = —aw? cos(wt)i — ba? sin(wr)j
2 a(0) = —awi
Motion along r is counterclockwise. Therefore, '
T(0) = 20 -
R RN/ PR QI
N—7§(_l-") =5 G+). ,
Motion along r(z) is counterclockwise. Therefore,
aT=a'T=\/§e"’/2 N(O)z‘i
= . = /2
ay=a-N V2e ar=a-T=0

ay=a-N = ao?
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43, r(ty) = (cos wity + wty sin wr)i + (sin wty, — wh, cos wty)j
vltg) = (i, cos wrghi + (Wt sin wty)j
a(ty) = o*(cos wty — wlysin wip)i + (wt, cos why + sin wiy)j]

T(to) = ﬁﬂ = (cos wip)i + (sin wrp)j

Motion along r is counterclockwise. Therefore
N(z)
ap=a-T=a?

ay = a -+ N = o¥oty) = o,

i

(—sin wrp)i + (cos wty)j.

4. rlty) = (ot — sin oty)i + (1 ~ cos wt,)j
v(ty) = (1 — cos wry)i + (sin wty)j]
a(ty) = o?[(sin wip)i + (cos wiy)j]

v {1 ~ cos atpi + (sin wt))j

T T mm—
(vl V21 = cos wt,

(sin wri — (1 ~ cos wry)j

Motion along r is clockwise. Therefore, N =
V21 — €0s Wy,
«? sin wt, w?
ap=a-T=—n—-L—=—/1 + cos wt
T V21 — COS wt, V2 ©

aN=a-N=%\/1 — COS Wi,

46. T(r) points in the direction that r is moving. N(z) points in

45. r(r) = acos wti + asin wtj
the direction that r is turning, toward the concave side of

v(t) = —awsin wti + awcos wt the curve
a() = ~aw? cos wti — aw? sin wt j ,
\
v(1) . ) 4w
T(@) = = —sinwri + cos wt
g vl @ J /
N
_ T _ C .
N@) = o)~ ~cos @i~ sinwr -
ar=a-T=0

ay=a- N = aw?

47. Speed: |v(9)]| = aw 48. If the angular velocity  is halved,

The speed is constant since agp = 0. ' <w>2 aw?
ay = 4a =

2 4

ay, is changed by a factor of %.
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49. r() =+ + %j, =2 50. r(t) = 3% + tj, 1, =1
. x=p3 y=t=x=y3 or y=xl/?
x=ty=-=x=1 r()) =32+ j
1 r(f) 3% + j
, [ . T(t) = =
r) =i-3i O =0~ Tt
A 3+ j 6. /16
T(f) - t“1 ) y T(l) - J — 3 10i " 10.
Jr+ 1 V10 10 10
i+ t2j 3T N(l) - ~ 10. _ 3J10
NO = —==5 A 10 10 ]
. 1 14
== 4 =
r(2) = 2i 5 .
Sui 1 2 3 ¥ —t
T(2) = —(41 b o
N@) = X + 45
17
51. ﬂﬁ=%%ﬁ+hm¢%=% 52. r(f) = 3cosd + 2sintj, t,= 7
2,2
x=2cost, y=12sint = x? +y?=4 §=cost, %=sint =3 %+2’4_=1 Ellipse
rle) = ~2sind + 2 cos ] rt) = —3sinsi + 2 cos tj
T(t) = %(—2 sinfi + 2 cos ¢j) = —sin ti + cos tj r(m) = —-2j = T(m) = —j
N(f) = —cos ti — sin tj f N(m) =i y
, | A
r(l"> = /2i + /2j /\Xﬁ,ﬁ)
4 1+ N
K \/—2_ + + x
L (__- + 3 -1 1
T(4> 2 ! J) —l-'-/
ﬁ -3

53.

(8)-Leres

r()=d+2j—3k, t=1
v() =i+2j— 3k

a() =0

T() = ||v|| \/.Z(l +2j—3k) = —l\/jl?(i + 2§ — 3k)
= T(l)

N@) = ||T “ is undefined.

ar, ay are not defined.

54, r(t) = 448 — 41j + 2k
V() = 4i — 4j + 2k

a( =0
nﬁlw gﬁ—ﬁ+m
N@G) = ITT—” is undefined.

aq, ay are not defined.



Section 12.4

Tangent Vectors and Normal Vectors 117

2
55. r(e) =+ 1% +%k, t=1

vi) =i+ 2 + 1k

v() =i+2j+k

alt) =2j + k
v 1
T =55 =—F7—=(i+ 2t + ik
() ”I L1350 J )
T(1)=§(i+zj+k)
50 +2j + k
N() = T _ (1 + 5:2)3/2 _ TS+ 2j+k
[ o V] 31+ 582
1+ 5¢2
N(1)=—(‘330—5i+2j+k)
aTza-T.:%g
aN:a-Nz%
57. r(t)=4ti+3costj+3sintk,t=-72—7

v(t) = 4i — 3sin4j + 3 cos tk

v(—z’f) = 4i — 3

at) = —3costj— 3sinrk
ki
a(2> = —3k
T() = % = 2(4i — 3sinsj + 3 cos rk)
vl 5

w

T<—2—> = ~;—(4i - 3j)

’

N(t)=m=—cost_]—smtk
T

N(z)— k

ap=a-T=0
ay=a-N=

56.

r(t) = sinti + e costj + €'k

v(t) = (efcost + e'sin )i + (—¢e'sint + e cos £)j + €'k
vi0)=i+j+k

a(t) = 2¢'cos i — 2e'sintj + €k

a(0) =2i + k

() = ﬁ = —-1\/—3-[(cost 4 sin )i + (—sin + cos Aj + k]
T(0) = %[i +j+K]

N() = %[(—smt + cos 1)i + (—cos t — sin 1)j]

N(0) = %i - —‘é——i

2
() = + 372 + %k
v{) =i+ 64+ 1k

v(2) =i+ 12§ + 2k

a(t) = 6j + k
T() = o = ;(' + 6tj + tk)
M~ JSTrsme
1
T2) = i+ 12§ + 2k
@= Tt
1 . .
( T 0T 3707 37t2)3/2[-—37t1 + 6j + k]
N@) = =
| V37
1+ 372
= —\/ﬁi—?ﬂti + 6j + k]
1
N@) = —74i + 6§ + k
O Fmml e
1
=———(—74i + 6§ + k
/5513 ! )
74
=g+ T = e
or /1%

37

I
z
i
"
z
i
&‘
h
—_
w
—_
W
S



118  Chapter 12 Vector-Valued Functions
59. T(s) = “: ,8“ 60. The unit tangent vector points in the direction of motion.
T
N() = ==
O

61.

63.

If at) = a;T() + anN(2), then ay is the tangential
component of acceleration and ay, is the normal
component of acceleration.

If ayy = 0, then the motion is in a straight line.

r(t) = (art — sin w1, 1 — cos 1)

The graph is a cycloid.

(@ r() = {7t — sinme, 1 — cos )
v(t) = {(m — rcos mt, arsin )
a(t) = (ar?sin 71, 72 cos =t)

v() 1

T(@) = ol Y] m)(l — ¢os ¢, sin rt)
N{n) = T = 1 (sin ¢, — 1 + cos 1)
ITOl /200 = cos mr) ’

1

62. If a; = 0, then the speed is constant.

72 sin 7t

ar = a-+T = ——————=7?sin w1 — cos 7t} + 12 cos =t sin 7t] = ———————ru
T V2(1 — cos mt) ( ) 1 V2(1 — cos )

1

721 — cos ) _ w*/2(1 — cos i)

eI 72 5in? 7 + w2 cos wH~1 + cos w)] = =
V2(1 — cos 1) 4 )] V2(1 — cos ) 2

ay=a-*N-=
1w 2wt 2w
Whent~2.aT~ﬂ— 2 T INT T,
Whent = 1: ap = 0, ay = 2
_3 _ V2 _\/5772
Whent—z.aT— 2 P ONT T,
(b) Speed: s = |v()] = 7/2(1 — cos =)
ds _ _ wisinmt
dt /21 ~ cos mt) o
When ¢t = -;—: ap = @ > 0 = the speed in increasing.

Whent = 1: ay = 0 => the height is maximum.

Whent=%: ar = *ngz

< 0 => the speed is decreasing.
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64. (a) r(r) = {cos wt + @t sin ¢, sin vt — 7wt COs L)
v(¢) = (—rsinwt + arsin awt + it cos e, weos w — wcos wt + wr sin wt) = {7t cos mwt, 7wt sin wr)

a(f) = (72 cos 7wt — 73t sin mt, w* sin 7wt + 7t cos W)

IR
vl
ap = a - T = cos wf{w? cos mt — «t sin «wt) + sin w{w? sin 71 + 73 cos 1) = w2
ay = V&P —agt = Vw1 + 74 — 7t = 7}
Whent = 1, ap = 7%, ay = 7. Whent = 2, ap = 7%, ay = 27°.

(b) Since ap = w2 > 0 for all values of t, the speed is increasing when ¢ = 1 and ¢ = 2.

T(t) = (cos mt, sin 7t)

65. r(t)=2costi+25intj+%k, ro=—27f :

r(t) = ~2sind + 2costj + %k

T = 2v17 —2sinti + 2costj + lk)
17 2
N(t) = —cos 1i — sintj

w
N 2>-— —j
i § k
Tl m _ | _4J/17 J17 =\/17.+4\/17 _ M,
B(z) T(z)"N(z) —hoT 0 st Ty ks Ty i Ak
0 -1 0

3
66. r(r) =1+ rj+ %k, t,=1
r{t) =i+ 2 + 7k

T(t) = \/—1———____:6 + 2t§ + fzk)

1+42+1

1
N() = (2t =i+ (1~ + (¢ + 20k

K1) =i +j+ ok

3
T(l)=%(i+2j+k)
1 ) _ V2,
N(1)=\/g\/§(—31+3k)——2—-( i+k)
i § k
/6 /6 /6
BO)=TW)xN1)=|"6 3 6 =§1—‘/T§-j+§k=3§(i—j+k)
N2y N2
2 2
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67. () =i+ sintj + costk, 1, = 7’41

r’(t) = cos tj — sin 1k,

Ie@l = 1

Q) Fr
T'(s) = —sin tj — cos rk,
M7)- 2o g

68.  r() = 2¢i + efcostj + efsintk, t, =0
r'(t) = 2¢fi + (efcost — e'sinf)j + (e'sint + e‘cos Nk

r(0) =2+ + k = T(0) = —=

eI = 4e? + e*cos?t + e sin?t — 2e2 costsint + e’ sin®t + e cos?t + 2¢? sint cos ¢

= de?' + 2¢%(cos?t + sin?f) = Ge

e’ = vee!
_rl N S A, .
T(r) = _—Hr’(t)“ \/3[21 + (cos t — sin £)j + {(sint + cos Hk]

T = %[(—-sint ~ cos £)j + (cos £ — sin k]

T’(0)=—\}—3[—j+k]=>N(0)=‘—2fzj+§k
i i k
% % KlA_ B A
B(0) = T(O) x N(0) =|~6 V6 6 =T3i___3j_T3k
N )
0 =7y 7
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69. r(t) = 4sini

rt) = 4cos i

+ 4costj + 2tk, £, =—372

— 4sinsj + 2k,

e =

3

3) T 2/s 5' 7751
T = %(—4 sin ti — 4 cos tj)
m V3. 1.
N(3>” 22
i i Kk
- - . S S5 5
LIS T 2 = 5 5 5
B(3> T<3> N(3)
3 -1 0
2 2
70. x(t) = 2cos 2t + 2sin2tj + 1Kk, 1, = %
r’(f) = —4sin2ti + 4cos 2tj + k
el = V17
A7\ _
r(4> 4i + k
T V17 .
T<4> -———117 4+ k)
T = 7—11_;(—8 cos 2ti — 8 sin 21f)
o .
N<4> -
i k
B<3)=T<1’)><N<7—T>= 4T ST -
4 4 4 17 17

T(I) - _1_5(2i 2055 + k) = L - B,

r’(LT) =2 - 2/3j + 2k

0 -1 0

71. From Theorem 12.3 we have:
r(t) = (vgt cos )i + (b + vyt sin 6 — 164)j

V() = vy cos 8i + (v, sin 6 — 320)j

a(y) = —32j

16cos?t + 16sin’t + 4= /20 = 2./5

5 5

_ 5 M50 45
10 10! T10

., 4/,

17 17

T@) =

N =

ap =

an

(vycos B)i + (v, sin  — 320)j
Vvt cos? @ + (vysin 6 — 3212

(vgsin @ — 320)i — v, cos 6j
Vvg2cos? 6 + (v, sin @ — 321)?
—32(v, sin 6 — 321)

(Motion is clockwise.)

a‘T=
Vgt cos? @ + (v, sin @ — 321)?
—a-N= 32vycos 8
SvoEcos? O + (v, sin 6 — 321)?

Maximum height when v, sin 8 — 32t = 0; (vertical component of velocity)

At maximum height, a; = 0 and ay = 32.

s BB Ay

K = —1‘/0—§(i - J3j - 4k)



122 Chapter 12 Vector-Valued Functions

72, 6 = 45°, vy = 150

vy cos 6 = 150 - o2 752

2
vosin 6 — 32¢ = 150-%— 32t =752 ~ 3%
- (V) 16(32¢ - 75./2)
TV250 + (1572 - 32 /2567 — 1200/2r + 5625
32(75./3) 1200./2

A = =
Y V11250 + (152 - 32 V2562 — 12001 + 5625

At the maximum height, a; = 0 and @y = 32.

73. (a) r(¥) = (v, cos O)i + [h + (v, sin 6)r — %gtz] j (b) 80
= (100 cos 30°)i + [5 + (100 sin 30°) — 16/2]j /\ Maximum height ~ 44.0625
Range =~ 279.0325
= 50/3ti + [5 + 50t — 16¢2]j . oo &
-10
© V(1) = 50/3i + (50 — 324)j (@
Speed = [[v(1)]| = «/2500(3) + (50 — 3212 ! 0.5 1.0 15 20 | 25 3.0
= 4/64:2 — 2007 + 625 Speed | 93.04 | 88.45 | 86.63 | 87.73 | 91.65 | 98.06
a() = —32j
(&) s
N
0 = ot
=
50
The speed is increasing when a and ay, have opposite signs.
74. (@) () = (v, cos B)ri + [h + (v sin 6)r ~ %gtz] j ® -
= (200 cos 45°)ri + [4 + (200 sin 45°) — 16¢7]; Maximum height ~ 317.5 ft
Range =~ 1258 ft
= 100/21i + [5 + 100/2¢ — 1612]j &
0 1400
() V) =100/2i + (10042 - 320)j °
v = V20,000 + (100-/2 — 3212
a(t) = —32j
@ ' 0.5 1.0 15 2.0 2.5 3.0

Speed | 189.03 | 178.81 | 169.49 | 161.23 | 154.1% | 148.54

75. 1(s) = (10 cos 107, 10 sin 1077, 4 + &), 0 < ¢ < &
(@ r{) = (~ 1007 sin(1077), 1007 cos(10re), 4)
eIl = /(1007)? sin?(1077¢) + (10072 cos¥(1071) + 16
= V(1007)? + 16 = 4./6257% + 1 ~ 314 mi/hr
(b) ar =0 and ay = 100072
ar = 0 because the speed is constant.
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76. 600 mph = 880 ft/sec
r(r) = 8804 + (— 16 + 36,000)j
v(r) = 880i — 324§
a() = —32j
() = 880i — 32 55— 2j

T 1647 + 3025 J4# + 3025
Motion along r is clockwise, therefore
—24d — 55§
V42 + 3025
ca T =M
o Jaz + 3025
ay=a-N= 1760
N Az ¥ 3025

N =

78. r(f) = (rcos wi)i + (rsin wt)j
v(t) = (—rwsin wn)i + (re cos wi)j
VOl = ro/T = ro = v
a(f) = (~re? cos wi — (ro? sin whj
la@d] = re?

@ F = mfa@)] = m(re?) = 2(7w?) = m_

(b) By Newton’s Law:

mv? GMm 2

plid A Y=y =
2’

r r r

/9.56 x 10* .
80. v = 000 4.77 mi/sec

77. r(t) = (a cos wt)i + (a sin wr)j
From Exercise 45, we knowa + T = 0anda + N = aw?

(a) Let wy = 2w. Then
a - N = aw,? = al20)* = 4a0?

or the centripetal acceleration is increased by a factor
of 4 when the velocity is doubled.

(b) Leta, = a/2. Then
1
a-N=aw = (g)wz = (-Z—)aaﬁ

or the centripetal acceleration is halved when the
radius is halved.

/9.56 x 10* .
79. v = 200 4.83 mi/sec

9.56 x 10* .
8L.v=_/ B85 4.67 mi/sec

82. Let x = distance from the satellite to the center of the earth (x = r + 4000). Then:

/956 x 10
X

pm 22
t 24(3600)
47252 _ 9.56 x 10*
(24)*(3600)? x
o= (9.56 x 10%)(24)%(3600)2
472
p = 2226285) o) 1o ~ 6871 mph

24(3600)

83. False. You could be turning.

85, (a) r(t) = cosh(bt)i + sinh(br)j, b > 0
x = cosh(br), y = sinh(br)

x2 — y? = cosh®(bt) — sinh®(bt) = 1, hyperbola

= x = 26,245 mi

84. True. All the motion is in the tangential direction.

(b) v(t) = bsinh(br)i + b cosh(b))j
a(y) = b2 cosh(br)i + b2 sinh(br)j
= b2r(t)
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86. Let T(¢) = cos ¢i + sin ¢j be the unit tangent vector. Then

T = dT _dTdé —(sin ¢i — cos ¢j)£1-d—> = Mé-é
dt dt
M = —sin ¢i + cos ¢j = cos[¢ + (m/2)]i + sin[¢ + (7/2)]j and is rotated counterclockwise through an angle
of w/2 from T.
If d¢/dt > 0, then the curve bends to the left and M has the If d/dt < 0, then the curve bends to the right and M has the
same direction as T'. Thus, M has the same direction as opposite direction as T’. Thus,

T/
N =0,
[T

which is toward the concave side of the curve.

¥

T
'
M
/ X
87. r{f) = x(0i + y()j 88. Usinga = a;T + ayN, Tx T = O, and |T x N| = 1,

we have:
vxa=|¥T x (arT + axN)

= |Mlax(T x T) + |vllan(T x N)

y() = m{x(¢)) + b, m and b are constants.
r(0) = x(0i + [m(x(r)) + bj

v(r) = x(Di + mx(1)j

Vol = VO T TGP = [+ ()| ST+ 72 - = Il:v:llaNflT x NTI
_V(t)_j:(i+mj) v x a)| = |[vlanlT x N
TO = @] = /s e costant = vl
Hence, T{r) = 0. Thus, ay, = [v“:"a[
89. |a?=a-a 90. F=ma= (1)% = % Force

= {a;T + ayN) * (1T + g \N)
= ag|TiP + 2a7aT - N + a?N|?

x=at + bt? + ¢13

dx
v=—"=gq+ 2bt + 3ct?
=a;® + ay at

a2 = lal? — g.2
W = laff — e %=%+w

Since ay > 0, we have ay = |jal? — a;% d

F? = 4b? + 24bct + 36¢*?
= 4p? + 12¢ + (bt + 3ct?)
=4b?2+ 12¢+ (v — a)

F = f{v) = £/4b* — 12ac + 12¢v

The sign of the radical is the sign of 2b + 6¢t, which
cannot change.
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L r(s) = 4 + 31 2.r() =14 + 1’k
& _ by, dz_ & _ oAy _ o odz
dt~1’dt—3’dt~0 i O %=%
4 4
s=f\/l+9dt s:f\/1+4t2dt
0 0
4 4
= \/10j dt =%[2t\/1 + 412 + Inj2r + V1 +4zi]
o 0
i
410 = 2[8\/65 +1In(8 + /65 )] ~ 16.819
y
fz‘
3. () = 3 + 13, 0<tr<2 4. r) =@+ 1Di+12%, 0=<:<6
dr_ o, dy_ dr o dy _
T i ba =¥
2 2 6
s=f \/9t4+4t2dt=f\/9t2+4tdt s=f S+ 424
0 0 (o]
=~1—(9t2+4)3/2]2 ~[in(var =T+ 2) + LvarEa|
27 0 4 2 o

In(/145 + 12) + 3/145

-

= :2177.(403/2 . 43/2) —

= %[som ~ 3§

¥

-1 £ 1 23 456 78

- N W oA

5. r{t) = acos’ i + asin’#j

dx . d .
— = —3gcos?tsint, 2 = 34sin? rcos ¢
dt dt
w2 .
s=4 JT—3acos tsin t]* + [3a sin? ¢ cos 1]* dt
()

/2
= IZaJ' sin tcos tdt
0

/2

/2
= 3af 2sin2tdt = [——3acos2t]0 = 6a
0
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6. r(r) = acosti + asintj y
. dy
= —asint, =— = acost

dx
dt dt \

a
2 " / :
s=f a?sin?t + a? cos? tdr ¢
0
2T 2o
= j adt = [at] = 27a
o o

7. (@) v() = (vocos @i + [h + (v, sin )t — %gtz]j

= (100 cos 45%)i + [3 + (100 sin 45°) — %(32):2]j

= 50/2ii + [3 + 50./2 ~ 164
(b v() = 50V2i + (5042 — 32);

502 =32 =0 = z=2§1—‘6[3
2
Maximum height: 3 + 50./2 (éf?) - 16(251—;/5> = 81.125 ft

(©) 3+ 502t — 162 =0 = 1~ 4.4614
Range: 50+/2(4.4614) ~ 315.5 feet

4.4614
@ s = f V(5042 + (502 — 32:)%dt ~ 362.9 feet
[0}

1 v, si
8. (@) r(r) = (vycos O + [(v0 sin 6)t — Egtz]j () y(§) = (v, sin B)t — %312 =0 = t = _.‘fQ_;m_B

2v, sin 8 2
¥t} = (v, sin 6)r — lgt2 Range: x(t) = (vocos 6) LS - X sin2 g
0 2 o] g g

() = vysin 6 — gt = Owhen ¢ = iiie The range x(¢) is a maximum for sin 26 = 1, 0r § = %T

e

Maximum height whensin § = 1, or § =

(©) x(&) = vycos 8
y(H) = vysin 6 — gt
(2 + y(1)* = v,* cos® § + (v, sin 6 — g1)?
= V2 cos? 8 + vyt sin? @ — 2v,2g sin 6 + g2

= vl — 2vyg sin Ot + g2
2v, sin 6/g 1/2

s(6) = f [voz ~ 2v,g sin 61 + gztz}
0 : dt

Since v, = 96 ft/sec, we have
1/2

6 sin 8
s(6) = f [962 ~ (6144 sin 0)¢ + 1024:2]
(] dt

Using a computer algebra system, s(6) is a maximum for 8 ~ 0.9855 =~ 56.5°.



Section 12.5  Arc Length and Curvature 127

9. r(t) =2 — 31j + 1k

ax _ ., dy_ . dz_
dz"z’dr" 3 !

dt
2
5= f V23R + 2ar
0
2 2
= f V14 dt = [\/14t]0 =214
(4]

10. r() =i+ 2 + £k, [0,2]

dx _oody _ ., dz_ .,
Oy T gy

2 2
s = J JA4t 4 9rtde = f V4 + 9tk ar
0 4]
1 2)3/2 ?
= 57(4 + 9¢2) ]0
= Liaosn _ g2
5740 4/2)

1
~ {800 - ¢]

12, r(t) = (2sin¢, 5¢, 2 cos 1), [0, ]

dx _ & _ o d_
dt—ZCost, dt——S, - 2sint

s =f J4costt + 25 + 4sin?t dr
0

=f JBdi = /B
0

14. r() = (cost + tsint, sint — tcos ¢, £2)

_ dy . dz _
dt_tCOSt’ at ——tsmt,dt—Zt

/2
5= J Stcos ) + (esin )2 + (202 dr
o

/2
= f /562 dr = ﬁﬁ]m - ﬁ
o 21 8

11. r(t) = (31,2 cos t,2sin¢t)

E=3,dy —2si ,‘—1§=2cost

a Ta Sy

/2
5= f V32 + (-2sint)2 + (2 cos 0)? dt
o

/2 /2 ey
= j V13 dt = \/13zj| = —12—37T
0

[o]

13. () = acosti + asintj + btk

e —ing D dz _
7 asint, dt—acost, dt—b

2T
s =J' Jatsin?t + alcos?t + B2 dt
o

T 2w
=J1 \/a2+b2dt=[ a2+b2t]0 = 27Ja® + b?
o
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15. () = i+ tj + Intk 16. r(r) = sin wti + cos mj + £k
dx _ dy . dz _ 1 dx _ dy _ . dz _ .,
o b 1, Pl o = meosm, o= —msin o= 3t
3 1\2 2
5= j @2 + (12 + (;) dt 5= f S cos w2 + (—arsin w2 + (R dt
! 0

/e 2
I/ 1 dr =J\/'n'2+9t4dt~ 11.15
0

3 4 2+
- f——————”‘httldt% 8.37
1

17.v()=ti+(4—-Mj+r’k, 0512
(a) r(0) = (0,4,0), r(2) = (2,0,8)
distance = /27 + 42 + 82 = /84 = 2./21 =~ 9.165
() r(0) =(0,4,0)
r(0.5) = (0.5, 3.75, 0.125)

r(1) =41,3,1)
r(1.5) = (1.5, 1.75,3.375)
r(2) = (2,0,8)

distance ~ /(0.5)2 + (0.25)% + (0.125) + /(0.5 + (0.75)7 + (0.875)* + (0.5)* + (1.25)* + (2.375)* +
V0.5 + (1.75)2 + (4.625)
~ 0.5728 + 1.2562 + 2.7300 + 4.9702 =~ 9.529
(c) Increase the number of line segments. (d) Using a graphing utility, you obtain 9.57057.

18. r(t) = 6cos<%1)i + 25in<—7;—1)j +1k, 0<1<2

(a) r(0) = 6i = (6,0,0) (c) Increase the number of line segments.
r(2) = v2.i + 2k =(0,2,2) (d) Using a graphing utility, you obtain
distance = /62 + 22 + 22 = /44 = 2./11 ~ 6.633

() r(0) =<6,0,0)

r(0.5) = (5.543,0.765, 0.5)

2
5= f [r @)l dt =~ 7.0105.
0

r(1.0) = (4.243, 1.414, 1.0)
r(1.5) = (2.296, 1.848, 1.5)
r(2.0) = (0,2,2)
distance = 6.9698

19. r(r) = (2cost,2sint, 1)

@ s = [ VERFFRFF W =
= fot\/(_z sin u)? + (2 cos u)* + (1)*du x= 2005(—%), y=2 sin<L5>, z= —SS‘
-[ = - = LR ml =) +
= L\/gdu [\/_5_“]0 V51 r(s) = 2COS<\/§)I + ZSm( 5)3 + ﬁk

—CONTINUED—
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19. —CONTINUED—
(c) Whens = /3 x = 2cos 1 =~ 1.081
y = 2sin1l ~ 1.683
z=1
(1.081, 1.683, 1.000)

4
When s = 4: x = 2 cos—= =~ —0.433
NG
4
= 2 sin—= = 1953
y \/3
4
z=—== 1789
S5

(—0.433, 1.953, 1.789)
o= [ )+ Gl - - e

20. r(s) = <4—(sint — tcost), 4(cos t + tsin t),%t2>

@ s = j VIx WP + Dy WP + [ W] du

fJ(4u sinu)? + (4ucos u)? + (3u)? du = f\/ 16u + u?du = f Sudu = é

(b)t‘ﬁ
AN
%\/E)Lzs.
AN 2 S

(c) Whens = V5 Whens = 4

8
x = 4(sm\/2f 2\/— s\/2;/§> =~ —1,030 x = 4(Sin %— \/;cos\/g) =~ 2,291
8 8 8
y=4<cos\/2‘5/§+ \/2‘5/§sm\/2‘5/§)~5.408 y=°<c°s 57 V5 \/;
12
5

=~ 1.342

Z =

W
S

&~

It

(—1.030, 5.408, 1.342) (2.291, 6.029, 2.400)

4 2 2 2
@ [r'G)l = \/<— sin %) + (?cos 255) + <%) = ;_g + % =1
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21. r(s) = <1 + %s)i + (1 - %S)j 22. r(s) = (3 +s5)i +j
rs)=i and [ris)=1
rls) = ~\§Zi B %j and e = % * % -1 T(s) = r'(s)
r'(s) T{)=0 = K=|IT(s)| =0 (The curve is a line.)

T(s) = ol - r'(s)

T(s) =0 = K=|Ts} =0 (The curve is a line.)

N

23. r(s) = 2 < )'+2'<i>'+—s—k
r(s) COS\/gl sm\/gj 5
, 2 (s) 2 (S)J 1
T(s) = = ———=sin|—= N + —=cos| —=Jj + —=
(s) = r'(s) ﬁl ﬁl \/gc NG \/gk
cos(L>i _2 sin<L>'
V5)S 5/
K =T =2
il [ [ [, b, [ [\,
24. ‘(s)““(m\/—; \/;"S\/;)‘*“(‘”S\/;*\/;m\/:)’*sk
ey =Y [ 4 2.3
T(s)—r(s)—ssm\/;1+scos\/;]+5k
ot [ s 4[5 fa
T(s)“zs\/;c"s\/;' 25\/;5“‘\[5J

5 2J/10s

K=HT’(S)H=§45' 35 = 8,

Ts) = —

i

(Y

25. () = 4¢i — 2t 26. r(d) =2 +k 2. Ho) =i+ %j
V(t) =4i — 2j V(t) = 2tj 1
o (t) O Y
T() = =i - ) T0) = j v =i-%
T =0 vi)=1i-j
TG =0 0 )
k=100l K= el = a) =
e @) : ) - 2
(The curve is a line.) i
0= 7T

N() = (_tz+1_1)17§(i + %)
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28. r(t) =4 + 3

v(t) =i + 2j

v(l) =i+ 2j
a(t) = 2j
a(l) = 2§
T0) = i+ 2j
i
N(y) = : 4t2(—2t1 +j)
N() = —\%(—21 +))
_a-N_ 2
K= =55

wiy

30, r{H) = Scosti + 4sintj, t =

x(t) = 5cost, y(t) = 4sin¢

lxy” = yx’]

_ (=5sin#)(=4sin¢) — (4cos £)(—5 cos 1)}
h [25 sin?7 + 16 cos? /2

_ 20
[25 sin? ¢ + 16 cos? (PP/?

K3) - e
3] 7 [25(3/4) + 16(1/4)]P/

_ 16091
8281

32. () = 2cos wi + sin mwtj
r(f) = —2asin wti + 1 cos wtj
e @l = 7/4 sin® wt + cos? ¢
—2sin arti + tj
() = snAn'n'l cos rlj
4 sin? 7t + cos? 7t

— 27 cos i — 4 sin 7t

T (t) = (4 sin? 7t + cos? 7Tt)3/2
27
K= [Tl _ _4sin? s + cos? ot
el w/asinZ s + cos?

2
" (4sin? art + cos? w32

29. r(t) =¢ti +costj,t=0
r(t) =i —singj, e ()] = /1 + sin?r
) = i—sintj
V1 +sin?t

—sinzcost i —~cost
(1 +sin2¢p/2° (1 + sin? t)3/2‘l

T =
TA0) = ~j,r(0) =i
_Tof
K= ol =1
Alternate Solution: x{(¢) = 1, y(t) = cos ¢

_ lx'y”—y’x’1 _ |—cos 1|
TG+ OV T+ sink

K(©0) =1

31. r(t) = 4cos 27t + 4sin 2rej

r’(t) = —8mrsin 2ati + 87 cos 27tj
T(f) = —sin 27ti + cos 27tj
T(t) = —2cos 2mti — 247 sin 211t
o IT0] 21
@) 87 4

33 r(t) =acoswti+ asinwtj

r’(t) = —awsin wti + aw cos wt j
T(s) = —sin wti + cos wt j
T = ~wcos wti — wsin wt j

Tl _ e _

_ w _1
K=ol ~ a0~ a
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34, r(t) = acos(wr)i + b sin (wi)j 35, r(r) = {(a{wt — sin wt), a(l — cos wt))
r’(t) = —awsin(lw)i + bw cos(wr)j From Exercise 44, Section 12.4, we have:
—~a sin{wt)i + b cos{w!)j aw?
T = - — — —_—
g JalsinX(wr) + b2 cosH(wt) a-N J2 1= cosar
T() = —ab?w cos(wt)i — a*bw sin(wr)j _aly) - N@
[a? sin?(wt) + b2 cosHwt) /2 vl
abw o
_ Tl _ _ a?sin?(ws) + bicos¥(wi) (a_) 1 — cos wt
[r'@  wa?sin2(wh) + b2 cosqwl) = V2 V2

, 202031 — cos @t} 4g/T = cos wt
a

- [a? sin2(w?) + b? cosHwt)]?/?

. ., 12
36. r(f) = (cos wf + wtsin wt, sin wf — wt cos wt) 37 () =d+ 3+ '2“1(

From Exercise 43, Section 12.4, we have:

a-N= ok T( = 2k
k=20 N0 _ @ 1 J1+ 582
2 4,2 ’
vl oM? ot T = ~5ti +2j + k
=T+ 5P
_ @l
e @l
5
_(+s?) J5
JT+52 (1 +52p2

r{) =i+ 2tj+ tk

K

38. () =24 + 1§ + %tzk 39, r(s) = 41i+ 3costj + 3sintk

e = 4ri + § + rk r’(t) = 4i — 3sintj + 3cos tk

T() = Hitj+ik T() = %[4i — 3sintj + 3 cos rk]
1+ 174
. . 1 i
. “"‘ 1 — - s
T() = A 170 + k T2 5[ 3costj — 3 sintk]

(1 + 171232
IT@) _ /2892 + 17
@l — (1 + 172372

A (A
(1 + 1722

K =

k- ITO_3/5_3
e (o)l

/(1 + 1772)1/2 5 25

40. r() = efcosti + e'singj + ek

r{f) = (—e'sint + e cost)i + (ecost + esinp)j + €k

T(t) = %[(—sint + cos 0i + (cos ¢ + sin £)j + k]

NG
T ) = %{(—cost — sin )i + (—sint + cos £)j]

_ T _ (1//3)/(=cos 1 — sin ) + (—sin¢ + cos )’ 2
e @) V3t T 3¢
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41. y =3x— 2

Since y” = 0, K = 0, and the radius of curvature
is undefined.

43, y=2x24+3, x= -1

y' = 4x
y// —_ 4
4 4
K= 0+ (Ca2 ~ 17h = (0.057
1 173/2
X = == 17.523  (radius of curvature)

45. y=Ja*-x, x=0

y = 22— 32

” az

Y =(a2~x2)3/2

Atx =0 y' =0
r/__l_
Y7o

_ 1/a _1

K—(l + 0?32 g
l=a dius of ture
% (radius of curvature)

47. (a) Point on circle: <g, 1>

m
Center: < X O)

2
Equation: <x - g) +y?=1

Q2. y=mx+b

Since y” = 0, K = 0, and the radius of curvature is
undefined.

M oy=2m+ 2o
X

4
y'=2-5yM)=-2

//___8_ ” —

1 8 8

R R (I o

53/2
= —— (radius of curvature)

8

]

, -Ox
) 16y
»_ 19+ (16y)%]
16y
Atx =0 y' =0
e 3
Y 16
‘ —-3/16 | _ 3
(1 + 02)3/2 16
—1-'=~1—§ (radius of curvature)
K 3 radiu C al

(b) The circles have different radii since the curvature is different and

1
L
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4x2
48.(a)y=x2+3
- 24x
YT @ty
,_ 7201 — )
YT 3P
Atx=0:y' =0
//=12_=_8_
YT T3
__ 83 _8
K=tvopr =3
,=L1_3
K 8

3
Center: <0, 8)

I _3Y_8
Equation: x2+< 8) i

(b) The circles have different radii since the curvature is
different and

r=1
X
50 y = Inx, x =1
/=_l "o __i
}’ x’ y x2
yO=1 y)=-1
- |_1| |1 1 3/2 —
K=Gvpr~—or "2

The slope of the tangent line at (1, 0) is y’(1) = 1.
The slope of the normal line is — 1.
Equation of normal line: y = —(x — 1) = —x + 1

The center of the circle is on the normal line 2-/2 units
away from the point (1, 0).

ST O =23
(=2 + (=12 =8
22— 4x+2=8
22 - 2x—-3)=0
26— 3)x+ 1) =0

x=3 orx=~-1
Since the circle is below the curve, x = 3and y = —2.
Center of circle: (3, —2) y

Y
o

Equation of circle:
(c— 3P+ (y+22=8

24

49.

51.

*x+*1- ’“'l—i Y=
y x’y xz’y ﬁ

[

-2
(1 + 072

Radius of curvature = 1/2. Since the tangent line is
horizontal at (1, 2), the normal line is vertical. The center
of the circle is 1/2 unit above the point (1, 2) at (1, 5/2).

K =2at(1,2)

. 5\ 1
Circle: (x—1)2+ y—i =Z

~8 6

!

4

y = ¢, x =0
y/=et' yll= ex
y(©0) =1, y10)=1
1 1 1 1
K—(1+12)3/2—23/2—2ﬁ, K-zﬁ

The slope of the tangent line at (0, 1) is y(0) = 1.

The slope of the normal line is — 1.

Equation of normal line: y ~ 1 = —x or y = —x + 1
The center of the circle is on the normal line 2+/2 units
away from the point (0, 1).

JO-2+ 10 -y2=2v2

P+xr=8
=4
x = %2
Since the circle is above the curve, x = —2 andy = 3.

Center of circle: (-2, 3)

Equation of circle:
x+22+(y—302=8

©,1)
~6
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y =2 yl)=2
y) =1 y)=2

2

1
“arE -5 Tk V2

x %
The slope of the tangent line at (1, %) isy{1) = 1.
The slope of the normal line is — 1.
Equation of normal line: y — 3 = —(x — 1) or y = ~x + 3
The center of the circle is on the normal line /2 units away from the point (l, %)
Ji-p+G-)'=v2
(=2 + (= 12 =2
x—12=1

x=0o0rx=2

Since the circle is above the curve, x = Oand y = §.
Center of circle: (0, 1})
Equation of circle: x* + (y ~ 3)2 =2

53. ’

55. y=(x—12+3, y=2(x—-1), y"=2 56. y =3, y =312, y'= 6x
(1 + 26— DPP2  [1 + 4(x — 1)2P/2 T+ 9x%)32
(a) K is maximum when x = 1 or at the vertex (1, 3). (@ K is maxi umat( 1 1 ) <—-1 -—1>
®) lim K = 0 445 4/453) \&/45" 4453/
e ®) lim K =0
X500
2 s 2.
57. y =23y =§x V3 y" = —-9-x 4/3 58. y =-J1;, y’é —;13, y"=;2§. Assume x > 0.
o | |6 O Y N>
[1 + @/9)x~23P/2| — [x1/3(9x27 + 4)3/2 T+ (P2 T (0 + /XN (xf + 1)32
(a) K = coasx = 0. No maximum dK 6x%(1 — x%)

®) lim K =0 de (xt 1)

(a) K has a maximum at x = 1 (and x = —1 by symmetry).

(b) imK=20
x—00
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/_l //___1_ X ol e ¥ X
59-)’—111)5,)’—)(,)’— 2 60. y=e*,y' =y"'=¢
| -1 x k==l ____ &
ES = 7 /2 2x\3/2
K i+ (1/x)2]3/2| G2 £ 12 [1+ () (1 + %)
— 9,2
dK 22+ 1 dK _ el = 2¢%)
& @ dr o (L+empe
1 1 1 1
— 2x — 2X ~— — ) = -
(a) K has a maximum when x = % @ 1 - 2e 0= e 2 == 2ln<2) 2]112
. 1
b) 13& K=0 K has maximum curvature at x = —Eln 2.
(b) lim K=0
X300
6l. y=1-x, y' = =32 y'= -6 62. y=(x—-1P+3,y =3x—-1)4y"=6(x—-1)
|- 6x| ” —_
K=w— _ b1 l6&c—-1] _
[1 + 9x*P/2 K T+ GPF2 [+ 9 — 1P Oatx = 1.
Curvature is O at x = 0: (0, 1). Curvature is O at (1, 3).
63. y=cosx,y = —sinx,y"= —cosx 64. y =sinx,y’ = cosx,y"= —sinx
__ W eosx _ _7 o _lzsind -
KO+ P2 ™~ 0+ s~ Oforx =y +Km K= T cost g = Oforx = nm
isO = n: 0
Curvature is 0 at (g K, 0>‘ Curvature is O for x = n7: (nm, 0)
65. The curve s a line. , 66. k = — 1

1+ (PP

At the smooth relative extremum y’ = 0, so K = |y"].
Yes, for example, y = x* has a curvature of 0 at its
relative minimum (0, 0). The curvature is positive for
any other point of the curvature.

67. Endpoints of the major axis: (+2, 0)
Endpoints of the minor axis: (0, £1)

X+ 4?2 =4
2x + 8yy’ =0
re X
V=% |
o WD) - W)y -6y @) -t
Y 16y2 16y2 16y° 47

I ok Vi sl M b |- N 6 16
[1+ (=x/4PP2 (162 + >~ (122 + 4p/2 (16 — 3x2)/2

Therefore, since —2 < x £ 2, K is largest when x = +2 and smallest when x = 0.
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X
68.y1-—ax(b-—x),y2—x+2 y
4
We observe that (0, 0) is a solution point to both equations. Therefore, the point P is the origin. j
24
n=adb-x, »'=ab-2), y'=-2a il
2 4
= ———x ! = -———2——— 7= —_4
T N R A N L n
At P,
10) = ab and y,(0) = —ms = =
RSt N (R )

Since the curves have a common tangent at P, y,(0) = y,(0) or ab = 1. Therefore, y, (0) = 4. Since the curves have the
same curvature at P, K,(0) = K,(0).

_ }’1”(0) = —2a
K,(0) = [1+ (y0)2P2] "~ |[1 + (17222

a | y. //(0) _ hand 1/2
0 = [T G077 = [T+ /27

Therefore, 2a = i% ora = i%. In order that the curves intersect at only one point, the parabola must be concave downward.
Thus,
= 2.

a= and b=

1 1
4 2

1 ‘X
n=g2-x and y,=——

69. f(x) = x* — x2
2|6x% — 1|
[16x6 — 16x* + 4x2 + 1]/2
(b) Forx = 0, K = 2. f(0) = 0. At (0, 0), the circle of curvature has radius 4. Using the symmetry of the graph of f, you obtain

(@ K=

5 _1
2 K
Using the graph of f, you see that the center of curvature is (O, %) Thus, 2
f
iy
x? + ( - 5) = Z s s
To graph these circles, use

-2
-1 /1_ =1 /5 _ 2
y = 2j: I x* and y 2:t: 7

(c) The curvature tends to be greatest near the extrema of f, and K decreases as x — *oo. 5
However, fand X do not have the same critical numbers. \Aj \A/
Critical numbers of £ x = 0, i—‘{z— ~ +0.7071 , 3 ,

Critical numbers of K: x = 0, £0.7647, +0.4082 2
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70.y=i~x8/5,0SxSS

(@) by V= ISZW(S-E - iﬁ) dx

A 4 4

_ 12575Y3
9

— Ty ~ 114.6 cm®

}ﬁx

X

(rotated about y-axis)

’ 2 /5 w7 6 -2/5 6
© y' = §x3 B A T (d) No, the curvature approaches oo as x— 0*. Hence, any
spherical object will hit the sides of the goblet before
6 touching the bottom (0, 0).
275
K= 254x S 6 .
[1 + —x5/5] 25x2/5[1 + —x6/5]

1

0 5

71. (a) Imagine dropping the circle x2 + (y — k)2 = 16 into the parabola y = x2. The circle will drop
to the point where the tangents to the circle and parabola are equal.

y=x2 and 2+ (y-kr=16 = 2+ (- k?=16
Taking derivatives, 2x + 2(y — k)y’= 0 and y’ = 2x. Hence,

[ 0= —X
O —kpy'=—x=y'="—% s
10
Thus,
e xma-H = -—1=2(x2—k)=>x2—k=—%‘
Thus,

2
x2+(x2—k)2=x2+<—%) =16 = x* = 15.75.

Finally, k = x* + % = 16.25, and the center of the circle is 16.25 units from the vertex of the parabola. Since the radius of
the circle is 4, the circle is 12.25 units from the vertex.

(b) In 2-space, the parabola z = y? (or z = x2) has a curvature of K = 2 at (0, 0). The radius of the largest sphere that will
touch the vertex has radius = 1/K = 3.

c 1
72. 5§ = —= When x = 1: K=—
JK * IV
y=%x3 s=——=42
1/V2
I=2
yor 30= 43 = o= 2
y//=2x %
2x Atx=§ K=——————3—’——z0201
Kz‘(1+x4)3/2 2’ [1+ @116)p2

2= = ——— = 56.27 mi/hr.

()
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73. P(x,, y,) point on curve y = f(x). Let (a, B) be the center of curvature. The radius of curvature is %

-1
"= f’(x). Slope of normal line at (x,, is =,
y ) P (o)’o) f(xo)

Equation of normal line: y — y, = %L(x -~ Xg)
S (xo)

(a, B) is on the normal line: —f"(x,)(B — ¥,) = @ — x4 Equation 1

(% ¥o) lies on the circle: {(x, — a)? + {y, — B)?* = (%)2 = [(1 .Tj;';/((xo)) |2 )3/2]2 Equation 2

Substituting Equation 1 into Equation 2:

[ (B = ¥ + 00— 87 = (&) ,

Byt + 1+ fx)] = A+ o P53

(F o))

o L+ )P
(B = yo) ——f—,,(;(;g—‘ /

When f(x,) > 0, 8 — ¥, > 0, and if f"(x;) < 0,then B — y, < 0. /

Hence

_. .1 + fxg)?
B~ f”(xo)

B:y +1_i_f_/(2t.ﬂ_.2_
(o]

f//(xo) = yO + 4
Similarly, @ = x, — f'(x,)z.
xz ” 1
74.@2) y = f(x) = 5 f'() = f(x) = €%, (0, 1) )y =7y =xy"=1 (1’5)
_ L+ P 1+ f(1)2
ro =
(,B) =0-21+2) =(-2,3) 1 5
‘ _(1-21L (13
(© y=x%y =2y"=2,0,0) (@ B) (1 2+2) ( 12)
S ()
T 2

75. r(6) = rcos 6i + rsin 8§ = f(6) cos i + f(6) sin 6j
x(6) = f(6) cos 6
¥(8) = £(6) sin 6
x(6) = ~f(6) sin 6 + f1(6) cos 8
y(8) = £(68) cos 8 + f/(6) sin 6
x0) = —f(6) cos 6 — f(6) sin 8 — f(8) sin & + £(6) cos 8 = —£(6) cos 8 — 2 f7(6) sin 6 + f16) cos 8
y6) = —f(6) sin 6 + f1(6) cos 6 + f(6) cos 8 + f76) sin 6 = —f(8) sin 6 + 2 f/(6) cos 8 + £{6) sin 6

ey~ yx1  _ fA0) ~ fO£10) + 270 _ Jr2 =+ 2(-)?]
[P+ ()PP [F2e) + (£O)F2 [P+ ()P

K=
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76. () r=1+siné

r’=cos @
. r’= —sin @
K= 2002 — rr” + r?
[(r’)Z + r2]3/2
|2 cos® @ ~ (1 + sin 8)(—sin 6) + (1 + sin 6)?]
B V[cos? @ + (1 + sin 67
_ 3 +sing _ 3
V81 +sin 6  2V2(1 + sin 6)
by r=26
r'=1
r’=0
K= 202 ="+ 2+ 62

[(,.»)2 + rz]a/z - (1 + 02)3/2

77. r=e%a>0

r = ae®
r” = q?e®
= 2002 = 17 + P2 207290 — g2e20 + ¢249)
[ + r2pre [a2e%0 + G2ad]3/2
1
e /a2 + 1

(@) As @ = oo, K = 0.
(b) Asa = oo, K = 0.

79. r=4sin20
r’= 8cos20
At the pole: K=—'—r—;(%)—,=-§-=%
8L x = f(1), y = g()
dy
oy _dr g
T )
Codt
i[gT_t} D) — g OF )
s dlrO) THO); _ g — ' 0Or)
g dx FAC] FOP
dt

f(0g) — g’ ()f 1)

(¢) r=aqasind
r’'=acos @
V4

r’= —asinf

e =+ Y

K =
[ + P
_ |2a%cos? 6 + a?sin®  + a? sin® 6|
Vla%cos? 6 + a%sin? 9P
2
= g._a; = Z, a>0
a a
d r=¢°
r’ =g
r’= e
K= 202 — " + 1 2020 1

[+ PP~ @R Jren

78. At the pole,r = 0.

G R

5o
20 2
A

80. r = 6cos 30

r’= —18sin 36
At the pole,
T T
6= 6 r<6)— 18,
and
-2 2 _1
fr(n/6)] |18 9

F(Ng ) — g'(0f 1)

|y [F ()P Lr(P

L r0e) — g ()]

SR TR P*@@ﬂm Nﬁumy+me—dﬂW+kmmw

f®

LrP
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82. x(t) = £, x(t) = 314, x11) = 6¢

¥ = -;-tz, vy =1 y0) =1

_ 13™)(1) - ()6

(322 + (/2
_ 3¢ _ 3
B9 + 1327 |1 (982 + 1)3/2

K

K0 as t—>+*o0

5

84. (a) r(r) = 34 + (3r — P)j
v() = 61i + (3 — 3%

ds _ - 2y 4% _
7 V@ = 301 + 3, pr i 6t

2
k= 3(1 + 22
d%
arp = F = 6r

ds\? 2
= — e e + 22 —
N K(dt) 3(1 + 22 o1+ =6

83. x(6) = a(f — sin 6)
x(0) = a(l — cos 6)

¥(8) = a(l — cos 6)
y(6) = asin §

85. F = ma, = ml((é)2
’ N dt 32 ft/sec?

100 ft

(5500]b )( 1 )(322%%83;&

_ 94864

x10) = asin 6 y18) = acos
(010 ~ y(o10)
[x(6)* + y'(6)2]"2
_ Ja*(1 ~ cos 6) cos 6 ~ a? sin 6
[a*(1 — cos 6)* + a?sin? /2
_ 1 ]cos 6—1
a [2 — 2cos /2
1 1~ cos@
—eee m BT (1 — s 2 0
a2./2[1 — cos /2 (1 = cos 2 0)
N S— Lcsc(g)
2a/2 —2cos 8 4a 2
Minimum: - (0=m

4a

Maximum: none (K—c0 as 8-0)

(®) K() = i + 7 + 37K
v() =i+ 2+ tk

&=l = V5T

d’s _ St
a?  Js52 +1
alt) = 2j + k
i jk
r’Bxrl) =v)xal®) =11 2t t|=—-j+2k
0 2 1
X ET 0
[l @I (522 + 1)*2
& st
Toar SR
ds\? V5 ) 5
= —_—) = + =
N (dt) (522 + 1)3/2(5t b NATES

2
) = 3327.5 Ibs

ds\?
86. F = may = mK(-(;t->

32 ft/sec? /\250 ft
+ -X
87. y=coshx=et ¢
y’=ex—2e = sinh x
,_ e+ e™
y'= 2 = coshx

{cosh x| cosh x 1

_ - -1
" [1 + (sinhx)?P/?  (cosh?x)?  cosh?x  y?

(52

5 2108.11bs
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88. (a) K = |T'(s)| = ddf I(Zf :t , by the Chain Rule
_ ’ dr/at]l _ Tl _ [T0)]
ds/d vl @l
_ry ()
® T ] ava
() = 1

@
) = ( mz) + 1)

e 05 e = (2)( L )rro 1) + (£) T < o)

Since T(s) x T(z) = 0 and% = |lr (#)]], we have:

v () x ee) = e OIFLTE) x T0)]
@) > e = e’ @FIT@ > T = e OFITOIHT O = e OIXOK][c (@) from (a)

Therefore, ”LM =K.

e )]
e x el ve) x a@)]
© k=l xr@l __ r0l el _ ak) - NG
fe ()3 e (2 [l @2 [l @2
89. False 90. False 91. True 92. True

1 ds\?
Curvature = radius K( dt>

93. Letr = x(0)i + y(1)j + z(0k. Thenr = |irfl = [x(OF + [y()]* + [z(0]* and r’ = x’(i + y(0)j + z'(k. Then,

%) = VEOF T HOF T 0P| 300 + LOR + 071772 - e @) + 24000) + 2020)

= x(Ox(t) + YOy () ¥ 2)2(t) =xr - r".

94. F = ma = ma = _GmMr
e
W GM
)

Since r is a constant multiple of a, they are parallel. Since a = r”is parallel to r, r x r” = 0. Also,
d
= xr)=r'xr’+rxr’'=0+0=0.

Thus, r x r’is a constant vector which we will denote by L.
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95. Letr = xi + yj + zk where x, y, and z are functions of ¢, and r = ||r||.

i[_r_] _r’—xldr/d) _re' — (e -x)/r] rr’—(@-r)r

r? r2 r3

dtl r

(using Exercise 93)

P AT+ 2k) = x + oy + 22+ yj + 2K)
r3

1 * s s 2, 7z, * ré r ?, ?,
=;5[(X’y2+x’zz—m’~xzz91+(x2y +2% = xy — z2'y)j + (P2 + ¥z’ ~ xx'z — yy'2)k]

1 i j k 1
=5 -y~ -x%) o -xy|=S{lexr]xr}
x y b4
96. d[r’ L—‘]=—[r x0+r"xL]- {[rxr’]xr}
dtl GM r r
1 —~GMr 1
= + i ’ _— 7
GMO ( e )x[rxr]} rz{[rxr]xr}
r ’ 1 !
= —;—3-><[r><r]~r—3{[r><r]xr}
=L y y -
——r3{[rxr]><r—[rxr]xr}—0
Thus, ( G M) x L — (:) is a constant vector which we will denote by e.
97. From Exercise 94, we have concluded that planetary motion is planar. Assume that the planet y

moves in the xy-plane with the sun at the origin. From Exercise 96, we have
r
r’xL= GM(; + e).

Since r’ x L and r are both perpendicular to L, so is e. Thus, e lies in the xy-plane. Situate the
coordinate system so that e lies along the positive x-axis and @ is the angle between e and r. Let
e = |lef. Thenr - e = ||t [le]| cos 8 = re cos 6. Also,

If=L:-L=@xr)-L
=r~(r’xL)=r-[GM(e-I--E)]’:GM[r e+T] GM[re cos 8 + r].

Thus,

ILjz/GM

1 +ecos@

Planet

and the planetary motion is a conic section. Since the planet returns to its initial position periodically, the conic is an ellipse.

B
98. L] = Jir x 1’| .4~ 5[ ras
Let: r = r(cos 6i + sin 6j) Thus,
r’=r(—sin0i+cosBj)£j£ (%E=Z—;i—f) dA _dA d§ _ 1 dO___” 9
dt  dé dt 2" dt
i i k and r sweeps out area at a constant rate.
rcos 6 rsin 8 0

Then: r xr’ =
-—rsinﬂgtg rcos(?(‘lf—t‘9 0

=22 and U = i x o) = 2L
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©100. Let P denote the period. Then

A=f%a=ﬂma

Also, the area of an ellipse is ab where 2a and 2b are the lengths of the major and’ minor axes.

mb=ﬂuw
27ab
P="
L8]

P? = %ﬂlf”—a?z(al - c?) = i”%‘;—zaz(l — &2
_ An’a’(ed\ _ 4dnled
) e
_ 4m([L*/GM) , _ 4_7r2a3 - Ka?

I * " om

Review Exercises for Chapter 12

1. r(t) = #i + csctk 2. r()) = Vi + ﬁj +k

Domain: i
(a) main: ¢ # nir, n an integer (a) Domain: [0, 4) and (4, oo)

b) Continuous except at ¢t = nir, n an integer R
®) P & (b) Continuous exceptatr = 4

3.rc(t) =Insi +1j+ k 4. ()=t + Di+ 2+ 1k
(a) Domain: (0, co) (a) Domain: (- o0, )
(b) Continuous forallt > 0 (b) Continuous for ali ¢

5 (a) r(0) =i
(®) r(=2) = ~3i + 4j + 3k
©rc—1)=Qc~1)+Di+(c— 1) ~3ic~ 10k
=Qc~Di+ (- 1% —ic— 1)k
@ (1 + A — (1) = Q201 + A5 + 100 + [1 + A% — 31 + APK) — (Bi + § — k)
= 2Ati + Af(Ar + 2)j ~ 3(Ar3 + 3A77 + 3A0k

6. (2 r(0) =3i+]

(b) r(%’) = —%Tk

© r(s — @) =3cos(s — Mi + (1 — sinls — M)j — (s — Dk

@ r(z + A — r(m) = B cos(ar + ADi + (1 — sin(w + An)j — (w + Ak) — (—3i + j — wk)
= (=3 cos At + 3)i + sin At — Atk



Review Exercises for Chapter 12 145

7. v(t) = cos i + 2 sin? 4] 8. r(t)=ti+t—:t—Tj 9. r() =i+ 1j + 1%k
x(t) = cos ¢, y(r) = 2sin?¢ t x=1
o) =1, ) =~
Y _
x2+5—1 _x
y.x—l
y=2(1 — x®)
~-1<x<1 1
4
7 3
2
1
! BRI
¥ x -2
-1 1
10. r(1) = 26i + 1 + £k "1l r() =i+singg+k 12. r(r) = 2costi + £ + 2sintk
x=2t,y=1t z7=1% x=1,y=sint, z=1 x=2c08t, y=1¢ z=2sint
y=%x’Z=y2 x2+22=
T 3
t 0 5 T —2—
rlo|1 ] -1 ]2 clol @) 137
=15 T x| 1] 1] 1 1 2 2
. _
ol 1] -1]2 L I N N ek il Ml I
5 _
2| 1] 1] 1 1 ylolZ] =] 3=
z |01 1| 4 2 2
z | 0 2 0 -2

4. r() = 36 + Vi + 5%k

15. One possible answer is: 16. One possible answer is:
r () = 44 + 31, 0<rs1 r,(n) = 44, 0<r<1
=4i + (3 - 1)j <t <
p)=4+G-9) 0s<r<3 r() = 4costi + 4singj, 0<r<T
r(0) = (4 - 9j, 0<r<4
r;(0) = (4 — 1)j, 0<r<4

17. The vector joining the points is (7, 4, — 10). One path is
r(f) = (=2 + 71, -3 + 41,8 — 10).
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18. The x- and y-components are 2 cos  and 2 sin . At 9. z=x2+y, x+y=0,r=x
_ 3w x=1¢ y=—t z= 2
Z r(f) = —fj+ 2%k

the staircase has made % of a revolution and is 2 meters
high. Thus, one answer is

4

= t+ 2Zsintj + —rk.

r(f) = 2 costi + 2sin¢j 37rtk

2. 2+ 22 =4, x—y=0,1t=x 21 lim (% + VA= 72 + k) = 4i + k
—2"

r() =ti+¢t+ /4 -2k

r() =+t~ J4- 1k

2 cos 2t

sin 2¢

i+e'j+e‘k)=<lim >i+j+k=2i+j+k

-0

22. lim (

=0

2. r(=3d+ (- Vj,u) =d+ 3+ —§-t3k
@ ) =3i+j ®) =0
@ (@) -ul) =32+t —1)=+ 22 @ u(@®) — 2r(®) = =56 + (2 — 2t + 2)j + %ﬁk
DIr() - u(9)] = 3% + 4 DJu() = 2r()] = —5i + (2 — 2)j + 2%k
© e = V0P =27+ 1 () £0) x u(t) = %(ﬂ — -2+ (38— 12 + 0k
_ 10r — 1
DAlir@ll = S0 =21+ 1 DJr(r) x u(®)] = (gﬁ - 2z2>i =835+ (92— 2t + 1k
24. r(f) = sins + cosfj + tk, u(t) = sinsi + cos tj + -i—k
(@) r'®) = costi —sintj + k (b) r'lt) = —sinti — cos ¢
© @) -ul) =2 (d) u(®) — 2r(H) = —sind — costj + <% - 2t)k

Dlr(r) -u®] =0 {
DJu() = 2r(#)] = —costi + sintj + (—;3 = Z)k

@ r0) = V1 +7
t
Dllr([] = Vi

@ r(®) xul) = <% COS t — ¢ cos t)i = G sint — ¢ sin t)j

1 1. . .
D,[r(t)xu(t)]=(~%sint—- t%cost+ tsint — cost)i— (;cost~ Zsint —rcost = smt)_]

x(r) and y(r) are increasing functions at ¢ = 7, and z(¢) is a 26. The graph of u is parallel to the yz-plane.
decreasing function at r = 1,

25

b



Review Exercises for Chapter 12

147

27. f(costi + tcostj)dt = sinti + (tsinz + cos)j + C
2
28. f(lnti+tlntj+k)dt=(tlnt-t)i+tz(—1 +2Indj+tk+ C

29, ﬁlcosti + sin¢j + 1kl dr = J'\/l + tzdt‘:%[t\/l + 2+ mle+ 1+ t2)] +C

. t3 [4 t3 2
30.‘(tj+t2k)><(i+tj+tk)dt=J'[(t2—r3)i+t2'—tk]dt=(————) - 5k+C

37 af e
31. r(t)=f(2ti+e‘j+e“k)dt=t2i+e‘j—e"k+c 32. r(t)=f(secti+tantj+t2k)dt
3
r0) =j~k+C=i+3j-5k = C=i+2j~-4k =ln|scct+tant|i—ln|cost|j+£3—k+C

r()) = (A + 1)i + (¢ + 2)j — (e + 4k r(0) = C = 3k

3
r(t) = Infsec t + tan t]i — Injcos ¢|j + (% + 3)k

2! 3’“4 3

2 32, 28, P32 ! 2 !
33, j (Bri + 213 — Pk) dr = [ i+ =j —k] .= =j 3. f (\/;j +tsintk)dr = [§t3/2j + (sin £ — t cos t)k]0
-2 e 4]

=%j + (sin 1 — cos 1)k

2 ' 2
3s. f @~ 3 — k) dt = [Ze‘/zi i tk] = (2e — 2)i — 8 — 2k
0 0

1 4 3 7
36. f (Pi — arcsinfj ~ £k) dt = [%n - (t arcsint + /1 — tz)j - %k] = —=k
—-1 -1

37. r(t) = {cos? ¢, sin’ ¢, 31)

v(t) = r(t) = (—3cos?tsint, 3 sin?fcos ¢, 3)

V@l = V9 cos*zsin?t + 9sintrcos?t + 9

= 3/cos? rsin® H{cos? ¢t + sin?#) + 1
cos?rsin?t + 1
a(r) = v{1) = (—6cos #(—sin?1) + (=3 cos?¢) cos ¢, 6 sinz cos? t + 3 sin? #(—sin 1), 0)

= (3 cos {2 sin? ¢t — cos®1), 3 sin #(2 cos? t — sin? 1), 0)

38. r(t) = (s, ~tan1, ) 39. ()= <ln(t =37 —> =4
r’{f) = v(1) = (1, —sec?t, &)
V@] = T+ sectr + & r() =< >
() = a(f) = (0, —2sec?t - tan¢, &) < > direction numbers

Since r(4) = (0, 16, 2), the parametric equations are
X =fy= 16+8t,z=2+%t.

r(t, + 0.1) = r{4.1) = (0.1, 16.8, 2.05)
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40. r(s) = (3coshy,sinht, —21), 1, =0
r’(f) = (3sinht, cosht, —2)
r’(0) = (0,1, —2) direction numbers

Since r{0) = (3, 0, 0), the parametric equations are x = 3,

y=1tz=—2.
r(t, + 0.1) = r(0.1) = (3,0.1, —0.2)

42.y=—16t2+6=0=>t=-§
x =yt => 4=Vo<'&\/§) = voz%
v0=8—\31—6~6.532ft/sec
ve? | (80)(9.8)
43. Range = x = -~ 5in 20 = 80 = vy = “in 40°

9.8

44. (t) = [(vo cos O)Ji + [(v, sin O)r — 1(9.8)7j
(@) r(r) = [(20 cos 30°)i + [(20 sin 30%)¢ — 4.9¢%]j

20

0 45
]

Maximum height =~ 5.1 m; Range =~ 35.3 m
() r(r) = [(20 cos 60°)z]i + [(20 sin 60°) — 4.9¢2]j

20

0 45
1]

Maximum height = 15.3 m; Range =~ 353 m

(Note that 45° gives the longest range)

41. (1) = (vyt cos 6, vyt sin 6 — —;—gﬁ)

_ (153 75, >
—< 5 t,2t 16¢
IS5 ez = =5
2t 16¢ _O=>t_32
75+/3 (75\ _ 5625 .~
Range— 3 (3—2)— 4 V3 =~ 152.2 feet

Vo sin 8 vo? sin 26
or, Range = v, cos()[o ]= g
BT Y (1/2)g g

_ 757sin(60°) _

32 152.2 feet

= 34.9 m/sec (see Exercise 41)

®) r{) = [(20 cos 45°)]i + [(20 sin 45°)¢ — 4.91%]j

20

0 45
0

Maximum height =~ 10.2 m; Range ~ 40.8 m
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45. r(r) = Si

v(f) = 5i
V@ = 5

a(t) =0

T@) =i

N(¢) does not exist.
a-T=0

a - N does not exist.

(The curve is a line.)

47. r( =1+ Vi

Vi) =i+ E—jﬁj
_JaTT
vl = ==
1

a(y) = —mj

i+ (120 2+

T = (Var+ 1)/2vt Jar+1

NG = L= 21
NO = a1

-1
a'T=————
41\/t_\/4t+1
1

a-N= ———
2t/4 + 1

49. () =i+ e
V() = ¢ — e
Ml = V& e
alt) = i + e
eli— e’
e+ 7
e'i + €
N{t) = —mm—=
( ) /elt + e—21
e21 —_ e—2r
a-T=—==
/e2t + e-ll

T() =

46. r(r) = (1 + 4)i + 2 — 3)j

v() = 4i - 3§

Ml =5
a() =0
T0) = 341 - 3)

N(#) does not exist.
a-T=0

a - N does not exist.

48, l'(f) = 2(t + l)l + mj

v(t) = 2i — (t+1)2'1

oy - AL

a0 = 7l

() = (r+ 1%~ j
S+ 1D +1
NG) = i+ (r+ 1%
JE+ 1)+ 1
_ -4
T= C+13/@+1)#+1
4(r + 1)2

N= e+ 13/ +1)4+1

_ 4
B t+ DS+ 1D+ 1
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50. r(f) = tcosti + tsintj

v(t) =r(t) = (—rsint + cos )i + (rcost + sinf)j -

[v()ll = speed = /(—zsint + cos )2 + (tcost + sin£)* = V2 + 1
a(t) = rt) = (—tcost — 2sin )i + (—tsint + 2 cos 9

v(t)  (—tsint + cos)i + (rcost + sins)j

T(t) = =
O = v JEr
NG = —~{tcost + sing)i + (—tsint + cos)j
P+ 1
t
a(r) - T(t) = ——=
2 +2
a(?) - N(t) = ——
A |
S1. r(t)=ti+t2j+—é—t2k 52, r(d) = (¢ — 1)i+tj+%k

=i+ 2 +1k 1
YO =i 2 VO =i+ - gk

vl = 1 + 572
. V2t +
al) = 2j + k ol = 2511
i+ 2t + 1k
T(G) = —F———=-
© V1 + 574 a(t)=t%k
—5t + 2§ + k
N@) = —F=——— A+ 2 — k
J3S1+ 58 T() = =2
s ® V241
1
a T=—2 i+j+ 2%k
V1 + 582 N .
® NGNS
a-N: 5 = ﬁ 2
51+ 522 1+ 52 T = e
v v N P/ + 1
4
a*N=—F—7r
12264 + 1
53. r(t) =2costi+ 2sintj+ tk,x = 2cost,y =2sinf,z =1t
Whent=3T77,x=—\/§,y=\/§,z=3Tw.
r’(f) = —2sinti + 2costj + k
Direction numbers whent=-?1f—',a= —\/i,b= —ﬁ,c=1
x=—\/§t—\/§,y=—\/§r+\/§,z=t+37”
4
54. r(t) = £i + 14 +§t3k, x=1ty=1, z=§t3 . 55. v = /Mz4.56mi/sec
Whent=2,x=2,y=4, z=1—3§. (see Exercise 56, Section 11.4)

r'(f) =i+ 2tj + 2t%k
Direction numbers whent =2, a=1, b=4, ¢ = 8

x=1+2, y=4+4 7=8+%
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56. Factor of 4

57. r() =2i —34,0<1 <5
r(s) = 2i — 3j

b 5
s= f e @) dt = f J4+ 94
a 0

=Jf§t] =513

5
0

.......
.......

+—+ x
~4-2 IN\2 4 6 8 1012 14

ol (10, - 15)

59. () = 10cos® i + 10sin® 1

r() = ~30cos?sin i + 30 sin? ¢ cos ¢

fie @] = 30-/cos* ¢ sin? ¢ + sin® r cos? ¢

= 30]cos ¢ sin ¢|

w/2
s=4J 30cost - sintdt = [120
4]

AN
<>

6. r() = —3i+ 2j+ 4k 0<¢t<3
r() = -3i + 2§ + 4k

5= fbﬂr’(t)"dt = f‘/9 T4+ 16dt = f3\/2—9dt= 329
a 0 [}

58. r) =i+ 2kk,0<tr<3
r() =2 + 2k

5= fb”r’(t)” dt = f\/‘ttz + 44t
a (4]

= [lnl\/t2 + 1+ t] + /2 + 1]3
0
= In(/T0 + 3) + 3/10 ~ 11.3053

60. r(r) = 10costi + 10sin ¢
"~ rt) = —10sinti + 10 cos ff
e )]l = 10

2
s=J 10dt = 207
0

.
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62. r()=d+7A+2k0sr<2
r’() =i+ 2 + 2 (9 = /5 + 47
b 2
s=f|[r’(t)||dt= f V5 + 4l dr
a 0

. () = (8cost,8sint,1),0 < ¢ %T

r(s) = (—8sint, 8cost, 1), r (1) = /65

4 /2
o= [iwona = [ vesa- L8
a (4]
= /21 + %ms - %m(ﬂo ~ 4./5) ~ 6.2638

1., L.
64. r(r) = (2(sinz — rcos 1), 2(cos ¢ + tsine), N, 0 < ¢ < —721 65. r(s) = i + sintj + costk, 0 St < 7
1 — : l/ — 2
r{f) = (2sing, 2rcost, 1), e = V42 + 1 ) = —;—i + costj — sin tk
b /2
5= j [l @)|t 2 =f VA4 + 1dt -
: : o= [
=i—1n( 772+1+77)+7IT\/772+1
j /— + cos? ¢t + sin? tdt
=~ 3,055
_ 5T [ﬁ] _5
M2 g = | X2 =2,
2 ) 2 Jo 2
66. r(r) =ésinti+efcostk, 0SS o 67. r(r) = 34 + 21
r'(t) = {ecost + e'sint)i + (—e'sint + & cos Nk Line
e = efcost + &sint)? + (—e'sint + & cos 1) K=0
= /2¢'
5= [
o
" w
= \/if fdr = [ﬁe']o = S2em - 1)
o
: . P
68. r(r) =24 + 3 69. r(t)=2d+ Et?_] + 1’k
+
r(y) = \/1 + 35, Ir @)l = \/ +9 = 1+ % P =2i+4+ 2k )= V52 + 4
) ') =j+ 2
V7 = e —p—3/2
rt) R i j ok
; r'xr’=12 ¢ 2= —4j+2k[r' < =20
0 1 2
1 3 0 3 3
v xr’=|Jt = 5;-3/21(; e’ x v = 7 K= Ie'xrf V20 2.5
DT LI FF ~ Ge+ 47 G sapn
2
_eo x x| 37287 3

eGP (+ 91)3/2/t3/2 2(1 + 9132
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70.

71.

73.

75.

76.

r(t) = 26 + 5costj + Ssinzk
r/(f) = 2i — Ssintj + 5 cos tk, [r ()] = V29
r(t) = 5cos tj — 5 sin tk
i [ k
r'xr’=12 ~5sint S5cost| =251 + 10sing — 10 cos tk
0 —Scost —S5sint
e x vl = /725
o lerxe Vs /359 s
e (292 2029 29
1 = omx/2
y=-2-x2+2 72. y=e7®
r [ _.l ~x/2 ”=l—x/2
y' =x y 7€ hY 4¢
e ! .1_e-x/2
K= 1 X 1

1 + (y)?P2 O+ 2P = 1+ (G)2pPr = [l N _I_e—x]3/2
4

Atx = 4,K=Landr= 1732 = 17/17.

173/2 ArcOge M4 2 2 _2/5 545
FEOR TG w5 s T
y=lnx 74. y =tanx
,_ L, 1 y' = sec?x
y — ;, = -—;
y” = 2sec? xtan x .
[¥] 1/x* s
K= 2 372 = 1 _ |2 sec? xtan x|
[T+ GPF2 [ + (/%7 K= [ O = Lot e
1 1 V2
Atx=1,K=—-=—==""andr =22 77 4 4 45 5.5
3/2 = e = I ——— I —ee = X
272 2/2 4 Atx=K=gp =5 5~ 5 adr="%
The curvature changes abruptly from zero to a nonzero constant at the points B and C.

y=ax’ + bx?® + cx y

¥y’ = 5Sax* + 3bx? + ¢ L ay

"= 20ax3 + 6bx

K- [20ax* + 6bx] | A e
[1 + (5ax* + 3bx2 + ¢)*JP/2 e/ |

Atx=1: k=0= 20a+6b=0

y=0= 5a+3b+c=0
y)=1=a+b+c=1
Solving these 3 equations for a, b, ¢, you obtain g = % b= —%, c= %5 By symmetry, the same holds at x = —1.

y=§x5_§x3+£x

8 4 8



Chapter 12 Vector-Valued Functions

Problem Solving for Chapter 12

1. x(s) = jo Icos(%ﬂ) du,y(t) = fo ’sin<12lﬁ> du

x(f) = cos(fz—tz)y/(t) - sin(zzt—z)

(a) s = fa\/x'(t)2 + y()2dt = fdt =a
o

0

) x(1) = —mt sin(%tz>,y"(t) = 1t cos(—?)

2 ﬂ) + 4 2(1.723)
Tt COS ( 5 Tt sin >
1

K =

Att=a,K = ma.

(c) K = ma = wr(length)

. Bomb: r,(s) = (5000 — 400¢, 3200 — 16£2)
Projectile: r,(r) = ({v, cos )z, (v, sin 6)r — 16¢2)
At 1600 feet: Bomb:
3200 — 162 = 1600 => ¢ = 10 seconds.
Projectile will travel 5 seconds:
5(vo sin 8) — 16(25) = 1600
vy sin 6 = 400.

Horizontal position:

At ¢ = 10, bomb is at 5000 — 400(10) = 1000.

Att = 5, projectile is at 5v, cos 6.

Thus, v, cos 6 = 200.

.. vgsinf 400 _ " o
Combining, v c0s 6 200 = tan 0 = 2 = 0~ 63.4°,
200
Vo = o 447.2 ft/sec

X3 4 Y3 = g2/
2 _ 2 .,
Ex 1/3 + gy l/3y =

/3
‘ Y
Y=z Slope at P(x, ).

r(f) = cos® i + sin’ 4

r(t) = =3 cos?tsind + 3 sin?rcos i
e ()i = |3 cos £ sin ¢
r(t) L
T(t) =575 = —cosd + sint
O =0 y

T(f) = sinfi + cos j
0(0,0,0) origin
P = (cos? ¢, sin® ¢, 0) on curve.
i i k
POxT=|cos?tr sin®r O
—cost sint O

= (cos® tsin t — sin® t cos Nk

D=M= |cos ¢ sin ¢]

I
) L
e’ |3 cos ¢ sin ¢]

. 1. .
Thus, the radius of curvature, e is three times the

distance from the origin to the tangent line.

. Bomb: r () = (5000 + 400r, 3200 — 162

Projectile: () = ((v,cos )¢, (v, sin 8)¢ — 1672)
At 1600 feet: Bomb:
3200 — 1612 = 1600 = 1 = 10
Projectile will travel 5 seconds:
5(v, sin 6) — 16(25) = 1600
vy sin 6 = 400.
Horizontal position:
At ¢ = 10, bomb is at 5000 + 400(10) = 9000.
At r =5, projectile is at (v, cos 6)5.

Thus,
Sv, cos 8 = 9000
Vg cos § = 1800.
.. vosinf 400 _2 _ o
Combining, byc08 6 &80 = tan 6 5 = 0= 12.5°
Vo = 1800 1843.9 ft/sec

cos 6
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5 x(6) =1 —cos 8,y (f) =sinh0< 6<2n 6. r=1-cosé
Vx(6 + y(0? = V(I — cos )2 + sin2 § r’=sin 6
1 T
/ = . ) = -
= /T " 7cosbh= 4sin2-§ s(n) L\/(l cos 6)2 + sin? 8deé L\/Z 2 cos 6d8
8 e]f t
4 4 = in — =] - - = — -~
s() = f2sin§a’9= [—4cos-2g] = ——4cos% LZsmsz [ 4(:052 ” 4‘:082 .
am k3

2r)? — rr” + r?

x"(6) = sin 8, y"(8) = cos 6 K= [(-)% + r2P72
K= |(1 = cos B)cos 8 — sin fsin 4 _ Jeos 6 — 1] _ |2sin? 6 — (1 — cos 6)(cos §) + (1 — cos 6)*|
(2 sing>3 8sin3g 8 in3g
2 2 S
_ 1 _ |3 = 3cos 6]
= = —
4sm§ 8sm35
1 t
Thus, p = — = 4sin—and .28
koo 3% 3
s+ pt= 16cosz<2) + 16 sm2(2) = 16. 4sin3—g- 4sin-zq
. 0
_lz 4sm2
Pmk™ 73

2+ 99 =16 coslg + 16 sinzg = 16

7. Ie@P = x() - x()

d 2 d I/ 7 r(t) r (t)
= = ol = . + . —
2 r@D? = e @ —le @l = x() - £@) + £) - x() = Hr(t | = =
8. (a) r = xi + yj position vector
= rcos 6i + rsin 6§
dr dr de dr del,
dt—[dtcos()*rsmo ]1+[dtsm9+rcos0dt]_y
d°r d*r dr de dr . d0 46
_,dtz_[dtzcse dtSl Hdt dt 0 rcos@( ) rsin 6 t]
d*r dr dé  dr 2
[d2s 0+ c edt+ co 9 rsm6< >+rc050d]
a,=a-u,=a-(cos0i+sin0j)
_fdx ., _ L dr de N 0(__) _ dZOJ
—[dzcos /] 2dtsm0c056 r cos rcos(931n(9d2

dr ., dr de . 9<d0> d29]
= + 2= A 2 + -
+[dt2 sin® @ Zdtsmecosedt rsin o rcosé?sm@d2

_dr <d0>
T \a
_,drde &%
e=a-u,=a- (—sinfi+ cos §j) = 2drdt+7‘
a=(a-uu + (a-uyy,
(4 b [
dr dt dt dt darr |’

—CONTINUED—
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8. —CONTINUED— 9. () = 4cos i + 4sin g + 3k, 1 = %’
e, AN EGAN L -
(b) r = 42,000 cos(1—2~)1 + 42,000 sm<-1—5)1 r(t) = —4sind + 4cosfj + 3k, |’ = 5
) r{f) = —4cos i — 4sinij
r—42,ooo,5‘;—:=o,d—t2’:o . . 3
T = —gsinti +§costj +§k
do_ m a0 _ '
t 12 de , 4 . 4
T = ——costi — —sinij
7 \? 875 3 3
Therefore, a = —42000(-1—2> u, = ——3—77-2u,. N = —cosdi — sinj
4
Radial component: ——&;—5‘772 B=TxN= %sinti - %cos 4§+ g-k
Angular component: 0 s ( w) 4. .3
= — — )= —— + -
Att 2,T 2 51 5k
T
N3)=-s
m 2304
B(2> = 51 + Sk
6x B T
3 N
e T)|
N

10. r(r) = cossi +singj — k, 1 = =

4

r'() = —sind + cos#j, fr'@)f = 1
T = —~sind + cos 4
T'= —cosfi ~ sinfj
N = —cos4 — sinj
B=TxN=k
=)=~

N(E) A

4 2 2



Problem Solving for Chapter 12 157

11. (a) [B| = |IT x Nj| = 1 constant length = % 1B (b) B = T x N. Using Exercise 11.4, number 64,
BxN=(TxN)xN=-Nx(TxN)

daB d , ,
ds =25 T XN = IxN)+ (T7xN) = ~[(N-N)T = (N- TIN]
\ -
T-;Q=T'(T><N’)+T-(T’><N)
S BxT=(TxN)xT=-Tx(TxN)
=(T><T)-N'+T-(T'x”¥—1l>=o = —[(T - N)T - (T - T)N]
4B dB 4B -N
Hence,— LBand— L T = — = —1N ATl T 4T
ds ds ds Now, KN = 4L T _ oy = 4L
for some scalar 7. ’ ds ”T /(S)n ds
Finally,
Ns) =%(B><T)= (B xT) + (B x T)
=B xKN)+(-1NxT)
= —KT + 7B.
12. y=ix5/2
32
5
r = L y3/2
Y=t
v A5 ip
Y= 128"
15 i
B 128"
- 25 3/2
+.—
(1 4096"3>
. 120 1 (892
At the point (4, 1), K = @97 = r=z="75 ~7

13. r(t) = {(tcosmt, tsin ), 0 < 1 < 2

(@) 2

{7

-2

2
(b) Length = f 0] dr

)

2
= j Vit + 1di = 6.766 (graphing utility)
o

242
© K= [’7%’2-’;—?]—32/)2 @ s
K(0) =27
_mmt+2)
K(1) = 2T = 104 ol .
K(2) =~ 0.51

. _ (f) As r— oo, the graph spirals outward and the curvature
@) ll_xglo k=0 decreases.
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14. (2) Eliminate the parameter to see that the Ferris wheel has a radius of 15 meters and is centered at 16].
At t = 0, the friend is located at r,(0) = j, which is the low point on the Ferris wheel.

(b) If a revolution takes At seconds, then

a(r + A _ e
o 10"

and so Ar = 20 seconds. The Ferris wheel makes three revolutions per minute.

(¢) The initial velocity is %,(t,) = —8.03i + 11.47j. The speed is /8.03% + 11.472 ~ 14 m/sec. The angle of
inclination is arctan(11.47/8/03) = 0.96 radians or 55°.

(d) Although you may start with other values, #, = 0 is a fine choice. The graph at 20
the right shows two points of intersection. At t = 3.15 sec the friend is near the
vertex of the parabola, which the object reaches when

30

t— - =~ 1. .
°7 T2(~49) ok

Thus, after the friend reaches the low point on the Ferris wheel, wait 1, = 2 sec before throwing the object in
order to allow it to be within reach.

(e) The approximate time is 3.15 seconds after starting to rise from the low point on the Ferris wheel. The friend
has a constant speed of {[r’;(¢}il = 15 m/sec. The speed of the object at that time is

fr,(3.15)] = /8.032 + [11.47 — 9.8(3.15 ~ 2)]* =~ 8.03 m/sec.



