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CHAPTER 11
Vectors and the Geometry of Space

Section 11.1 Vectors in the Plane
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18. (a) 4v = (—4,20)

{d) —6v = (6, —30)

(c) Ov =(0,0)
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19. y 20. Twice as long as given vector u.
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24. (a) fu=¥-3,-8) = (-2, -%)
() v —u=(825) — (—3, —8) = (11, 33)
() 2u + 5v = 2(—3, —8) + 5(8,25) = (34, 109)

23. (@ u=%49={¢)
®v—-—u={2,-5 — (4,9 =(-2,-14)
(¢) 2u + 5v = 2(4, 9) + 5(2, ‘5) = (18, —-7)
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43 u=<1,—21->,v=(2,3) M. u=(2,—4),v=1(575)
@ | = V4 + 16 =25
3 1 J/5
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CEX L.
45. u=(21) 46. u=1(-32) y
| = V3 = 2.236 ]l = V13 ~ 3.606 - Z:
v =(54) v=1{(1,-2) w7
vl = /4T = 6.403 vl = V5 =~ 2.236 NN
u+v={(775) ut+v=1(-20) :2 ]
u + v|| = /74 ~ 8.602 Ju + v =2
u + v < Juf + vl fa + vl < [l + vl
JTA< S5+ /A 2s VB3 + 5
u L w1 u 1
O AR R AR O v R A NER
- uh_ — LS T
(o) =220 L REC 2gep) = 559
=(2v2,2v72) v={-2v2,2V2) v={(1,V3)
50. ” =3 Lo,3) 51. v = 3[(cos 0°)i + (sin 0°)j] 52. v = 5[(cos 120 + (sin 120°)j]
=3i=(3,0) _ —§1+5‘/§j
2 2
(u u) .3)
v = {0, 3)
53. v = 2[(cos 150°)} + (sin 150°)j] 54. v = {cos 3.5°)i + (sin 3.5%)j

=-Si+j={(-/31) ~ 0.9981i + 0.0610j = (0.9981, 0.0610)
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55, u=i
3V2, 32,
Vel

u+v=<2+3\/§)i+3\/2—'

2 2 J

57. u = 2(cos 4)i + 2(sin 4)j
v = (cos 2)i + (sin 2)j

u+v=(2cos4 + cos2)i + (2sin 4 + sin 2)j

59. A scalar is a real number. A vector is represented by a
directed line segment. A vector has both length and
direction.

61. (a) Vector. The velocity has both magnitude and
direction.

(b) Scalar. The price is a number.

56. u =4
v=i+\/§j
u+v=>5+ /3j

58. u = 5[cos{—0.5)]i + 5[sin(—0.5)]j
= 5[cos(0.5)]i — 5[sin(0.5)]]
v = 5[cos(0.5)]i + 5[sin(0.5)]j
u + v = 10[cos(0.5)]i

60. See page 764:

(uy + vy, 4y +vo)

.(llp“z) :
u ! 182

62. (a) Scalar. The temperature is a number.

(b) Vector. The weight has magnitude and direction.

For Exercises 63-68, au + bw = a(i + 2j) + b(i — j) = (a + b)i + (22 — b)j.

63. v = 2i + j. Therefore,a + b = 2,2a — b = 1. Solving

simultaneously, we have g = 1, b = 1.

65. v = 3i. Therefore,a + b = 3,2a — b = 0. Solving
simultaneously, we have a = 1, b = 2.

67. v =i + j. Therefore, a + b

=1
simultaneously, we have g = %, b %

69. f(x) =22, f(x) = 2x, f'(3) = 6
(@) m=6.Letw = (1,6), |w| = V/37.

+ +—1—— (1, 6) unit tangent vectors
Tlwl T A7
®) m= —%. Letw = (=6, 1), W] = V/37.

1
+ I—,:::H = +——=—(~6, 1) unit normal vectors

V31

,2a — b = 1. Solving

64. v = 3j. Therefore,a + b = 0,2a — b = 3. Solving
simultaneously, we havea = 1,b = —1.

66. v = 3i + 3j. Therefore,a + b = 3,2a — b = 3. Solving

simultaneously, we havea = 2, b = 1.

68. v= —i + 7j. Therefore,a + b= —1,2a —b=17.
Solving simultaneously, we have a = 2, b = —3.
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75. u=§i+§j , 76. u=2/3i+2j
+ v = -3i +3./3j
wty = V3 u+v 3i V3
v=u+v)—u=(-3-23)i+(/3-2)j
V2. V2.
v=(u+v)—u=—"Si+—j
2 2
77. Programs will vary. 78. Magnitude =~ 63.5
Direction =~ —8.26°
79. |[F\f| = 2, 6 = 33° 80. [F,[| = 2, 6, = —10°
2] = 3, 66, = —125° IF,]l = 4, 6, = 140°
3| = 2.5, 6, = 110° | = 3, 6, = 200°
IR = |F, + F, + F;|| =~ 1.33 IR| = |IF, + F, + Fy|| ~ 4.09
g = O, 15, ¥, ~ 132.5° Og = O 15, +5, = 163.0°
81. (a) 180(cos 30° + sin 30%j) + 275i =~ 430.88i + 90j (b) M = /(275 + 180 cos 6)2 + (180 sin 6)?
N 90 180 sin 0
Direction: « = ] = 0206 (~ 11.8° = T r—"
irection: « a:ctan<430'88> 0.206 (= 11.8°) a arctan[275 T 180 cos 0]

Magnitude: /430.882 + 90? ~ 440.18 newtons

OTg To | a0 [ 600 [ 900 | 1200 | 150° [180°
M | 455 440.2 | 396.9 | 328.7 | 2419 | 1493 | 95
@ 0° 11.8° | 23.1° | 33.2° { 40.1° | 37.1° 0
(d) oo 50 (e) M decreases because the forces change from acting in
the same direction to acting in the opposite direction
\ e as @ increases from 0° to 180°.
0 180 [} 180
0 0

82. F, + F, = (500 cos 30°i + 500 sin 30°j) + (200 cos( 45%i + 200 sin(—45°)j)
= (25043 + 100/2)i + (250 — 100/2);j
IF, + Fy| = /(2503 + 100/2)* + (250 — 100/2)> ~ 584.6 Ib

250 — 100/2
250-/3 + 1002

tan § = = 0=~ 10.7°

83. F, + F, + F, = (75 cos 30°i + 75 sin 30%) + (100 cos 45°% + 100 sin 45°j) + (125 cos 120°i + 125 sin 120°j)
( =3 +50/2 - 125) ( + 5042 + == 125 )1

IRl = [F, + F, + F,|| = 228.51b

‘ Og = O, +vy+F, ~ 71.3°
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84. F, + F, + F; = [400(cos(—30%i + sin(—30°)j)] + [280(cos(45°)i + sin(45°)j)] + [350(cos(135%)i + sin(135°)j]
= [2000/3 + 14042 — 175/2)i + [~200 + 1402 + 175/2];
IR = /(200/3 = 352" + (=200 + 315./2)° ~ 385.2483 newtons

—200 + 3152
2003 — 352

g = arctan( ) ~ (.6908 = 39.6°
85. (a) The forces act along the same direction. 8 = (°.
(b) The forces cancel out each other. 8 = 180°.

(¢) No, the magnitude of the resultant can not be greater than the sum.

86. F, = (20,0),F, = 10{cos 6, sin 6)
(@ [[F, + F,J| = |{20 + 10 cos 6, 10 sin 6)]
= /400 + 400 cos 6 + 100 cos® @ + 100 sin? 6

= /500 + 400 cos 6

(b) = (c) The range is 10 < ||F, + F,| < 30.

\/ The maximum is 30, which occur at § = 0 and
= 2.

The minimum is 10 at 6 = .

0
(d) The minimum of the resultant is 10.

87. (—4,-1),(6,5),(10,3)

¥y y

§

(e ol

6.5)

I @9 @, 4
T 4.2
0.1 TGy
N - e

e + Fl Il
—t et } + ——
2 4 6 8 ) 2 4 6 8 -2 4 6 8 10
(~4,~1) + 24 24+ G D
-4 -4 —41

11,2) &9

W os & e
; "

+
[
+ s

NoA & o>
et

(10,3)

88. uw=(7-1,5-2)=63)
1
Fu= 2,0
P =(1,2)+2,1) =3,3)
89. u = CB = |Jull(cos 30°i + sin 30° j) y
v=CA= [Ivli(cos 130°i + sin 130° j) s0°

Vertical components: |[ul| sin 30° + |lv|| sin 130° = 2000

Horizontal components: |jujf cos 30° + ||| cos 130° = 0

Solving this system, you obtain

[lull = 1305.5 pounds and ||v|| =~ 1758.8 pounds.
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90.

91.

92.

93.

6, = arctan(%%) ~ 0.8761 or 50.2° 4
24 A 5 B
0, = arcwn<:T6> + 7~ 1.9656 or 112.6°
C N >

u = [Jufl(cos 8,1 + sin 6, j) \

v = |vl(cos 6, i + sin 8, j)
Vertical components: [Jul| sin 6, + ||v|| sin 8, = 5000
Horizontal components: [|uf| cos 6, + ||| cos 6, = 0
Solving this system, you obtain

[l =~ 2169.4 and ||v|| =~ 3611.2.

Horizontal component = ||v]| cos § = 1200 cos 6° = 1193.43 ft/sec
Vertical component = |[v] sin § = 1200 sin 6° ~ 125.43 ft/sec

To lift the weight vertically, the sum of the vertical components of u and v must
be 100 and the sum of the horizontal components must be 0.

u = |Jufl (cos 60°%i + sin 60°j)
v = [[v|| (cos 110°% + sin 110%)
Thus, |fuf sin 60° + ||v|| sin 110° = 100, or

nuu(if-) + || sin 110° = 100.
And [ju]] cos 60° + ||v] cos 110° = O or
][u“(%) + Il cos 110° = 0.

Multiplying the last equation by (\/5 ) and adding to the first equation gives
llul)(sin 110° = /3 cos 110°) = 100 = |v{| ~ 65.27 Ib.

Then, Hu”(—é—) + 65.27 cos 110° = 0 gives

Jlull = 44.65 1b.
(a) The tension in each rope: |juf] = 44.65 1b, |Iv|| = 65.27 Ib
(b) Vertical components: |jul| sin 60° ~ 38.67 Ib
I sin 110° ~ 61.33 Ib

u = 900[cos 148°i + sin 148° j]
v = 100[cos 45°i + sin 45° j]
u + v = [900 cos 148° + 100 cos 45°Ji + [900 sin 148° + 100 sin 45°]
~ —692.531 + 547.64 j

547.64
—692.53

flu + v]| ~ V(~692.53)% + (547.64) ~ 882.9 km/hr

6=~ arctan( ) ~ —38.34°% 38.34° North of West
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94, u = 400i(plane)
v = 50(cos 135° + sin 135°%)) = —25/2i + 25/2j (wind)
u + v = (400 — 25./2)i + 25./2j ~ 364.64i + 35.36j
35.36 .
tan 6 = 364.64 = =554
Direction North of East: =~ N 84.46°E
Speed: =~ 336.35 mph
95. True 96. True 97. True
98. False 99. False 100. True
a=b=0 lai + bjl| = +/2]a|
101. [ju) = /cos? 8 + sin? 6 = 1,
[Vl = /sin? 8 + cos2 8 = 1
102, Let the triangle have vertices at (0, 0), (g, 0), and (b, c). Y
Let u be the vector joining (0, 0) and (b, ¢), as indicated
in the figure. Then v, the vector joining the midpoints, is 4,0
atb ay,  c, \(a+b'£)
= - = - U2t 2
v ( ) 2)1 + 2 j M /.\ X
b, c¢. 1 1 o>
= =1 + —3 = —(bi i) = —u. )
2t 3 2(bl + cj) U © 0 (%0) (@.0)
103. Let u and v be the vectors that determine the parallelogram, as indicated in the figure.
The two diagonals are u + v and v ~ u. Therefore, r = x{u + v), s = y(v — u). But, v
u=r-—s y
=xfu+v)—yv—u)=(x+yu+x-—yv A
Therefore, x + y = 1 and x — y = 0. Solving we have x = y = %
104. w = [jullv + [v]|u
= lulflvl cos 6,i + | sin 6,3] + [v{[Jluflcos 6,i + Ju] sin 8,3] = ] [¥ll[(cos 6, + cos 8)i + (sin 8, + sin 8,)]]
_ au + Ov <6u — 0v>. . <6u + Ov) (9\1 - 0v).:|
= 2| |V [cos( 3 >cos 5 Ji + sin{ = cos\=—>—"i
. eu + 0v Gu - ev
sm( > )cos( 3 ) 0+ 8
tan 6, = = tan| — A
cos(o“ + 9") cos(e“ _ 6") 2
2 2
Thus, 6, = (6, + 6,)/2 and w bisects the angle between u and v.
105. The set is a circle of radius 5, centered at the origin.

Ml = el = Vo2 +y2 =5 = 2 +y? =125
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106. Let x = vyrcos aandy = vyt sin a — :,l]:gt? y

, X sin( x ) 1( x >2
= = vy sin af ———| — =
Vo COS a Y=o vocosa) 2% Vo €OS @

x,
=xtana-ixzseca o
2vg?
=xtana—ﬁ(1+tan2a)
2 2 x2
=Y _8X  &¥ 2.+ v
2 2v02 22tancz xtana 2%
=£_£_L[ 2 (Xo_> v_o“]
26 g 202 tan‘a — 2 tan o P 222
_vz_gﬁ_gﬁ( _i)z
T2 w2 2 tan & x
If y< % 2x2,r_henacanbechosen to hit the point (x, y). To hit (0, y): Let @ = 90°. Then

1 2 2 2
y=vot———gt2=vi—39—<-&t~ 1>,andyounccdy<—°-

2 2 2g\y, 2g’
. Vg - gx?
The set His given by 0 < x,0 < yandy < 2 —-é—v—z

2
Note: The parabolay = % =5 2 1s called the “parabola of safety”.

Section 11.2  Space Coordinates and Vectors in Space

4. : 5. A(2,3,4) 6. A2, =3, -1)
&1 B(-1,-2,2) B(—3,1,4)

1
I6 ¥y

st  €@0,4,-5
7.x= =3, y=4,z=15: (-3,4,5) 8. x=7y=-2,z=—-1: 9. y=7z=0,x=10: (10,0,0)
(7,-2,-1)
10. x =0,y =3,z=2: (0,3,2) 11. The z-coordinate is 0. 12. The x-coordinate is O.

13. The point is 6 units above the xy-plane. 14. The point is 2 units in front of the xz-plane.
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15.

17.

19.

21.

23.

25.

27.

29.

31.

33.

3s.

37.

The point is on the plane parallel to the yz-plane that
passes through x = 4.

The point is to the left of the xz-plane.
The point is on or between the planesy = 3andy = —3.

The point (x, y, z) is 3 units below the xy-plane, and below
either quadrant I or IIL

The point could be above the xy-plane and thus above
quadrants I or IV, or below the xy-plane, and thus below
quadrants I or I

d=JE-O0P+ 2 -07+ (6~ 07
- /BT AT 6= /6

d=JV6-12+ (=2~ (=2))? + (-2 — 47
= /25 + 0 + 36 = /61

A(0,0,0),B(2,2,1),C(2, —4,4)
|AB| = V4 +4+1=3
aCl = JETT6T 16 =6
IBC| = VO + 36 + 9 = 3.5
|BC|? = |AB|* + |AC)?

Right triangle

AQ1, -3,-2),B(5,-1,2),C(-1,1,2)
|AB| = V16 + 4 + 16 =6

|JAC| = V4+16+16=6

[BC| = /36 + 4 + 0 = 2/10

Since |AB| = |AC|, the triangle is isosceles.

The z-coordinate is changed by 5 units:

0,0,5),(2,2,6), (2, -4,9)

(5+(~2) -9 +3 7+3)=<§_35)
2 ! 2 02 2 ’

Center: (0,2, 5)
Radius: 2

=02+ —2+(z-57=4
RHyP+ R4y —10+25=0

16.

18.

20.

22.

26.

28.

30.

32.

38.

The point is on the plane z = —3.

The point is behind the yz-plane.

The point is in front of the plane x = 4.

The point (x, y, z) is 4 units above the xy-plane, and above
either quadrant IT or IV.

. The point could be above the xy-plane, and thus above

quadrants I or III, or below the xy-plane, and thus below
quadrants II or IV.

d=JZ - (P + (5-3r+(2-2¢°
- JI6F 64716 = /36 = 4./6

d=J(4 -2+ (-5-272+(6-3)
=/4¥H+9=.62

A(5,3,4),B(7, 1,3),C(3,5,3)

|AB| = V4 +4+1=3

AC|=V4+a+1=3

|BC| = /16 + 16 + 0 = 4/2

Since |AB| = |AC|, the triangle is isosceles.

A(5,0,0), B0, 2,0), (0,0, —3)
|AB] = V25 ¥ 4+ 0= /29
|AC| = V25 + 0+ 9 = /34
IBC|= O+ 4+9=/13

Neither

. The y-coordinate is changed by 3 units:

(5,6,4),(7,4,3),(3,8,3)

<4+8 0+8 -6 +20

18028 26120} (6,47)

Center: (4, —1,1)
Radius: 5

x—42+ GG +1)2+{z—-1)*=25
X+ + -8 +2y—2z2-7=0
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39.

41.

42.

43.

2 +
Center: (——(L%M ={(1,3,0) 40. Center: (—3,2,4)
Radius: /10 r=3
(x=12+ @y =32+ (z—02=10 (tangent to yz-plane)
M +yr+ 2~ 2~ 6y =0 G+3P+O -2+ (-4 =9
Py +2 -2+ 6p+82+1=0

=2+ D+ +6y+9) + (2 +8+16)=—-1+1+9+16
=12+ +32+(z+4)?2=25

Center: (1, —3, —4)
Radius: 5

X+ +2+9x—-2y+10z2+19=0

(x2+9x+871>+(yz—-2y+1)+(22+lOz+25)=_19+—84—1+1+25

<x+—:9]:>2+(y-—1)2+(z+5)2=¥

92+ 92 +922 —6x+ 18y + 1 =0

x2+y2+z2—%x+2y+ =0

O | =

2 1 1 1
— = - 2 - ol
(x2 3x+9>+(y2+2y+1)+z 9+9+1

2
<x—%> T+ -0 =1
Center: (l -1 0)
. 37 kd
Radius: 1
402 + dy? + 422 —dx - 32y + 82+ 33 =0
2 3 _
X2+ ¥y + 7 -—x—8y+2z+-z—0

(xl—x+%>+(y2—8y+16)+(z2+2z+1)=—§4§+£—11+16+1

12
<x——2-> +(y—42+(z+12=9

2
Radius: 3

Center: (l 4, - 1)
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45. X2+ y2 + 72 < 36 4. 2+ 2+ 2> 4

Solid ball of radius 6 centered at origin. Set of all points in space outside the ball of radius 2
centered at the origin.

47, 2+ +2<4xr—6y+82—13
@+ D+ (P +6y+9+(2~8+16)<4+9+16—13
=22+ +3)2+(z-42<16

Interior of sphere of radius 4 centered at (2, —3, 4).

48. P+yr+2> —4x+6y—82—13
(P+ax+4)+ (2 -6y +9)+(22+8+16)>~13+4+9+16
(x+2P+(-3P+@E+42>16
Set of all points in space outside the ball of radius 4 centered at (—2, 3, —4).

9. @Qv=2-49i+@4-2)j+(3-1k 50. Q) v=(4-0i+0—-95j+3 -1k
= —2i+2j+2k =(-2,272) =4i — 5j + 2k = (4,-5,2)
(b)

5. v=(0-3)i+(3—-3)j+(3-0k 52.@v=02-2i+3-3)j+@4-0k
= —3i + 3k = (~3,0,3) = 4k = (0,0, 4)
() (b) :
440,0,4)

§3. (4-3,1-2,6-0)=(1,—1,6) 54. (-1 —4,7—(—5),-3—-2)=(-5,12,-5)
K1, -1,6)| = VT+1+36=.38 (=5, 12, =5)|| = /25 + 144 + 25 = /194
Unit vector: <1’“1’6>=< 1 -1 6'> R 12,—5>=< 5 1 s >
V38 V38 /38 /38 V194 V194" /194 /194
55. (=5 = (—4),3 = 3,0 - 1) = (—1,0, — 1) 56. (2~ 1,4 (=2),~2 — 4) = (1,6, —6)
[K-1,0, -1 =VT+1=2 K1, 6, —6)]| = V1 + 36 + 36 = V73

Unit vector: <_—1 0 ;1> ' Unit vector: <—1— —6—- ;6—>
"\V2 V2 CA\VT73 VT3 VT3
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5. v=03+ i+ (3~2)j+ (4 -3k
=4i+j+k=(411)
(a) and (¢).

59' (ql' qZ? q3) - (0’ 6’ 2) = (3’ —59 6)
0=1(18)

61. (a) 2v = (2,4, 4)

62. (a) —v=(-2,2,-1)

z

- N W s

58. b) v=(—-4-2)i+ (3 + 1)j +(7+ 2k
= —6i + 4j + 9k = (—6,4,9)
(a) and (c).

60, (41» 92 Q3) - (0, 2, %) = (]’ __32.’ %)
0=(1-%3)

) ~v=(-1,-2,-2)

3

(b) 2v = (4, —4,2)

z

(4,-4,2)

N s o o

@ 3v={(5-53
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63. z=u~—-v={(1,23)~(2,2-1)=(~1,04)
64 z=u~v+2w=(1,2,3) - (2,2, —-1)+ (8,0, -8 =(7,0,—4)
65.z=2u+4v—w=1(2,46)+ (88 -4 — (4,0, -4 = (6,12,6)
66. = 5u—3v—3w=(510,15) — (6,6, =3) — (2,0, =2) = (—3,4,20)
67. 2z — 3u = 2(z;, 2,, ;) — 3{1,2,3) = (4,0, —4)
2z1—3=4=>zl=%
2,-6=0=>z7,=13
223—9=—4=:»z3=%
z=(}33)
68. 2u +v—w+3z=2(1,2,3)+ (2,2, —1) = (4,0, —4) + 3z;, 25, z3) = (0,0, 0)
(0,6,9) + (3z,, 32, 3z;) = (0,0,0)
0+32,=0=27=0
6+32,=0=>z,= -2
9+3,=0=>73=-3
z =0, -2, —3)
69. (a) and (b) are parallel since (—6, —4, 10) = —2(3,2, —5) and (2,1, %) = ¥(3,2, -5).
70. (b) and (d) are parallel since —i + 3j — 3k = —2(3i — 2j + 3k} and 3i — j + §k = 3(3i - }j + 3K).
71. z = —=3i + 4j + 2k 72. 2= (-7, -8,3)
(a) is parallel since —6i + 8j + 4k = 2z. (b) is parallel since (—z)z = (14, 16, —6).
73. P(0, =2, —5),0(3,4,4),R(2,2,1) . P4, -2,7), 0(—2,0,3),R(7, —3,9)
PO = (3,6,9) PO =(—6,2,—4)
PR = (2,4,6) PR=(3,—1,2)
(3,6,9) = 3(2,4,6) (3,-1,2) = —X—6,2, —4)
Therefore, 7’6 and PR are parallel. The points are Therefore, i’_é and ITI-?) are parallel. The points are
collinear. collinear,
75. P(1,2,4), 0(2,5,0), R0, 1,5) . P(0,0,0),0(1,3, ~2),R(2, -6, 4)

PO =(1,3,—4)
PR =(-1,-1,1)

Since PO and PR are not parallel, the points are not
collinear.

PO =(1,3,-2)
PR = (2, —6, 4)

Since 7’6 and PR are not parallel, the points are not
collinear.
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77. A(2,9, 1), B(3, 11, 4), C(0, 10, 2), D(1, 12, 5)
AB = (1,2,3)
TD = (1,2,3)
AC = (-2,1,1)
BD = (-2,1,1)

Since AB = CD and AC = BD, the given points form the

vertices of a parallelogram.

79. |V = 0 80.

82. v=1{(-43"7 83.

W= VIEF 978 = /74

85. u=(2,-1,2) 86.
Il = VAFT¥4=3
u 1
a) = =(2,~1,2
@y =312
u 1

® -~ "3 -1

88. u=(8,0,0)

fhulf = 8

89.

u
(@ o~ (1,0,0)

(b)) —=

o = (~1.0.:0

91. c¢v=(2¢2c —c) 92.
levl| = Va2 + 42+ 2 =5
9¢2 = 25
c=i§
3
u 1 1 1 3 3
94, 3 = 3<———> = <——-——
VTN TANA A AT\ A A
/-2 3 1
9. v =5 = 5<—~——-———>
v fjul] V3 14’ /14" /14
=<—m 370 J7'0'>
7 ' 14 ' 14

78. A(1,1,3), BO, —1, —2), C(11, 2, —9), D3, 4, —4)
AB = (8, -2, —5)
DC = (8, -2, —5)
AD = (2,3, -7)
BC = (2,3, -7)

Since AB = DC and AD = BC, the given points form the
vertices of a parallelogram.

M=vT+0+9= /10 8l. v={(1,-2,-3)
Ml=VIi+4+9=14
v = (0,3, -5) 84. v={(,3-2)
Ml = VO +9+25= /34 IVl = V1 +9+4= /14
u=(6,0,8) 87. u=(3,2,-5)
I = V36 F0F64 = 10 = VOF4T 3 = V38
u 1 u 1 -
@ 11 = 70608 @ = J§§<3’2’ 5)
u 1 u 1 -
®) ~5r = ~76¢6.0.8) ® = A

90. (2) u + v =(4,7.5 —2)
®) u + v|| ~ 8.732
© [uf =~ 5.099
@ [vl = 9.014

Programs will vary.

11
cu = {¢, 2¢, 3¢) 93, v = 10— = 10<0, —, ———>
i _ ) [hul V2' V2
lew] = Ve + 4c2 + 9c% = 3 B Oﬂ_lﬂ
14¢c2 =9 AT 2’\/5
_ 314
14
3 3w _3/2-21\_/ 1
3> V=T 2<3’ 3 ’3> <1’ 1’2>

97. v = 2[cos(z30°)j + sin(+30°)k]
= V3j+xk=(0,V3 1)
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98. v = S(cos 45°% + sin 45°k) = > ‘Z/E(i + k) or
v = 5(cos 135°% + sin 135°%k) = 2-2\/—5 —-i+k)
99. =(-3,-6,3) 100. v =(56,-3)
V=(-2,-42) v=(4-2)
(43,00 + (-2,-4,2) = (2, - 1,2) (1,2,5 + (2,4, -2) = (£,6,3)
101. (a) G)yw=agu+bv=ai+@+bj+bk=0
a=0,a+b=0,b=0
Thus, a and b are both zero.
L
©ai+@a+b)j+bk=i+2j+k (dai +(a+b)j+bk=i+2j+3k
a=1b=1 a=l,a+b=2b=3
w=u+yv Not possible
102. A sphere of radius 4 centered at (x,, y;, 7). 103. x, is directed distance to yz-plane.
IVl = Kx = x0 ¥ = y1, 2 — 2l Yo is directed distance to xz-plane.
= /-2 P+ -y)P+-zP=4 2, is directed distance to xy-plane. ‘
(x ~x)*+ (y = »)* + (z — z)* = 16 sphere
104. d= V(x, = x)2 + (3, = y)* + (& — 2)* 105, (x — %) + (y —y)* + @ —z)* = 17
106. Two nonzero vectors u and v are parallel if u = cv 107. B
for some scalar c.
c

A

4B + BC = aC

Hence,A—B)+l§?+a4)=Z—C)+C_)A=0

18. r = =V - 1P+ -1+ {z-1)2=2
=12+ (y-1D*+(E—-12=4

This is a sphere of radius 2 and center (1, 1, 1).
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109. (a) The height of the right triangle is & = JIL* — 182 04001
The vector PQ is given by

PQ = (0, — 18, h).
The tension vector T in each wire is

T = ¢(0, — 18, h) where ch = s

—3‘=8.

Hence, T = %(O, —18, h) and

r-m-=3mE - A -

2 - 18 - 187

oL |20 25 30 35 40 45 50
184 | 11.5 | 10 | 93 | 9.0 | 8.7 | 8.6

7]

100

x = 18 is a vertical asymptote and y = 8 is a
horizontal asymptote.

(@) lim —8—I-J——~=oo

L—18* /1?2 — 182

lim ——oe = lim 8 =8
Lo JIZ =18 1% /T~ (18/L)

(e) From the table, T = 10 implies L = 30 inches.

110. As in Exercise 109(c), x = a will be a vertical asymptote. Hence, lim T = oo,
ro—a’

111. Let « be the angle between v and the coordinate axes. 112. 550 = ||c(751 — 50§ — 100k)||
v = (cos a)i + {cos a)j + (cos ak 302,500 = 18,125¢2
”v” = \/§COS a=1 c? = 16.689655
L3 ¢ ~ 4085
cse=TRETT F =~ 4.085(75i — 50j — 100Kk)
~ 306i — 204j — 409k
v=§(i+j +k)=§<1,1,1>
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113. 4B = (0,70, 115), F, = C((0, 70, 115) 114. Let A lie on the y-axis and the wall on the x-axis. Then
AC = (—60,0,115), F, = C,{(—60, 0, 115) A =1(0,10,0), B = (8,0,6), C = (10,0, 6) and
AD = (45, —65, 115), F; = C;(45, - 65, 115) E = (8, —10, 6), R = (—10, - 10, 6).
F=F +F,+F, =050 4Bl = 102, JAc] = 2455
Thus:
—60C, + 45C, = 0 AB AC

Thus, F, = 420-———, F, = 650——
1AB) IAc|

70C, ~65C,= 0
F=F, +F, ~ (237.6, —297.0, 178.2
1S(C, + C,+ C) =500 =L )
+ (—423.1, —423.1,253.9)
Solving thi jelds €, = 24 o« =28 1d ‘
°Vm1g12 s system yields €, = “gg5 €3 = o3, an ~ (~185.5, —720.1, 432.1)
€ = "go - Thus: IE|| ~ 860.0 Ib
IF,| ~ 202.919N
IF,| ~ 157.909N
IF,| ~ 226.521N

115. d(AP) = 24(BP)
VEF G+ -1 =2V -1+ (- 2P+ 2
X+ +2+2y -2 +2=42+y+ 2 - 2x— 4y +5)
0 =322 + 3y? + 3722 — 8x — 18y + 2z + 18

e+ 16, o L (2 8 .16 _ (242 1)
6+9+9+9 <x2 3x+9)+(y2 6y+9)+\z+3z+9
“_(,-4 _ap 1
9"(* 3)+@ 3)+<Z+)
Sphere; center: (g 3, —%) radius: 2_\/311

Section 11.3  The Dot Product of Two Vectors

L.u={34),v={(2,-3) 2. u=(410),v=(-2,3)

(@ u-v=302)+4-3)=-6 (a) u-v=4(-2) +10(3) =22

() u-u=33)+4(4) =25 (b) u - u = 4(4) + 10(10) = 116

© [uf? =25 (© [l = 116

(@ (- v)v=—-6(2,-3)=(-12,18) () (u-v)v=22(—2,3) = (—44,66)
@ u-Q2v)=2u-v)=2(-6)=—-12 (e u-(2v) =2u-v) =222 = 44

3 @u-v=(05,-1(-3,2=5-3)+(-1)2) = —17 4. @u-v={(—48)-(6,3)=(-46+83)=0

) u-u=(5-1)-(5—1)=505) + (=1)(~1) = 26 () weu=(—4,8)-(—4,8) = (—4)(~4) + 8(8) = 80
© [olf =u-u=26 © [l = v - u =280
@ (u-v)v=(=17)(=3,2) = (51, -34) @ @-vv=0v=0

e u-Q2v)=2u-v)=2(-17) = —-34 @ u-@2v)=2u-v)=20) =0
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5.u=(2, -3,4),v=(0675)
(@) u-v=20)+ (=3)(6) + (405) =2
(b) u-u=202)+ (=3)(-3) + 4(4) =29
© I = 29
(d) (u-v)v=20,65) = 0,12, 10)
@ u-Q2v)=2-v)=202)=4

Tou=2i-j+kv=i-k
@u-v=21+=DO)+1(-1) =1
®u-u=22)+(-D~-D+ D=6
© Jul? =6
@@ viv=v=i-k
@u-2v)=2u-v)=2

u-v
9, ———= = cos §
[l [1vi

u-v=1(8)(5) cos%r =20

1L u={,1),v=(2 —2)

‘ _wv_ 0 _
s 0=l = T2k °
6=3

13. u=3i+j,v=~2 + 4
v -2 -1

— u M — —
€S0 =Tu[M ~ J0/2 573

1
6 = arccos| ———= | =~ 98.1°
( Sﬁ)

15 u=<(1,1,1),v=(21,—1)

sV _ 2 V2
lflvl 3,6 3
6= arcos—\/_—2 =~ 61.9°

3

6. u=iv=i
@u-v=1
byu-u=1.
©) [jul? =1
@ (m-vyv=i
@u-Q2v)=2uw-v)=2

8. u=2i+j—2kv=i—3j+2k
@u-v=21)+1(=3)+ (-22) = -5
B uou=202) + 1(1) + (~2)(-2) = 9
© [uf? =9
@ (u-v)v = —5G ~ 3j + 2k) = —5i + 15] — 10k
@ u-@2v)=2-v)=2(-5=~10
u-v

10. 7——— = cos 8
(] {Ivil

u - v = (40)(25) coss—g—r = —~500/3

12.u=(3,1),v=(2,-1)

cosg=t YV S5 1
fuf vl V105 V2
_T
9=13

m, (). V3.0 1.

14 u~cos(6)1+sm<6>_|-— 2 1+2_|
v = COS<3W)I + <3’TI’ _ ﬁi + V2
4 ™7 2 2

u-v
cos 6 = T |
fjuf fivl |

= £<—£> + %(%) = —%(1 - \/3)

2 2
6= arccos[-\—?(l - \/5) = 105°

16. u = 3i + 2j + k, v = 2i — 3j
u-v 32 +2(=3)+0

el R T
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17. u =3i + 4j,v= -2+ 3k B u=2i-3j+kv=i-2j+k
cos b= oV —8 _ -8/ cos f =
Miivl - 513 65 Il el
813 R 9 9 321
0 = arccos| ———— | =~ 116.3 = = =
65 V146 221 14
8 = arccos 3v2l) 10.9°
14
3 1 1 2

19. u = {4,0),v =(1,1) 20, u=(2,18),v= <§ —g> 2. u = {4,3),v= <5, —§>
u ¥ cv = not parallel
u-v=4%0 = notorthogonal u # cv => not parallel u # cv = not parallel
Neither u - v =0 = orthogonal u - v =10 => orthogonal

22.u=—%(i—2j),v=2i—4j 2. u=j+6kv=i-2j—k 24.u=—2i+3j—k,v=2i+j~ki
= -—év = parallel u # cv => not parallel u # ¢v = not parallel

u-v=—83+%#0 = not orthogonal u v =0 = orthogonal
Neither
25, u=4(2,-3, 1),v=(-1,-1,-1) 26. u = {cos 8, sin §, — 1),
u # ¢v => not parallel v = (sin 6, —cos 6, 0)
u v =0 = orthogonal u # cv => not parallel
u - v =0 = orthogonal J

27. The vector (1, 2, 0) joining (1, 2, 0) and (0, 0, 0) is 28. Consider the vector (—3, 0, 0) joining (0, 0, 0) and
perpendicular to the vector {—2, 1, 0} joining (=2, 1, 0) (=3,0,0), and the vector 1, 2, 3) joining (0, 0, 0) and
and (0, 0, 0): 7 (1,2,3):

(1,2,0) - (-2,1,0) =0 ‘ (=3,0,0) - (1,2,3) = =3 < 0
The triangle is a right triangle. The triangle has an obtuse angle.

29. The vectors forming the sides of the triangle are: 30. The vectors forming the sides of the triangle are:
v={(-1—-2,2+3,0-4)=(~3,5 —4) v={(4-2,6+7—1-3)=(2,13,—-4)
w=(-1-0,2-10-2)=(-1,1,-2) w=(4+1,6~-5—-1-8=(51-9)
u-v=6+9+8=23>0 u-w=-15+12-45=-48 <0
u-w=2+4+4=10>0 The triangle has an obtuse angle.

Vvew=4+54+8=17>0

The triangle has thrcé acute angles.

3Lu=i+2+2ku]=3 2. u=¢53-1) [uf=35
cosa=l cosa=—5——
3 V35
2 3
C — — o e—
os 3 3 cos 3 Ve
cos =2 cos S
T3 V-
1,4 4 25 9 1
2 2 2=t D 2 2 2,,=% L 7 L 1
cos* a + cos’ B + cos?y 9+9+9 1 cos* o + cos* B + cos? vy 35+35 35 1
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33.

3s.

37.

39.

u=(0,6—4) u| = /32 =2,/13

cosa =0

cosﬁ=—3—-
V13
cosy=—--—2—-
V13
cos2a+coszﬂ+coszy=0+%+i=1

.u={ab, o)l = Va® + b+ 2

a
cos a =

Vat + b+
b
cos B = ——
A Ja?r+ b+ c?
c
cos ¥ = ———————
Var+ B+ 2
2 2 2 a’
cos* a + cos* B + cost y = 2+b2+(:2+
u=(32-2) |u=V17
cos a = % = a ~ (0.7560 or 43.3°
2
= 2= = B~ 1.0644 or 61.0°
cos B 7 B or
cosy = —= => y~ 2.0772 or 119.0°
TR T

u=(%1,52 lu=30

cos o = —E = a = 1.7544 or 100.5°

cos B = —jg_a = B =~ 04205 or 24.1°
cos y = 7—23_6 = vy = 1.1970 or 68.6°
50
F:C, = ”Fl” =~ 43193
80
Fp: G, = ||F2|| =~ 5.4183
F=F, +F,

~ 43193(10, 5, 3) + 5.4183(12, 7, - 5)
= (108.2126, 59.5246, — 14.1336)

||| = 124.310 Ib
08 2126
cOos a = = a = 29.48°
IIF‘II
9.5246
cos =~ 61.39°
=T = 8
cos y ~ —14.1336 ¥~ 96.53°

[l

b? c?
PRI R S R
36.u=(—4,3,5) [u]=30=5.2
cosa = % = a=~2.1721 or 124.4°
3

= — = B = 11326 or 64.9°

cos B 5/2 B

cos =—5--=—L=> zzor45°

YTshA BTV

38. u=1(-2,61) [u =41

= a =~ 1.8885 or 108.2°

Cos a = 7_5
cos 3= j%l— = a = 0.3567 or 20.4°
cos y = ﬁ = a =~ 1.4140 or 81.0°
_ 300
40. F,: C =~ 13.0931
TR
F, C 100 =~ 6.3246
¥ 27 Ry
F=F, +F,
=~ 13.0931(—20, — 10, 5) + 6.3246(5, 15, 0))
= (—230.239, —36.062, 65.4655)
|F|| ~ 242.067 1b
cos @ ~ —2029 o~ 162.02°
13
—36.062
cos B = ———— = B = 98.57°
P~ —F
65.4655
oS y = ——— =~ 7431°
YT Y
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41. 04 = (0, 10, 10)
0

V0 + 10% + 102
10

V0 + 102 + 10?

= B=y=145

cos a = =0 = a=90°

cos B =cosy=

1

V2

B.ow,=u-—w, =(67—-(2,8 =(4-1)

45. wy,=u—w, =(0,3,3) — (=2,2,2) = (2, 1, 1)

47. u=(2,3),v={(51)

b)w,=u—w, = <—%§>

49. u=(2,1,2),v= (03,4

(a w, = <P”—v”—2v>v

11 33 44
25 0.3,4) = <0’ 25’ 25>
8 6
b)) w,=u-—w, = <2, _E’ 25>

SLow v = up,uy, 13) » (v, vy, v3) = vy + v, + v,

53. (a) Orthogonal, 8 = g

(b) Acute, 0 < 8 < %T

(c) Obtusc,—g <f<m

55. See page 784. Direction cosines of v = (v, v,, v,) are
Yy V2 V3
COS & = 7= €08 B = —= €08 y = 7.
B R ¥ I

a, B, and v are the direction angles. See Figure 11.26.

42.

52.

. (a) and (b) are defined.

. See figure 11.29, page 785.

F, = C,(0, 10, 10). |[F,| = 200 = C,10./2 = C, = 10./2
and F, = (0, 100/2, 100./2)
F, = C,(—4, —6,10)
F, = Cy(4, —6, 10)
F = (0,0, w)
F+F +F,+F, =0
=4C, +4C; =0 = C, = C,

zsﬁN

1002 - 6C, = 6C, =0 = C,=C, = 3

W = 10C, + 10C, + 100+/2 = §OOT‘/2

cWy=u—w, =(9,7) — (3,9) = (6, —2)
LW, =u—w, = (8,2,0) — (6,3, -3) = (2, - 1,3)
cu = (2, ~3),v = (3,2)
@ w, = (‘llTv'llTv>v'=0v = (0,0)
® w,=u—w, =(2,-3)
. u=(1,0,4),v = (3,0,2) |

3 22
b)) wy=u—w, =(,0,4) - <T§’O’ﬁ>

20 . 30
- <—13'0’ B>

The vectors u and v are orthogonal ifu - v = 0.

The angle 6 between u and v is given by

€08 8= v
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u-v v-u
57. (a < ) => u = ¢v => u and v are parallel. 58. Yes, [ vl = (55 u
@ e ¢ P R ful?
v Jul
b( >=0=¢u-v=0=>uandv u-v-u—”-=v-u
R Vi = 1 o
are orthogonal. 1 1
vl Tl
{jall = {ivl
59. u = (3240, 1450, 2235) 60. u = (3240, 1450, 2235)
v = (1.35, 2.65, 1.85) v = (1.35,2.65, 1.85)
u - v = 3240(1.35) + 1450(2.65) + 2235(1.85) Increase prices by 4%: 1.04v
= $12,351.25 New total amount: 1.04(u - v) = 1.04(12,351.25)
This represents the total amount that the restaurant earned = $12,845.30
on its three products.
21 63 42
61. Programs will vary. 62. ful| ~ 9.165 63. Programs will vary. 64. <—%, %% —1—§>
IVl = 5.745
0 = 90°
65. Because u appears to be perpendicular to v, the projection of u onto v is 0. Analytically,
(2, =3) - (6,4)
proj, u ” ”2 Vy = 6. 3 {6,4) = 0(6,4) = 0.
66. Because u appears to be a multiple of v, the projection of u onto v is u. Analytically,
, (=3,-2)-(6,4)
Pobe = T e Y
—26
=5 64 =(-3-D=u
1 2 .
67. u=Zi—<jWantu-v=0. 68. u = —8i + 3j. Wantu - v = 0.

203
=3i + 8jand —v = —3i — §j rth 1 to u.
v=28i+ 6j and —v = —8i — 6] are orthogonal to u. v=3i+8jand =y 1~ 8 arc orfogonatfo

69. u=(3,1,-2). Wantu - v = 0. V 70, u = (0, ~3,6). Wantu - v = 0.
v =(0,2,1)and —v = (0, —2, — 1) are orthogonal to u. v = {0, 6,3) and —v = (0, —6, —3) are orthogonal to u.
71. (a) Gravitational Force F = — 48,000 j (b) w, = F - w, = —48,000j + 8335.1(cos 10° + sin 10°%j)
v = cos 10% + sin 10° = 8208.5i — 46,552.6j
F-v w)]l =~ 47,270.8 Ib

w, = _”;”Tv = (F « v)v = (—48,000)(sin 10°)v

‘ =~ —8335.1(cos 10°i + sin 10%)
fIw, || ~ 8335.1 Ib
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72. OA = (10,5,20), v = (0,0, 1) 73. F = 85(%i + ‘?J) 74. F = 25(cos 20°%i + sin 20°j)
proj, 04 = 22(0,0,1) = (0,0,20) v = 10i Voo
. W=F-v=45f-1b W=F-v=1250cos 20
[lproj, 0A]| = 20 =~ 1174.6ft - Ib
75. False.  76. True
Letu = (2,4),v = (1,7 and w = (5, 5. Then w-u+tv)=w-ut+tw-v
u-v=2+28=30andu-w =10 + 20 = 30. =040=0= w

and u + v are orthogonal.

77. Let s = length of a side. 78. v, =(s,5s,5)

v={(ss,s) vl = s/3
M = sv3 v, = {s,5,0)
cosa = cos B = cos y = — Ivil = <2
s 52 6
cos = ——==—

- °

a= =y =arccos| —
V3 8 = arccos —‘—g_é ~3526°
79. (a) The graphs y, = x?and y, = x'/3 intersect at (0, 0) and (1, 1). y
= x2
, , 1 o
b —2xandy2~3x2/3. ay
At (0,0), =1, 0) is tangent to y; and (0, 1) is tangent to y,. y=x/3
_’ 0.0 | b
AC(1, 1),y = 2and y, = 5. ’ L
~14
+L(1 2) is tangent to +——1—-<3 1) is tangent to
VAR 4 Yo /0" g Y-
(b) At (0, 0), the vectors are perpendicular (90°).
_1_.<1 2) . _1._ <3 1)
At(l,l),cos0=\/§ ’ Jio T _ S _ L
(1)(1) V50 V2
6 = 45°,
80. (a) The graphs y, = x*and y, = x'/3 intersect at (— 1, — 1), (0, 0) and (1, 1). y

7 V 7 1
yi=3x%andy’, = EreTEs

At (0,0), (1, 0) is tangent to y, and £(0, 1) is tangent to y,.

1
At(1,1),y’, =3andy’, = 3
:t—-L~(1 3) is tangent to i-——1~—(3 1) is tangent to
\/E ) £ Y1 \/E s 2 Y2
1
At(=1,-1),, =3andy, = 2.

1 1
*+—==(1, 3) is tangent to Y1, +——==(3, 1) is tangent to y..
m( ) g 1 JF)< ) gent to y,

—CONTINUED—
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80. —CONTINUED-—
(b) At (0, 0), the vectors are perpendicular (90°).
__1._.<1 3) . __1__ <3 1}
J10 J1o 7T 6 _3

At(1,1),cos 6 = Do) 0-5

6~ 0.9273 or 53.13°

By symmetry, the angle is the same at (—1, —1).

81. (2) The graphs of y, = 1 ~ x?and y? = ;rl ~ 1 intersect at (1, 0) and (—1, 0).
yy = —2xandy’, = 2x.
At (1,0),y'1 =—2andy’, = 2.
L
VA
At(~1,0),y", =2andy’, = ~2.

1 1
+—=(1, 2) is tangent to y,, +—= (1, —2) is tangent to y,.
ﬁ< ) g ¥ \/5< ) g y2

. 1 .
(1, —2) is tangent to y,, i—J—S: (1, 2) is tangent to y,.

Ly 2l 3
(b) At(l,O),cose—\/S_(l, 2) ﬁ“’ 2) 5

8 =~ 0.9273 or 53.13°
By symmetry, the angle is the same at (— 1, 0).

82. (a) To find the intersection points, rewrite the second equation as y + 1 = x3. Substituting into the first equation
(y+1P=x= b=x==x=0,1.
There are two points of intersection, (0, — 1) and (1, 0), as indicated in the figure.

First equation: (y + 12 =x = 2(y + 1)y’ =1 = y' = 2(yl+ 5

1

At (1,0),y = 7

Second equation: y = x> — 1 = y’ = 322 At (1,0),y’ = 3.
1 1
+——={2, 1) unit tangent vectors to first curve, +——=—1(1, 3) unit tangent vectors to second curve
N g g (1.3 g

At (0, 1), the unit tangent vectors to the first curve are +(0, 1), and the unit tangent vectors to the second curve are +(1, 0).
(b) At (1,0),cos 8 = L(2, 1) - ~—1——(1, 3) = . —1—
V5 V10 J50 V2

Hzgor 45°

At (0, — 1) the vectors are perpendicular, § = 90°.

83. In a thombus, [[uf| = ||v||. The diagonals are u + v and u — v.
w+v)rw-vV=@w+v)-u—(u+v)v
=u*utveru—urv-v-yv
= Jul? — v =0

Therefore, the diagonals are orthogonal.




30  Chapter 11

Vectors and the Geometry of Space

84. If u and v are the sides of the parallelogram, then the diagonals are u + vandu — v,

as indicated in the figure.

The parallelogram is a rectangle.
u-v=20
S2urv=-2u-v
u+v)-+rvy=@m-v)-u-v)
& fu+ VP = fu - vip

<= The diagonals are equal in length.

85. (a)

(&, k, )

(b) Length of each edge:
VEFE 0P =k/2
k2

(h@%@—;

1 5
6= arccos(z) = 60

(c) cos § =

86. u = (cos a, sin @, 0), v = {cos B, sin 8, 0)
The angle between u and v is @ — B. (Assuming that o

u-v

v~

cos acos B + sin a sin B

()

cos(a — B) =

8. u—vEi=@-v)-m-v
=@-vru—-(@-v)-v
=d*u—-v-u—-u-v+v-v
=l —uw-v—uw-v+ v

= uf? + P = 2u - v

8. la+vP=@u+v)-(u+v
=u+v)-u++v)-v
=urutvrutuv+tv-v

> + 2u - v + v

ol + 2l vl + v
(lull + {ivi>

Therefore, [ju + v|| < Jjul] + |v|l.

A

IA

@ 7, = (k &, 0) -

N k k k k
r2—<090!0>_—<2y2r2>_< ) 27—
k2
4 1
cosB=—<Ej{—.—3= 3
2
6 = 109.5°

> B). Also,

= ¢os a cos B + sin « sin B.

88. u-v=|uflv|cos @
Ju - v] = |l ¥] cos 6]
= Jul v} |cos 6]

< |lul| |}v} since [cos 8] < 1.
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90. Let w, = proj,u, as indicated in the figure. Because w, is a scalar multiple of v, you can write ¥

u=w, +w, = v+ W,

Taking the dot product of both sides with v produces "
U v=(cv+w,) - v=cv-v+w,v p
= ¢|v|%, since w, and v are orthogonol. v ”
u-v u-v
Thus,u * v = ¢v|? = ¢ = w5 and w, = proj,u = cv = —=V.
il e 2w = el P
Section 11.4  The Cross Product of Two Vectors in Space
i j k i j k i Jk
1. jXi={0 1 0=~k 2.ixj=1i1 0 0=k Ljxk=10 1 0] =i
1 00 010 0 0 1

I 1

4. kxj=

S O e
- O
i
— O e
O O e
=R
i
[

j k
0 0l=-j 6. k xi
01

P 1o

i j k i j k

7. @ uxv=|—2 3 4 =(-2216, —23) S. @uxv=|_3 0 5 =(-15169)
37 2 2 3 =2

(b) vxu=—(uxv)=(22 —16,23) ®) vxu=—{uxv) = (15 —16, -9

i j k ) vxv=20
©vxv=1|3 7 2{=0
3 72

i j K i j k

9, @ uxv=|[7 3 2|=(17, -33 ~-10) 10. @) uxv=1{3 —2 —2| =(8,—-5,17)
1 -1 5 1 5 1

(b) vxu=—(uxv)= (=17, 33, 10) ® vxu=—-(uxv)=(-875 ~17)

) vxv=0" &) vxv=20
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ILu={2-3D,v={(,~21)
i j k
uxv=1[2 -3 I|=-i-j-—k=(-1-1,-1)
1 -2 1
u-@xv)=2-D+(=DD+M(-D=0=uluxy
veuxv)=1{-1)+(=2)(~D+Q(-1)=0=viuxy
12 u = (—1,1,2),v=10,1,0) 13. u = (12, ~3,0), v = {(-2,5,0)
i j k i j k
uxv=|—] 1 2l=-2i—k=(=2,0,-1) uxv=|12 =3 0 =54k = (0,0, 54)
6 1 0 -2 5 0
u-(@xv)=(—1(=2) + (1)0) + @2)(-1) u e (uxv) = 12(0) + (=3)(0) + 0(54)
=0=uluxy =0 =uluxy
v-(uxv)=(0)-2) + (1)0) + (0}-1) v (uxv)=—200) + 50) + 0(54)
=0=>viuxyv =0=>viluxy
4. u = (-10,0,6),v=(7,0,0) 15.u=i+j+kv=2i+j—-k
i j k i j k
uxv =[-10 0 6|=42j=(0,42,0) uxv=|1 1 1/=-2i+3j-k=(-23~-1)
7 0 0 2 1 -1
u - (uxv) = (—10)0) + (0)(42) + 6(0) u-(uxv)=1(-2) + 1(3) + 1(—1)
=0=uluxv =0=uluxv
v (ux v) = 7(0) + (0)(42) + (©)(0) v v) =2(-2) + 10) + (- 1)(-1)
=0=viuxy =0=viuxy
(=v)xu=—=(vxu =uxv
i j k
16 uxv=| 1 6 0f=06i-j+ 13k
-2 1 1
u-uxv)=16) +6(-1)=0= ul{uxv
veuxv)=-26)+1(-1)+1(13)=0 = v.L(uxv)

18.
A
3
4
1
2
1
1
2
3 L
4 =~
¥ ]
21. u=(4,-35,7)
v=(-1,8,4)
uxv= <—70, 23, §-z>
2
uxv=<—140 —46 57 >
o< vl \ /24965 /24965 /24.965

20.
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22.

26.

27.

29.

31.

u= (-8 -6,4) 23.
v = (10, -12, -2)

u x v = (60, 24, 156)

uxy 1
fu vl ~ 3627 00 241562
_ < s 2 13 >
3722°3/22° 322
u= %k 25.
vV = li + 6k
2
1
uxvs= <O, 3 0>
uxyv
IEE

u x v = (—50, 40, —34)
fla > vff =~ 72.498

u=j

v=j+k

i

uaxv=

OO -
— G,
- O x

A= fusvl =i =1

u=(3,2-1)
v={(1,23)

J
2

i k
uxv=|3 -1 (8, — 10, 4)
1 3

[ )

A = Jux v]| = (8, - 10, 4)] = /180 = 6./5

A(l? 1? 17)7 B(2Y 3’ 4)’ C(6’ 57 2)’ D(7) 71 5)

AB = (1,2,3),AC = (5,4,1), CD =(1,2,3),
BD = (5,4,1)
Since AB = _C_Ii_gnd A_éf BD, the figure is a
parallelogram. AB and AC are adjacent sides and
i jk
ABxAC =1 2 3
5 41

A = |/AB x AC]| = /332 = 283

—10i + 14§ — 6k.

28.

30.

32.

u=-3i+2j -5k

3.1
V=i Ttk
y _<_ﬂ_11_§>
UWEVENT20 T 50
uxv _ 20 <_Q_£§>
ol 7602\ 20" 5°4

_<_ 71 44 25 >
76027 /76027 /7602

Programs will vary.

u=i+j+k
v=j+k
i jk
uxv=(1 1 1|=-j+k
01 1
A=luxv=|-j+k =2
u={2,-1,0
v=1(-1,20)
i § ok
uxv=| 2 ~1 0|=(0,03)"
-1 2 0

A = [ux v =](0,0,3)] = 3

A2, -3,1),B(6,5, —1),C(3, —6,4), D(7,2,2)

AB = (4,8,-2),AC = (1,-3,3),CD = (4,8,~2),
BD = (1,-3,3)

Since AB = fD;and ZZ‘_\f BD, the figure is a
parallelogram. AB and AC are adjacent sides and

i j k|
AB xAC = |4 8 —2| = (18, — 14, —20).
1 -3 3

Area = [AB x AC|| = /920 = 2/230
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33. A(0,0,0), B(1, 2, 3), C(-3, 0,0)
AB = (1,2,3), AC = (=3,0,0)

i j k
ABxAC=| 1 2 3|=-9j+6k
-3 0 0

P 3
A = 5|AB x AC|| = 3117 = 5/13

'35. A(2, —7,3),B(—1,5,8), C(4,6, 1)
AB = (-3,12,5),AC = (2,13, - 4)

34‘ A(z’ _—33 4)) B(O, 1’ 2)3 C(—— lv 27 O)
AB =(-2,4,-2),AC = (3,5, ~4)
i j k
4 —2| = —6i — 2j + 2k
-3 5 —4

A= %I[A‘TB‘ x AC|| = %\/44 = /11

36. A(1,2,0), B(—2, 1,0), C(0,0,0)
AB = (—3,-1,0),AC = (—-1,-2,0)

i j k i j k

ABxAC = |-3 12 5| =(-113,-2, —63) AB xAC = |-3 -1 0| =5k
2 13 -4 -1 -2 0
1 — 1 —_ —
Area = LB x AT = 1/16.782 - JIAB x AT = 2
37. F = —20k 38. F = —2000(cos 30°j + sin 30°k) = —1000~/3j — 1000k

PO = %(cos 40°j + sin 40°K) PQ = 0.16k

. . i j k

i j k : A .
s N B o PO xF =10 0 0.16 | = 160./3i
PO xF = 8 cos?)O/Z sxn_4§)0/2 = — 10 cos 40°% 0 —1000/3 - 1000

[PQ x Fl| = 10 cos 40° ~ 7.66 ft - Ib PO x ¥l = 160/3 1t - Ib

39. (a) Place the wrench in the xy-plane, as indicated in the figure. !
The angle from AB to F is 30° + 180° + 6 = 210° + 6. Do
[OA] = 18 inches = 1.5 feet - AL
AB = 1.5[cos 30° + sin 30°j] = 3:{5i + %j 0/30 ’ -
F = 60[cos(210° + @)i + sin(210° + 6)j]

i j k
3./3/4 3/4 0
60 cos(210° + 6) 60sin(210°+ 6) 0

= [45./35in(210° + 6) — 45 cos(210° + Ok
= [45+/3(sin 210° cos 6 + cos 210° sin 6) — 45(cos 210° cos 6 — sin 210° sin §)]k

= [45\/5(—% cos 6 — —‘é—gsm 9) - 45(—-‘;—5 cos § + %sin 0)]1( 140

OA xF =

—y-%sine
= (—90sin O)k

Hence, [[OA x F|| = 90 sin 6. ‘
ol 180

—CONTINUED— 0
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39. —CONTINUED—
(b) When 6 = 45% |[0A x F|| = 90(%) = 45./2 ~ 63.64.
(c) Let T = 90 sin 6.
ar _ 90 cos § = 0 when 6 = 90°,

de
This is what we expected. When 6 = 90° the pipe wrench is horizontal.

40. () Bis —1 = —3 to the left of A, and one foot upwards: (d) If T = [AB x F|,
“B _ =5,
==3% Lk 3
a %=25(10c036—8sin6)=0=>tan0=z
F = —200(cos 8j + sin 6k)
. ; ; K = § =~ 51.34".
(b) ABxF =0 -5/4 1 The vectors are orthogonal.
-2 - i .
0 ~200cos 6 —200sin 6 (€) The zero is 8 ~ 141.34°, the angle making AB parallel
= (250 sin 8 + 200 cos 0)i toF.
[AB x F| = |250 sin 6 + 200 cos 6] 400
= 25|10sin 8 + 8 cos 6| i : :
(c) For 6 = 30°, ’ e
JAB x F| = 25(10(%) + 8(%)) ‘ a0
=25(5 + 4./3) ~ 298.2.
1 00 1 11 2 01
4L u-(vxw)=1{0 1 0 =1 2. u-vxwy=12 1 0/=-1 3. u-{vxw=10 3 0/=6
0 0 1 0 0 1 0 0 1
2 00 1 10 1 3 1
HM.u-(vxw=[l 1 1]=0 45 u-(vxw)=10 1 1]=2 4. u-(vxw=| 0 6 6/=
0 2 2 1 0 1 : -4 0-—4
V=]u-(vxw)|=2 V=lu-(vxw)|=T72
47. u = (3,0,0) 48. u = (1,1,0)
v=1{(0,51) v=1(1,0,2)
w=(2,0,5) w=(0,1,1)
300 1 10
a-(vxw)=10 5 1|=75 u-(vxw=1{1 0 2[=-3
2 05 011
V=lu-(vxw)|=175 V=ju-(vxw)|=3
49. u x v = (uy, Uy, uy) + vy, Vo, va) = (upvy = ugv )i = (uyvy — wyv)j + (v, — uyvk
50. See Theorem 11.8, page 792. 51. The magnitude of the cross product will increase by a

factor of 4.

52. Form the vectors for two sides of the triangle, and compute their cross product:

G =X, 2 = Y2y = 2) X% T XY YT T )
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53. If the vectors are ordered pairs, then the cross product 54. False, letu = (1,0,0),v = (1,0,0), w = (— 1,0, 0).
does not exist. False.
Then,
uxv=uxwz=0butv # w.

55. True

56w = (up, uy, ), V= (v, vy, Vi), W = (W, W, ws)
u=wi+uj+ uk
VW = (vwy = vwyli = (vywy = vyw))j + (vw, = vyw )k
Wy Uy Uy

us (v w o= (vws —vawy) = w(ws = vwy) F ug(vw, = vow) = (v v, v,
Wy Wy Wy

57. w=(up, i, ), v = (v, v, v), W = {wy, wy, wy)
i j k
ux{v+w ={ u u, u,
vitw vt w, vt ow,
= [w(vy + w3) = us(v, + w))li - [i(vs + wy) = w3y + w)lj + [t (v; + w) — (v, + w)) ]k
= (ugvs = wvli — (wyvs = )i + (v, — uv )k + (upws — wgw,)i —
(w3 = wuw))j + (uw, — uw )k k

=uxv)+uxw

58. u = (uy, 4y, u3), v = (v, vy, v3), ¢ is a scalar.
i j k
(cu) x v =lcu cu, cuy
i ao s

= (cuvs = cugv)i ~ (cupvy — cuzv,)j + (cuyvy — cupvyk

=y — )i ~ (uvs — wgv)j + (v, — v )k] = clu x v)

59. w = (uy, uy, uy)

i j ok
uxu=luy ouy ug| = (s — usu)i — (wuy — wgu))j + (wyuy — uu )k = 0
Uy U U ’
Wy U, U

60. u-(vxw=[v v, v,
Wy Wy Wy

uxv)-w=w-xv)=|uy u u

= wi(ugvy ~ vousz) — wylu vy — vius) + wyuyv, — Vil ,)

= uy(vyws = wyvs) = w,(viwy — wyv,) + us(viw, ~ wyv,)

i

u-(vxw)
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61.

62.

u X v = (uvy — uvy)i — (uyvy = wgvy)j + (v, — vk
(x v) - w= (s — ugvduy + (ugvy = wvpuy + (v, = wpv)us = 0
(xv) v = (s ~ ugv v, + (u3v; = wvadvy + (v, — wpvdv; = 0

Thus,uxv Luandu x v L v.

If u and v are scalar multiples of each other, u = cv for some scalar c.

uxv=((v)xv=clvxv)=c0)=0

Ifu x v = 0, then |jufl ||| sin @ = 0. (Assume u # 0, v # 0.) Thus, sin 8 = 0, § = 0, and u and v are parallel. Therefore,

u = ¢v for some scalar ¢.

63. fu x vl = Jlull |iv] sin 6
If u and v are orthogonal, # = 77/2 and sin § = 1. Therefore, [u x v|| = [jul| |}v||.
64. u = <a11 b]y Cl>, v = (az, bz, C2>, w = <a3, b3, C3>

i j ok
VXW=|a, by, ¢, = (byey — byey)i — (a0 — a50,)j + (ay05 — asb)k
a; by ¢

i j k
ux(vxw= a, b, )
(byes = bycy) (ase, = ayes) (azhy — azby)

ux (v x w) = [b(ap; — a;b,) — ¢(ase, — a,63)]i — [a,aby — asby) — ¢(bye; — b))l +

fa\(ase, — ayc;) — by(bye; — b))k
= [a,(a,a; + bby + c\c3) — aslaja, + b, + cic))]i +
[byayas + bibs + c1c3) — bylajay + bib, + c10)]i +
[e)(aay + biby + c1c5) — caa, + biby, + 0]k
= (a,a; + bb; + c,0;){ay, by, ¢;) — (aia, + bib, + cic)(ay, by, ¢3)

=(u-wyv-—(u-vw
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1.

x=1+3y=2—t,z=2+5¢

(b) When t = 0 we have P = (1, 2,2). When ¢t = 3 we have

@ . o =_(:O’ -1,17).
PO = (9, —3,15)
\ The components of the vector and the ccgfflcients of t are
proportional since the line is parallel to PQ.
* (¢) y=0whent =2 Thus,x = 7and z = 12.
, Point: (7,0, 12)

x = 0 whent = —%. Point: (O 7 1)

'3'3

z=0whent= —g.Point: < 112 0)

_gv '—5“,
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2.x=2~3,y=2,z=1—1t

(@) H
r

3. Point: (0,0, 0)
Direction vector: v = (1,2, 3)

Direction numbers: 1, 2,3

(a) Parametric: x =,y = 21,z = 3¢

i =2 %
(b) Symmetric: x 23

5. Point: (—2,0,3)
Direction vector: v = (2,4, —2)
Direction numbers: 2, 4, —2
(a) Parametric: x = -2 + 2t,y=4t,z =3 — 2t

z—3
-2

.'x+2_z__
(b) Symmetric: T AT

7. Point: (1,0, 1)
Direction vector: v = 3i — 2j + k

Direction numbers: 3, —2, 1

(a) Parametric: x =1+ 3,y = =2t z=1+1¢
ox—1_y z-1
{(b) Symmetric: 3 T, ]
-2 2
. Points: (5, —3, — =, =
9, Points: (5, —3, 2),<3,3,1>
Direction vector: v = %zi - 13—1j -3k

Direction numbers: 17, —11, —9
(a) Parametric: x=5+ 17,y =-3 - 11t,z=-2 — %

L XTS5 y+3 742
(b) Symmetric: 7 1 i

(b) Whent = 0 we have P = (2,2, 1). When ¢ = 2 we have
Q=(-4,2-1).
PQ = (6,0, ~2)

The components of the vector and the co_g_fﬁcients of ¢ are
proportional since the line is parallel to PQ.

(¢) z=0Owhent = 1.Thus,x = —~landy = 2.
Point: (~1,2,0)

1
x=0whent = % Point: (0, 2, 5)

4. Point: (0,0, 0)

Direction vector: v = <—2, %, 1>
Direction ﬁumbers: —4,5,2

(a) Parametric: x = -4, y=5tz=2

o XY
(b) Symmetric: — 275

[ SEFN]

6. Point: (—3,0,2)
Direction vector: v = {0, 6, 3)
Direction numbers: 0, 2, 1

(a) Parametric: x = —3,y =2,z =2+ ¢

(b) Symmetric: % =z—-2,x=-3

8. Point: (—3,5,4)

Directions numbers: 3, —2, 1
(a) Parametric: x = -3 +3,y=5~2t,z=4 +¢

+ —
(b) Symmetric: x33=2_—25=z—4

10. Points: (2,0,2), (1,4, —3)
Direction vector: (1, —4, 5)
Direction numbers: 1, —4, 5
(a) Parametric: x =2 + ¢,y = —4t,z =2 + 5¢

Lzz—z

(b) Symmetric: x —<2 == 4 5
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11. Points: (2,3,0), (10,8, 12)

Direction vector: (8,5, 12)

Direction numbers: §, 5, 12

(a) Parametric: x =2 + 8,y =3 + 51,z = 12t
—2_y-3_2z

8 5 12

(b) Symmetric: X

13. Point: (2,3,4)

Direction vector: v = k
Direction numbers: 0, 0, 1

Parametric: x = 2,y =3,z=4 +1

15. Point: (2,3,4)

Direction vector: v = 3i + 2j - k
Direction numbers: 3,2, —1

Parametric: x =2 + 3,y =3 +2t,z=4 — ¢

17. Point: (5, —3, —4)

Direction vector: v = (2, —1,3)
Direction numbers: 2, —1,3

Parametric: x =5+ 2t,y = -3 —f,z=~4+ 3t

19. Point: (2, 1,2)

Direction vector: {—1,1, 1)
Direction numbers: —1,1,1

Parametric: x =2 —-t,y=1+tz=2+1¢

12. Points: (0, 0, 25}, (10, 10, 0)
Direction vector: {10, 10, —25)
Direction numbers: 2,2, —5
(a) Parametric: x = 2t,y = 21,z =25 — 5t

z— 25
-5

o L=
(b) Symmetric: 2~ 32

14. Point: (—4,5,2)
Direction vector: v =
Direction numbers: 0, 1, 0

Parametric: x = —4,y =5+ tz=2

16. Point: (—4,5,2)
Direction vector: v = —i + 2j + k
Direction numbers: —1,2,1

Parametric: x = ~4 —t,y=5+2t,z=2 + ¢

18. Point: (—1,4, —3)
Direction vector: v = 5i — §
Direction numbers: 5, —1,0

Parametric: x= —1 +5,y=4—t,z= -3

20. Point: (—6,0, 8)
Direction vector: (=2, 2, 0)
Direction numbers: —2,2,0

Parametric: x = ~6 — 21,y = 2,z =8

22. Lett = 0: P = (0, 5, 4) (other answers possible)

21. Lett = 0: P = (3, — 1, —2) (other answers possible)
v = {(—1, 2, 0) (any nonzero multiple of v is correct) v = (4, — 1, 3) (any nonzero multiple of v is correct)

24. Let each quantity equal 0: P = (=3, 0, 3) (other answers
possible)

23, Let each quantity equal 0: P = (7, —6, —2) (other
answers possible)

v = {4, 2, 1) (any nonzero multiple of v is correct) v = (5, 8, 6) {any nonzero multiple of v is correct)

26. L;: v=1(4,-2,3) (8, —5, —9) on line
Lyv={15)
Ly v=1(-8,4-6)

Lg v={(~21,15)

(6, —2,5) on line
(6, —2, 5) on line

25. L;: v=1(-3,2,4)
Ly v =(6 —4, —8)
Ly v={(-6,4,8)
Ly v=1(64—6)

(6, —2, 5) not on line {8, —5, —9) on line
not parallel to L, L,, nor L,
Hence, L, and L, are identical. L, and L, are identical.

L, = L, and L, are parallel.
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27. At the point of intersection, the coordinates for one line equal the corresponding coordinates for the other line. Thus,
Da+2=2+2,({)3=25+3, and(il) ~t +1 =5 + 1.
From (ii), we find that s = 0 and consequently, from (iii), f = 0. Letting s = = 0, we see that equation (i) is satisfied
and therefore the two lines intersect. Substituting zero for s or for ¢, we obtain the point (2, 3, 1).
u=4i -k (First line)
v=2d+2j+k (Second line)

lu-v]  8-1 7117

R [ R e AP A

28. By equating like variables, we have
() —3t+1=3s+1, (i) +1=25+4 and({i) 2t + 4= —5 + 1.

From (i) we have s = —r, and consequently from (ii), t = % and from (iii), # = —3. The lines do not intersect.

29. Writing the equations of the lines in parametric form we have
x=73t y=2—1 z=—1+¢
x=1+4s y=-2+gys z=—3 - 3s

For the coordinates to be equal, 3t = 1 + 4sand2 — ¢t = —2 + 5. Solving this-system yields t = 17—7 and s = 171

When using these values for s and ¢, the z coordinates are not equal. The lines do not intersect.

30. Writing the equations of the lines in parametric form we have
x=2=73 y=2+ 6t z=3+¢
x=3+2s y=—-5+s 2= —2+ 4s.

By equating like variables, wehave 2 — 3t =3 + 25, 2+ 6t = —5 + 5, 3+t = —2 + 4s. Thus,r = —1,s = 1 and the
point of intersection is (5, — 4, 2).

u=(-361) (First line)
v={(2,1,4 {Second line)
cosgluvl__ 4 4 2966
ol vl ~ /4621 /966 483

3l. x=2¢t+3 x=—-25s+7 R.x=2—1 x=—55s-12
y=5t-2 y=s5s+38 ’ y=—4+10 y=35+11
z=-t+1 z=2—1 =1 z=—-25s—4
Point of intersection: (7, 8, —1) Point of intersection: (3,2, 2)
Note: r=2ands =0 21

y=-4+10
=t
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33.

3s.

37.

39.

41.

43,

4x ~ 3y~ 62=6
(a8 P=1{0,0,-1),0=1(0,-2,0,R=(3,4 -1
PO = (0, -2,1), PR = (3, 4,0)

® POxPR=[0 -2 1|=(-43,6)
34 0

The components of the cross product are proportional
to the coefficients of the variables in the equation.
The cross product is parallel to the normal vector.

Point: (2,1,2)

n=i={(1,00)
Ix—2)+0y~-1)+0z—2)=0
x—2=0

Point: (3,2,2)

Normal vector: n = 2i + 3j — k
2x—=3)+3y-2)—-1z—-2)=0
2x +3y-z=10

Point: (0, 0, 6)

Normal vector: n = —i + j — 2k
~1x—-0)+1y~-0~2z-6)=0
~x+y—~22+12=0
x—y+2z=12

Let u be the vector from (0, 0, 0) to (1, 2, 3):
u=i-+2j+3k

Let v be the vector from (0, 0, 0) to (—2, 3, 3):
v =2+ 3j+ 3k

i

Normal vector: u x v = 1 2

-2 3

= =3i+(-9)j + 7k
-3x—0)—-9y -0 +7(z—0) =0

3x+9—-Tz2=0

w oW A

Let u be the vector from (1,2,3) to (3,2, 1): u = 2i — 2k

34.

36.

38.

42,

2x + 3y + 4z =4
P=1(0,0,1),0 = (2, 0,0),R =(3,2, -2)
(@ PO = (2,0, —1),PR = (3,2, -3)

i j Kk
W POxPR=[2 0 —1|=(,3,4

3 2 -3

The components of the cross product are proportional
(for this choice of P, Q, and R, they are the same) to
the coefficients of the variables in the equation. The
cross product is parallel to the normal vector.

Point: (1,0, —3)
n=k =001}
Ox— 1) +0y—0)+1[z—(=3)]=0

z+3=0

Point: (0, 0, 0)

Normal vector: n = --3i + 2k
-3(x—0)+0(y—0)+2(z-0)=0
-3x+2z=0

. Point: (3,2,2)

Normal vector: v =4i + j — 3k
Ax—-3)+H~-2)-3:z—-2)=0
4x+y—3z=28

Let u be vector from (2, 3, —2) to (3, 4,2): (1,1, 4).

Let v be vector from (2,3, —=2) to
(1,-1,0): (—-1,—4,2).

i j k

Normal vector: uxv=| 1 1 4| =(18,-6,~3)
-1 -4 2

= —-3(—6,2,1)

—6(x—2)+2(y-3)+1z+2)=0

—6x +2y+z=-8

Let v be the vector from (1,2,3)to (—1,—-2,2): v= —2i — 4j — k

SO .

i k
Normal vector: (%u) x (—v) = |1 -1
2 1

Hx—-1)—-3y—-2)+4z—-3)=0
4x — 3y + 4z =10

= 4i — 3§ + 4k
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44. (1,2, 3), Normal vector: v =i, 1{(x — 1) = 0,x = | 45. (1,2, 3), Normal vector: v =k, 1(z~3)=0,2=3

47, The direction vectors for the lines are u = —2i + j + k,
v=-3i+4j -k

46. The plane passes through the three points (0, 0, 0),
©,1,0) (3,0, 1).

The vector from (0, 0, 0) to (0, 1,0): u = j i j k o
The vector from (0, 0, 0) to (\/5, 0, 1): v=3i+k Normal vector: u x v = _g i _i = -50+j+k)
i j k . . . .
Normal vector: u xv=] 0 1 0| =i~ 3k Point of intersection of the lines: (—1,5, 1)
V3 o0 1 G+D+-5+Ez~1)=0

x+y+z=5

x=J/3z=0

48. The direction of the line is u = 2i — j + k. Choose any point on the line, [(0, 4, 0), for example],
and let v be the vector from (0, 4, 0) to the given point (2, 2, 1):

v=2i-2j+k

i j k
Normal vector: u x v = {2 —1 1} =i—-2k
2 -2 1

x-2)-2z-1=0
x—2:=0

49. Let v be the vector from (—1,1, —~1)t0 (2,2, 1): v = 3i + j + 2k
Let n be a vector normal to the plane 2x — 3y + z = 3: n=2-3j+k

Since v and n both lie in the plane P, the normal vector to P is

52.

i j ok
vxn=(3 1 =T7i+j— 11k
2 -3 1

Tx=2)+1y—2)—1lz—=1) =0
Ix+y—1iz=35

. Let v be the vector from (3,2,1)t0 (3,1, -5):

v=—j— 6k
Let n be the normal to the given plane: n = 6i + 7j + 2k

Since v and n both lie in the plane P, the normal vector to
P is:

51. Letu = i and let v be the vector from (1, —~2, —1) to

(2,5,6: v=i+7j+7k

Since u and v both lie in the plane P, the normal vector to
P is:

i j k
i j k uxv=11 0 0 =—-7j+7k=~7(j — k)
vxn=|0 —1 —6[=40i — 36j + 6k 1 7 7
6 7 2

= 2(20i — 18j + 3k)

20(x—3)—18(y ~2) +3(z— 1) =0
20x — 18y + 3z7.=27

D-(2]-z~(-Dl=0

y—z=-1

Letu = k and let v be the vector from (4,2, 1) to (—=3,5,7): v = ~7i + 3j + 6k

Since u and v both lie in the plane P, the normal vector to P is:

i j k
uxv=| 0 0 1|=-3i-7=-0Gi+7)
-7 3 6
-4 +7 -2 =0
3x + Ty = 26
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53. xy-plane: Letz = 0.
ThenO =4 —t = t=4 = x=1—2(4) = —7 and
y = ~2 + 3(4) = 10. Intersection: (—7, 10, 0)

xz-plane: Lety = 0. /
1 10
Then 0= —2+3r = t=% = x=1-2}=~land (0.-4-1) (508
z=—4+ % = -139. Intersection: (—% 0, —-13—0)

yz-plane: Letx = 0.
Then0 =1 — 2t = t=%=>y=—2+3(%)=—%and
z=—4+1= I Intersection: (O,~%, —%)
54. Parametric equations: x =2 + 3,y = —1 +,2z=3 + 2
xy-plane: Letz = 0.
Then3 + 2 =0 = t=—3 => x=2+3(~3) = - and

y=-1+ (—%) = —%. Intersection: (—

xz-plane: Lety = 0.
Thent=1 == x =2+ 3(1) = 5 and

z =3 + 2(1) = 5. Intersection: (5,0, 5)
yz-plane: Letx = 0.

Then2 + 3t =0 => t=—5 => y=—1~— = —3and

Wi Wik

)

z=73+ 2(—%) = % Intersection: (0,—3,

55. Let (x, y, z) be equidistant from (2, 2, 0) and (0, 2, 2).
-2+ -2+ G-0P=Va-0P+ -2+ (-2
X—dx+ 4+ Yy —y+4+ =2ty —dy+4+ 2 -4+ 4

—4x+ 8= -4z +8

x—z=0 Plane

56. Let (x, v, z) be equidistant from (—3, 1, 2) and (6, —2, 4).
JEF3R+ -1+ -2 =Vlx -6+ (y +2)F + (z — 4
A6+ 9+ Yy -2y + 1 +22—dg+4=x2 - 12x+36 +y? + 4y + 4+ 22 -8z + 16

6x — 2y —4z+ 14=—12x + 4y — 8z + 56
18x— 6y +4:—42=0
Ix—3y+2z-21=0 Plane

57. The normal vectors to the planes are 58. The normal vectors to the planes are

Iny - my| n, = (3,1,-4), n,=(-9,-3,12).

n, = (5,3, 1), n, = {1,4,7),cos0 = W = Q.
1 2

Thus, 6 = /2 and the planes are orthogonal.

Since n, = ~3n,, the planes are parallel, but not equal.
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59. The normal vectors to the planes are 60. The normal vectors to the planes are
n, =i—3j+6k n,=5i+j—Kk, n =3i+2j—Kk n,=1i-4j+ 2k,
cosgmoml _[5-3-6] 4/138 2./138 cosgo Mol _3-8-2 1
I, 2627 414 207 ° oyl 1421 /6
_ 2/138%) o _ 1y R
Therefore, 8 = arccos( 207 ) == 83.5°, Therefore, 6 = arccos( \/g) == 65.9°.
61. The normal vectors to the planes are n, = (I, ~5, — 1) 62. The normal vectors to the planes are

and m, = (5, —25, —5). Since n, = 5n,, the planes are

paralle], but not equal, m = (2,0~ 1,0, = (4,1,8),

In, - n,]

cos 8 = ———r = 0.
(o, | fn|
Thus, 6 = 7ETand the planes are orthogonal.
63. 4x + 2y + 67 = 12 64. 3x + 6y + 2z =6 65. 2x —y+3z=4

k4

69. x=35 70. 7z = 8

Generated by Maple
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73. ~5x+4y—-62+8=0 74, 2.1x — 47y —2z+3 =0

z

x Generated by Maple

Generated by Mathematica

Generated by Mathematica

75. P;: n=(3,-2,5) (1, =1, 1) on plane
Py n = (=64, ~10)
Py n=(-325)

Pg n = (75, —50, 125)

(1, — 1, 1) not on plane

(1, —1, 1) on plane
P, and P, are identical.

P, = P, is parallel to P,.

76. P,: n-= (—60,90,30) or (—2,3, 1) (0,0,3) on plane
Py n=(6 -9 —3)or (—2,3,1)

Py on = (—20,30,10) or (-2,3, 1)

(0, 0, —%) on plane
(0, 0, %) on plane

77.

79.

81.

Py n=(12,-18,6) or (—2,3,—1)
P,,P,, and P, are parallci.

Each plane passes through the points
(¢,0,0), (0, ¢, 0), and (0, 0, c).

If c = 0,z = 0 is xy-plane.

fe#0,cy+z=0 = y=~leisaplaneparallelto

x-axis and passing through the points (0, 0, 0} and
0,1, —o).

The normals to the planes are n;, = 3i + 2j — k and
n, = i — 4j + 2k. The direction vector for the line is

78. x+y=c¢

Each plane is parallel to the z-axis.

80. x +cz=10
If ¢ = 0, x = 0 is the yz-plane.

If ¢ # 0, x + ¢z = 0 is a plane parallel to the y-axis.

82. The normals to the planes are n; = (6, —3, 1)
andm, = (~1,1,5).

The direction vector for the line is

i ok ,
n,xn =|1 —4 =7(j + 2Kk). i j k
32-1 nxm,=| 6 -3 1=(=16,-31,3).
Now find a point of intersection of the planes. -1 1t 5
6x + 4y — 2z =14 Now find a point of intersection of the planes.

x—4y+2z= 0
Tx = 14
x= 2
Substituting 2 for x in the second equation, we have
—4y + 2z = ~2o0rz = 2y — 1. Letting y = 1, a point
of intersection is (2, 1, 1).
x=2,y=1+tz=1+2t

6x—3y+ z=5 = 6x—3y+ z= 5
—x+ y+5z=5 = —6x+6y+30z=230
3y + 31z =35

Lety=—9,z=2 = x= —4 = (—4,-9,2).
x=—4—16r,y=-9-3l,z=2+3
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83. Writing the equation of the line in parametric form and
substituting into the equation of the plane we have:
1 =3

X 3 Ly > f, z 1+ 2t

1 -3 3
2<2+t) 2(2 t) (—1+20) =121 5
Substituting £ = 3/2 into the parametric equations for the
line we have the point of intersection (2, —3, 2). The line
does not lie in the plane.

85. Writing the equation of the line in parametric form and

substituting into the equation of the plane we have:
x=1+3,y=—-1—-2t 2=3+¢

b

201 +30) +3(—1— 24 = 10, — 1 = 10, contradiction

Therefore, the line does not intersect the plane.

87. Point: Q(0, 0, 0)
Plane: 2x + 3y + z ~ 12 =0
Normal to plane: n = (2,3, 1)
Point in plane: P(6, 0, 0)
Vector PQ = (—6,00)

po1PO-n|_|-12] 6/14
(] Viao 7

[

90. Point: Q(3,2,1)

Plane: x —y + 2z = 4

Normal to plane: n = (1, —1,2)
Point in plaﬁe: P{4,0,0)

Vector: ITQ =(-1,2,1)

p-1P0:nl _|-1] 1 _ 6
Wl V6 66

92. The normal vectors to the planes are n, = (4, —4,9) and
n, = (4, —4,9). Since n, = n,, the planes are parallel.
Choose a point in each plane.

P=(-50,3)isapointin4x — 4y + 9z = 7.
Q= 1(0,0,2) is a point in 4x — 4y + 97 = 18.
PQ = (5,0,~1)

po PO 11 1T
[, | J113 113

88. Point: Q(0, 0, 0)
Plane: 8x — 4y + 7z =8
Normal to plane: n = (8, —4, 1)
Point in plane: P(1, 0, 0)
Vector: @ =(-1,0,0)

,_1PB-n| _|-8 8 p-1P@-n 11 1

84. Writing the equation of the line in parametric form and
substituting into the equation of the plane we have:
x=1+4 y=2 z=3+ 6t
=1

21 + 4) +3020) = =5, = 5

Substituting s = —% into the parametric equations for the
line we have the point of intersection (—1, — 1, 0). The
line does not lie in the plane.

86. Writing the equation of the line in parametric form and
substituting into the equation of the plane we have:

x=4+2 y=~1—-3¢ 7= -2+ 5¢
54+ 200 +3(-1-3)=17,t =0

Substituting ¢ = 0 into the parametric equations for the
line we have the point of intersection (4, — 1, ~2). The
line does not lie in the plane.

89. Point: Q(2,8, 4)
Plane: 2x +y+z=5
Normal to plane: n = (2,1, 1}
Point in plane: P{0, 0, 5)
Vector: 7’@ =(2,8,—1)

&

S8 9 |l 6 6

91. The normal vectors to the planes are n, = (1, —3, 4) and
m, = (1, —3, 4). Since n; = n,, the planes are parallel.
Choose a point in each plane.

P = (10,0, 0) is a point in x — 3y + 4z = 10.
0 =(6,0,0) is a pointin x — 3y + 4z = 6.

— PO-n| 4 2%
Pe=a00.0= " =% "

93. The normal vectors to the planes are n, = (—3,6,7) and
n, = (6, — 12, ~ 14). Since n, = —2n,, the planes are
parallel. Choose a point in each plane.

P=(0,—1,1)isapointin —3x + 6y + 7z = 1.

Q= (gé, 0, 0) is a point in 6x — 12y — 14z = 25.

6
(21
PO -ny| |-27/2] 271 _27J/%

D = = = =
I, ] V94 204 188
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9.

96.

98.

100.

The normal vectors to the planes are n, = (2,0, —4)
and n, = (2,0, —4). Since n; = n,, the planes are
parallel. Choose a point in each plane.

=(2,0,0)isapointin2x — 4z =
= (5,0, 0) is a point in 2x ~ 4z = 10.

PO-n| 6 35
= 3, O, 0 y D= = =
Q= ) (o, J20o 5

u = (2, 1, 2) is the direction vector for the line.
= (0, — 3, 2) is a point on the line (let t = 0).
PO =(1,1,2)

N i j k
POxu=1|1 1 2/=¢0,2~1)
12
_IPOxu| _5_./5
full 9 3

u = {0, 3, 1) is the direction vector for the line.

= (4, —1,5) is the he given point, and P = (3,1,1)is

on the line. Hence, PQ = (1, —2,4) and
POxu=|1-2 4/ =(-14—-1,3).
0 3 1
_ PO xu _ \/142 +1+9 206
[l 10
_ j13 _ ‘/515
5 5

(6,9, —12).
(4,6, -8).

The direction vector for L, is v; =
The direction vector for L, is v, =
Since v; = 5v2, the lines are parallel.

LetQ = (3, -2, l)tobeapomtonL and P = (—1,3,0)
apointonL,. PQ (4, =5, 1).
u = v, is the direction vector for L.

o aw
PO xv,= |4 =5 1| = (34,36,44)
4 6-8
_IPO xv)| _ V3P +367+ 4 _ /4388
vl J16+3%+64 /116
1097 /31813

29 29

95.

97.

101.

u = {4, 0, — 1) is the direction vector for the line.
0(1,5, —2) is the given point, and P(-2,3,1)is on the
line. Hence, PQ (3,2, —3) and

i j k
PO xu=1{3 2 -3 =(-2,-9,—8).
4 0 -1
_ PO xu] _ /1% _ /2533
[lu V17 17
u = (=1, 1, —2) is the direction vector for the line.

0 = (=2, 1, 3) is the given point, and P = (1,2, 0) is on
the line (let £ = 0 in the parametric equations for the line}.

Hence, PO = (-3, —1,3) and
i ok

PO xu=|-3—1 =(—1,-9, —4).
-1 1-2
_[POxu| _JiT8T+16_98 _ 7 _7V3
[l JT+1+4 6 ﬁ 3
. The direction vector for L, is v, = (—1,2, 1).
The direction vector for L, is v, = (3, =6, —3).
Since v, = —3v,, the lines are parallel.
Let Q = (2,3, 4) tobeapointonL;and P = (0,1, 4) a
point on L. PO = (2,0,0).
u = v, is the direction vector for L,.
i j kK
POxv,=[2 2 0]=(-606—18)
3-6-3
_[POxv,| _/36+36+324_ /39
v, VO +36+9 54
- /22 _ Y66
3 3

The parametric equations of a line L parallel to
v = {(a, b, ¢,y and passing through the point P(x,, y;, z,)
are

x=x +tat,y=y, +bt,z=2z + ct
1 Yy=W 1

The symmetric equations are

X4 _ YT _ITy
a b c
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102. The equation of the plane containing P(x,, y,, z,) and 103. Solve the two linear equations representing the planes
having normal vector n = (a, b, ¢) is to find two points of intersection. Then find the line
determined by the two points.
alx —x) + by — y) + clz—z) = 0. y P
You need n and P to find the equation.
104. x = a: plane parallel to yz-plane containing (a, 0, 0) 105. (a) The planes are parallel if their normal vectors are
. parallel:
¥ = b: plane parallel to xz-plane containing (0, b, 0)
sb,e) = Kag, by cy), 1 # 0
z = ¢: plane parallel to xy-plane containing (0, 0, ¢) @, by,0)) = Kaz, by )
{(b) The planes are perpendicular if their normal vectors
are perpendicular:
<a1y by, 01> ’ <azy b,, 5'2) =0
106. Yes. If v, and v, are the direction vectors for the lines L, 107. An equation for the plane is
and L,, then v = v, x v, is perpendicular to both L, and *eXizog
L,. a b ¢ 7
For example, letting y = z = 0, the x-intercept is
(a, 0, 0).
108. (a) Sphere (b) Parallel planes
=32+ +22+(z—-52=16 4x — 3y + z =10 + 4n|| = 10 + 4./26
X+ 42 —6x+4y—10z+22=0
109. 0.04x — 0.64y + z = 3.4 => z = 3.4 — 0.04x + 0.64y

110. On one side we have the points (0, 0, 0), (6, 0, 0), and (~ 1, ~ 1, 8).

& Year 1994 | 1995 [ 1996 [ 1997 | 1998 | 1999 | 2000
x 5.8 6.2 6.4 6.6 6.5 6.3 6.1
y 8.7 82 8.0 7.7 7.4 7.3 7.1
z 8.8 8.4 8.4 8.2 7.8 79 7.8
Model, z" | 8.74 | 840 | 826 | 8.06 | 7.88 | 7.82 | 7.70

The approximations are close to the actual values.

(b) According to the model, if x and z decrease, then so will ¥, the consumption of reduced-fat milk.

i j ok
n=|6 0 0]=-48—¢k
-1 -1 8

On the adjacent side we have the points (0, 0, 0), (0, 6, 0), and (=1, —1, 8).

i j k
n,=| 0 6 0]=48 + 6k
-1 -1 8
n, - n
cos(9=|l 2'— 36 !

Il ~ 2340 ~ 65

1 g
6= arccos65 = §9.1
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L. L x,=6+¢ty,=8—-tz,=3+1¢
Ly x,=1+ty,=2+tz,=2
(a) At = 0, the first insect is at P, = (6, 8, 3) and the second insect is at P, = (1, 2, 0).
Distance = /(6 — 1)2 + (8 — 2)2 + (3 — 0)2 = /70 =~ 8.37 inches

(b) Distance = /(x; — 5,2 + (3, — w)* + (7, — 2,)* 15
=/2+(6-207+ (3 — 1 \/
= /5T =30 +70, 0 << 10

(c) The distance is never zero. °s 1

(d) Using a graphing utility, the minimum distance is 5 inches when 7 = 3 minutes.

112. First find the distance D from the point @ = (=3, 2, 4) to the plane. Let P = (4, 0, 0) be on the plane. n = (2, 4, —3) is the

normal to the plane.

o PO _[-724-@a-3_|-14+8-12] 18 1829
I VEFTT6+9 V29 V29029

324
The equation of the sphere with center (—3, 2, 4) and radius 18+/29/29is (x + 3)> + (y = 2)? + (z — 4)* = ETR

113. The direction vector v of the line is the normal to the plane, v = 3,—-1,4).
The parametric equations of the lineare x = 5 + 3t,y =4 — f,z = -3 + 4.
To find the point of intersection, solve for ¢ in the following equation:
35+3)—~(d—n+4H-3+4)=7

26t = 8§
4
13
o o 4 4 4\\ _(7748 23
Point of intersection is (5 + 3(13>,4 T 3+ 4(13)> = (13, 13’ 13>

- 114. The normal to the plane, n = (2, — 1, —3) is perpendicular to the direction vector v = (2, 4, 0) of the line because
2,-1,-3)-42,4,0) = 0.
Hence, the plane is parallel L to | the line. To find the distance between them, let @ = (—2, — 1, 4) be on the line and
P = (2,0, 0) on the plane. PQ = (—4, —1, 4).
_PO-n| _[-4-19-@-1-3] 19 _19/14

] VA+1+9 J14 14

D

115. The direction vector of the line L through (1, —3,1) and (3, —4,2) isv = (2, — 1, 1).
The parametric equations for Larex =1 + 2t,y = =3 —t,z =1+ ¢
Substituting these equations into the equation of the plane gives
+20—-(-3-D+(+p=2

4= -3
3 . . . 3 3, 3y (.1
t= ¥ Point of intersection is (1 + 2( 4>, 3+ 7 1 4) = ( 2

116. The unknown line L is perpendicular to the normal vector n = (1, 1, 1) of the plane, and perpendicular to the direction vector

u = (1, 1, —1). Hence, the direction vector of L is
i j k
v =il 1 1] =(=2,2,0). The parametric equations for Larex =1 — 2t,y = 2t,z = 2.
I 1 -1
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117. True 118. False. They may be skew lines.
(See Section Project)

120. False. The linesx = £,y = 0,z = landx = 0,y = ¢,z = 1 are both parallel to
the plane z = 0, but the lines are not parallel.

Section 11.6  Surfaces in Space

1. Ellipsoid 2. Hyperboloid of two sheets
Matches graph (c) Matches graph (e)

4. Elliptic cone 5. Elliptic paraboloid
Matches graph (b) Matches graph (d)

7.2=3 8. x=4
Plane parallel to the Plane parallel to the
xy-coordinate plane yz-coordinate plane

i
{
;

GoLl

10. x* + 7% =25 11 y = x2
The y-coordinate is missing so we The z-coordinate is missing so we
have a cylindrical surface with have a cylindrical surface with
rulings parallel to the y-axis. The rulings paralle! to the z-axis. The
generating curve is a circle. generating curve is a parabola.

13 4x2 + y2 =4 14. y2 -2 =4
x2 y2 yl Z2
— e B = — e —— =
1 4 ! 4 4 1
The z-coordinate is missing so The x-coordinate is missing so

we have a cylindrical surface
with rulings parallel to the z-axis.
The generating curve is an ellipse.

119.

3.

12.

we have a cylindrical surface with
rulings parallel to the x-axis. The
generating curve is a hyperbola.

True

Hyperboloid of one sheet
Matches graph (f)

. Hyperbolic paraboloid

Matches graph (a)

. V2=

The x-coordinate is missing so we
have a cylindrical surface with
rulings paralle! to the x-axis. The
generating curve is a circle.

z=4-y2

The x-coordinate is missing so
we have a cylindrical surface with
rulings parallel to the x-axis. The
generating curve is a parabola.
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15. z = siny
The x-coordinate is missing so
we have a cylindrical surface
with rulings parallel to the
x-axis. The generating curve
is the sine curve.

17. z=x2 + )2

(a) You are viewing the paraboloid from the x-axis: (20, 0, 0)
(b) You are viewing the paraboloid from above, but not on

the z-axis: (10, 10, 20)

18. ¥+ 2 =
(a) From (10,0, 0):

z

xl y
9, — + =
1 1

Ellipsoid

IS
+

2
z
== 1
1
2 2
xy-trace: xT + yZ = 1 ellipse
2 + 72 = | circle

xz-trace: x

yz-trace:

NS

22
+ T 1 ellipse

21. 1632 — y2 + 1622 = 4
2!
4x? — 2 4 42 =
x 4 4z 1

Hyperboloid on one sheet
2

xy-trace: 4x? — % = | hyperbola

xz-trace: 4(x? + z2) = 1 circle

2
yz-trace: —:— + 4z2 = 1 hyperbola

23. 22— y+2=0
Elliptic paraboloid
xy-trace: y = x?
xz-trace: x2 + z2 =0,

point (0, 0, 0)
yz-trace: y = 72
y=Lx+z2=1

(b) From (0, 10, 0):

16. z = ¢
The x-coordinate is missing so
we have a cylindrical surface
with rulings parallel to the
x-axis. The generating curve
is the exponential curve.

{c) You are viewing the paraboloid from the z-axis: (0, 0, 20)
(d) You are viewing the paraboloid from the y-axis: (0, 20, 0)

(¢) From (10, 10, 10):

z

x2 y2 22
) S =
20 16 25 25 !
Ellipsoid

2

Xy-trace: lié + %% = 1 ellipse

2 2 .
. C = e =
xz-trace 695 1 ellipse
yz-trace: y? + z2 = 25 circle

y2
22. zz—xz—z=1
Hyperboloid of two sheets
xy-trace. none
xz-trace: z2 — x* = 1 hyperbola

2
yz-trace: z2 ~ yz = 1 hyperbola

x* .y .
= N + _ =
z==*10 o T 3% 1 ellipse
24, z=x2 + 4?
Elliptic paraboloid

xy-trace: point (0, 0, 0)
xz-trace: z = x% parabola

yz-trace: z = 4y* parabola
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285.

27.

29.

31.

X=yr+z=0
Hyperbolic paraboloid
xy-trace: y = +x
xz-trace: z = —x*
yz-trace: z = y?

y=zxLz=1-x2
2:2_’_2’_2
Z=x 47

Elliptic Cone
xy-trace: point (0, 0, 0)

xz-trace: z = *x

+1
yz-trace: 7 = —z‘y

2
z==+1: x2+-yz=1
16x3+9y2+16z2—-32x—36y+36=0
16(x> — 2x + 1) + 9(y2 — 4y + 4) + 1622 = —36 + 16 + 36
16(x — 1) + 9(y — 2)? + 1672 = 16

x-10@ (y-27
T

Ellipsoid with center (1, 2, 0).

ZZ
+ — =
| 1

92 + 32~ 922~ 54x — 4y — 54z + 4 =0
M2 —6x+9)+ (¥ —4dy+4) —9(z2 + 6z +9) =81 — 81
Yx =32+ (y =22 -9z +3?2=0

Elliptic cone with center (3, 2, —3).

z=2sinx 32, z =22 + 0.5y

26.

28.

3z2=—y? +x2
Hyperbolic paraboloid
xy-trace: y = +x
xz-trace: z = §x2

yz-trace: z = —3)?

x* =2y + 272
Elliptic Cone
xy-trace: x = iﬁy

xz-trace: x = iﬁz

yz-trace: point: (0,0, 0)

7 =£/x* + 4y?
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36. X2 +yr=e7"
—In{x® + y?) =z

39, 4x2 — y2 + 472 = — 16

40. 9x + 4y? — 822 =72 41, z =2/ + 52
z=2
2/ + Yy =2
x2+y2=1

z

45, x2 + 22 = [r(y)P and z = r(y) = +2/y; therefore, 46, x* + z2 = [r(y)]? and z = r(y) = 3y; therefore,
x>+ 72 = 4y, 2+ 22 =9y
47. 2+ y* =[r(gJFandy = Hz) = %; therefore, 48. y2 + 22 =[Hx)Pand z = r(x) = %\/4 — x?; therefore,

2
x2+y2=%,4x2+4y2=z2. y2+z2=i-(4—x2),x2+4y2 + 472 = 4,
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2
49, y? + 22 =[r(x)]Fandy = r(x) = s therefore,
2V 4
14221 24 2=
S P
51 x24+3y2—27=0

2y = (V)

Equation of generating curve: y = /2zorx = /22

53. Let C be acurve in a plane and let L be a line not in a
parallel plane. The set of all lines parallel to L and
intersecting C is called a cylinder.

55. See pages 812 and 813.

4
57. V= quf x(dx ~ x*) dx
0

_ 27[1;‘_3_ _ _{‘{]4 _ 1287
3 4 fo 3

xZ y2
59, ;=2 + L
T T,

2

2

X x
= = T L =
(a) When z = 2 we have 2 > + = orl +

y? ¥
8
Major axis: 2/8 = 4/2

Minor axis: 24 = 4
=2 -, crP=4c=2

Foci: (0, +2,2)

60, z = — +

2%
ENAS

2

(a) Wheny=4wehavez=£+4,4<%>(Z—4)=x2-

9
Focus: <O, 4, 2)
(b) When x = 2 we have
P D S
z=2+ 4,4(2 2) =y

Focus: (2,0, 3)

50. 22 + y? = [r(z)JF and y = r(z) = &% therefore,

X2+ y? =2

52. x? + z% = cos?y

Equation of generating curve: x = cosyorz = cosy

b

54. The trace of a surface is the intersection of the surface
with a plane. You find a trace by setting one variable
equal to a constant, such as x = Qor z = 2.

56. In the xz-plane, z = x? is a parabola.

In three-space, z = x2 is a cylinder.

kis

58. V= 27Tf ysinydy
0

T

= 277[siny — ¥ €O0S y]o =27

2

X2y
(b) Whenz=8wehave8=7+—4—,or1=—+———.
Major axis: 2+/32 = 8./2

Minor axis: 2./16 = §
c?=32—-16=16,c =4
Foci: (0, +4, 8)

61. If (x, v, z) is on the surface, then
G+2P=2+G-2+2
V+dy+d=x2+y—4dy+4+ 22
X2+ 72=28y
Elliptic paraboloid

Traces parallel to xz-plane are circles.
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2

x 2

2}

y Z

62. If (x, y, 7) is on the surface, then 63. 3965 + 39632 + 39507 1
2=x2+y + (z — 47
Z2=x+y +72-8+16
X2y
82=x2+y2+16=>z=§+—§-+2
Elliptic paraboloid shifted up 2 units. Traces parallel to
xy-plane are circles.
2 1 7 1
64. (a) 24yt =[P () V= 2wj x[3 = <5x2 + 1)] & (V= 27TJ 3 - (Exz + 1)] dx
o 1/2
= [Vae=1f o (]
= _ 1,3 - I
X2+yt—27+2=0 —ZWJ(;(Zx 2x)dx 277[1/2(2): 2x)dx
X412 X2
- o) o o - o)
ZW[X 3 ]0 Zw[x g ]1/2
= dq =~ 3
41~ 12.6 cm - 477____3_1_11'_2257r~ 11.04 cm?

)
65, z = {5 TR bx + ay 66. Equating twice the first equation with the second equation,
2R 2+ 6y — 42+ 4y - 8 =22 + 6y — 422 — 3x —~ 2
bx+ay:;ﬁ—:; . 4y-—8=—3x—2
4 214 3x + 4y = 6, a plane
—15(x2+a2bx+££>=—%<y2—~abzy+a—b—) T s
4 b 4
a2b>2 < abz)2
+ i et
<x 2) V"2
a b?
b a’b) ab?
= = + =)+ —
Y= (x 2) "2
Letting x = at, you obtain the two intersecting lines x = at,
y=—bt,z=0andx = at,y = bt + ab® z = 2abt + a*b.
67. True. A sphere is a special case of an ellipsoid (centered 68. False. For example, the surface x? + z2 = ¢~ % can be
at origin, for example) formed by revolving the graph of x = e~ about the
LI S y-axis, as the graph of z = ¢ about the y-axis.

Cos =]

at B c?

havinga = b = c.

69. The Klein bottle does not have both an “inside” and an “outside.” It is formed by inserting the small open end through the side
of the bottle and making it contiguous with the top of the bottle.
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Section 11.7  Cylindrical and
1. (5,0, 2), cylindrical 2.
x=5cos0=15
y=5sin0=20
z2=12

(5, 0, 2), rectangular

Spherical Coordinates

(4, ’5’ - 2), cylindrical
’rr._
x—40052 =0
.
y—4sm2 =4
z= -2

(0, 4, —2), rectangular

7 .
4, (6, —%r, 2), cylindrical 5. <4, ‘63 3), cylindrical
1
x=6cos<~§>=3\/2‘ x—4cos—6-=—2\/§
' ki
= 4gip e = —7
y = 63in<—7zr> =-3/2 y sin
z=3
=2 (-Zﬁ, -2, 3), rectangular
(3v2, -3v2,2)

. {0, 5, 1), rectangular

r=JVOE+(r=5

5
O—arctana—i

1

521

) ) cylindrical

10. 11.

<4, —%’, 6), cylindrical

13.

15. x2 + y? + 72 = 10, rectangular equation

r? + z2 = 10, cylindrical equation

17, y = X2, rectangular equation
rsin 6 = (r cos 6)*
sin § = rcos* 6

r = sec 8 - tan 6, cylindrical equation

z = 5 is the equation in cylindrical coordinates.

. (Zf —Zﬁ, 4), rectangular

r= VTP (272 = 4

T

0 = arctan(— 1) = -2

z=4

(4, - 4), cylindrical

(2, —2, —4), rectangular

r=J2i+ (-2 =22
ern

6 = arctan(—1) = ~3

z=—4

<2ﬁ, _T", - 4), cylindrical

14. x = 4,
rcos 8 = 4
r = 4sec#,

16. z = x* + y2 ~ 2,
z=1r—2,

18. 12 + y? = 8x,
r? = 8rcos 8

r = 8cos 6,

2,Z 9

3 ), cylindrical

3.(

m
=72 —
X COS3

1

;=3

y = 2sin

z=12
(1, V3, 2), rectangular

—1

) (1,3”

2 ), cylindrical

x=cos3—7r=0

2
. 3
y=sm—2—=—1
z=1

(0, — 1, 1), rectangular

9. (1, J3, 4), rectangular
r= m =2
6 = arctan/3 = %T
z=4

. 4>, cylindrical

:

wly

12. (-3,2, —1), rectangular
r=J(=32+22= /13
-2 2
6= arctan( 3 ) = arctan3

z=—1
<\/ 13, —arctan%, -~ 1), cylindrical

rectangular coordinates

cylindrical coordinates

rectangular equation

cylindrical equation

rectangular equation

cylindrical equation
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19. ¥y* = 10 — 72, rectangular coordinates 20. x* + y* + 72 — 3z = 0, rectangular coordinates
(rsin 6> = 10 — 22 rP + 72 —3z=0 cylindrical coordinates A
risin? @ + z2 = 10, cylindrical coordinates

21. r=2 22, =12
VXt +yr = Same
x+yrt=4

2. r=2sin@ 26. r=2cos 6
r?=2rsin 6 r? = 2rcos 6
x4+ yr =2y X2+ y? =2
2+y-2y=0 X2+yr-2x=0
2+(y—-1)2=1 (x— 12 +y2=1

z

27. rP+2=4
X2+yr+2=4 = x2

29. (4, 0, 0), rectangular 30. (1, 1, 1), rectangular
p=VE+TEFO =4 : p=JVIE+ 12+ 12= /3

6= arctan0 = 0 T
0=arctan1=-z

¢ = arccos 0 = g |
= arccos —=
L5 i ¢ V3
4,0, 3) spherical |
( V3, 7—7, arccos ———), spherical

4 V3
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31.

33.

38.

41.

37 o
.(12, R

(—2, 2ﬁ, 4), rectangular
p=J=2+ V3P + £ =1/2
217

0= arctan(*\/i) =3

(\/5 i, 2\/5) rectangular

34, (—4,0, 0), rectangular

32. (2, 2, 4ﬁ) rectangular

= /22 + 22 + (42 = 210
6= arctan 1 = —
¢ = arccos —=
/3

2
210 arccos—— spherical
( \/§> P
( i
s

%) spherical

p=~3+1+12=4 p=V(=42+0+02=4
1 T 0= x=4sin%cosg=\/5
6 = arctan —= = — .
3 6 B 0T o
V3_m ¢ = arccos ) y=4sinzsin—6-=\/§
¢>—arccosT—g B .
(4, w,z,sphencal z=4cos7zr=2\/§

< e 6) spherical

), spherical
x = 12sin T cos 2F ~ —2.902
9“7 :
= 12 sin Z sin 2% ~ 2.902
Y g T~
7= 12cosgz 11.276

(—2.902, 2.902, 11.276), rectangular

(Jg, ﬁ 2.2 ) rectangular

3. (12, :417, o), spherical
x=12sin 0cos(:4—"> =0

y = IZSmOSm( 2 ) =0
z=12¢c0os0 = 12
(0, 0, 12), rectangular

(9, Z, 'n'>, spherical 39. (5, 7—7, ﬁ), spherical 40. (6 T, ) spherical
4 4 4 2
3 T 5
x=9sin7rcos—4ﬂ:=0 x—5sm—cosz=§ x=6singcosw=-6
= Ssin EL T
y=9sinwsin§=o yE oS mSmy =y y=6sinTsinm=0
z=35 cos—ir = -%
z=9coswm= -9 4 2 z=6cos-;1=0
(0, 0, —9), rectangular 55 52
53 T, ) rectangular (-6, 0,0), rectangular
y =3, rectangular equation 42. z=2, rectangular equation
psin¢sin =3 pcosd =12

p = 3csc ¢dpesc b, spherical equation

p = 2sec ¢, pherical equation
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43. x2 + y? + 72 = 36, rectangular equation 4. x* +y?2 — 3z2=0, rectangular equation
P =36 X2+ y? 4 2= 472
p =6, spherical equation p* = 4 p?cos? ¢
1 =4cos? ¢
1
cos ¢ = 3
¢ = g, (cone) spherical equation
45. x* + y* =9, rectangular equation
p? sin? ¢ cos? 8 + p?sin? psin? = 9
pPsin®p=9
psin ¢ =3
p = 3csc ¢, spherical equation
46. x = 10, rectangular equation
psin ¢ cos 6 = 10
p = 10csc ¢psec 6, spherical equation
47. x* + y* = 27" rectangular coordinates 48, x2+y2+722-92=0 rectangular equation
p? sin? ¢ cos? 6 + p? sin? ¢ sin? § = 2p? cos? ¢ P —9%cosdp=0
p? sin? @lcos? @ + sin? 6] = 2p? cos? ¢ p = 9cos ¢ spherical equation
p*sin? @ = 2p*cos? ¢
2
sm2¢ =2
cos® ¢
tan ¢ = 2
tan ¢ = +./2 spherical equation
49. p= 50. 6= 37” i
X2+yr+ 2= :
T
S1. ¢ =%
z
Cos ¢ = ——c—
¢ VRt + 2
NCI T
2 Rigig
3__ 2
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53. p=4cos ¢ 54, p=2sec¢
mz_‘*; pcos ¢ =2
Ny )
X+y+2-4=0
XAy +-2P=4220
55, p =csc 56. p = 4csc psecd ( ) cylindrical
psing =1 _ 4 g
m=1 ' sin ¢ cos @ p=Va+0=
X2+ 3= psin¢cos § = 4 9:%

arccos 0 = 2

¢ =
( ) spherical

2
59. ( %T ) cylindrical 60, ( 3T ) cylindrical
= /B &=4/3 p=VZ+(-22=2.2
2

g=-T =7 6= Tﬂ-

4 )

0 T _ A = b= arccos(——) = T
¢ = arccos(-9-> =7 ¢ an:cos(4 ﬁ) G . Nz
== herical
mm , ( "3 ) SP
(3, T 2) spherical (4~/§, 2 4>, spherical
61. (4, ) cylindrical 62. (—4, %T, 4), cylindrical 63. (12, m, 5), cylindrical

o = V127 + 52 = 13

p= +62=2/13 p=VE0+ £ =42 i 5
=

- T
6=— §=—

6 3 ¢ = arccos — 3
¢ = arccos—3— ¢ = arccos——l-— =T 5 .

V13 V2 o4 13, ar, arccos —) spherical

13

3 . 4ﬁ Iz spherical
2/13 a.rccos spherical ( '373) %P
( le) ’
T T T
64. 14,73 lindrical g 5 =
( 2 ) cy ca 65 <10 3 2) spherical 66 <4, 18 2), spherical
— 2 5
P r=10sin2 = 10 r=4sins =4
T 2 2
0= 5
T T
3 =% 9=1%
¢ = arccos =
5 T T
, z—lOco-Z— 0 z=4cos5=0

(5, g arccos %), spherical
; (10, %, 0), cylindrical (4, Iﬂg o), cylindrical
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61

67.

70.

(36, T, -g), spherical
r=psin¢=36sin72—7=36
6=a

Z=pcos ¢ = 36c0sg=0

(36, , 0), cylindrical

(5, —§67—T, 71-), spherical

r=5sin7=0

Sw
0=-%
z=5cosm = —5

<0, —5-6—77, —-5>, cylindrical

Rectangular

m T . o .
68. (18, 3 3>, spherical 69. (6, 6 3), spherical
. T
r=psin¢=18s.ing=9 r=6sinz =33
T
-7 o=-7
6= 3 6
z=6cos— =23
Z=pcos¢ = 18cos—;z=9\/§ 3
(3J5, - 3), cylindrical
7T L 6
(9, 3 9J§>, cylindrical
7 (8 Tm ) spherical 72 <7 z 33) spherical
. ,6,6,sp cal . ,A4,4,P
= T _ _ 37 ﬁ
r-8sm6—4 r 7s1n4— 2
T T
6= 3 0= 4
=8cos£=——8‘/§ =7cos-3—z=———7ﬁ
z 6 2 z 4 2
T s 1V2 m 12
(4, 6,4J§>, cylindrical ( 2w 2 ) cylindrical
Cylindrical Spherical

73. (4,6.3)
74. (6, -2, —3)

75. (4.698, 1.710, 8)

76. (7.317, —6.816, 6)

77. (=7.071, 12.247, 14.142)

78. (6.115, 1.561, 4.052)

79. (3, -2,2)

80. (3/2,3v2, -3)
54 -3

o (537)

82. (0, —5,4)

83. (—3.536,3.536, —5)

84. (—1.732,1,3)

(7.211,0.983, 3)
(6325, —0.322, ~3)

1
G’Vg)
(10, —0.75, 6)
(14.142, 2.094, 14.142)

(6.311,0.25, 4.052)
(3.606, —0.588, 2)
(6,0.785, —3)

(2.833,0.490, —1.5)

(5, —1.571, 4)

3w
(% -5)

117
(_Z 6’3>

[Note: Use the cylindrical coordinate <2, 5?77, 3>]

85. (2.804, —2.095, 6)

(—=3.5,25,6)

[Note: Use the cylindrical coordinates (3.5, 5.642, 6)]

86. (2.207,7.949, —4)

(8.25,1.3, —4)

(7.810, 0.983, 1.177)
(7.000, —0.322, 2.014)

(9.434,0.349, 0.559)

(11.662, —0.750, 1.030)

27w
(0 53)

(7.5,025,1)
(4.123, —0.588, 1.064)
(6.708, 0.785, 2.034)

(3.206, 0.490, 2.058)
(6.403, — 1.571, 0.896)

(7.071, 2.356, 2.356)

(3.606, 2.618, 0.588)

(6.946,5.642, 0.528)

(9.169, 1.3, 2.022)
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87.r=>5 8. 6= 7 89.p=5
i Sph
;ylm:er h (d Flane I\: :I: h (c)
c
atches gra'p @ Matches graph (e) atches grap
9°'¢=7ZT 9. r2=gx2+yi=7y 92. p = 4sec ¢,z = pcos ¢ = 4
Paraboloid Plane
Cone Match h (f) Matches graph (b)
a)
Matches graph (a) atches grap
93. Rectangular to cylindrical: r2 = 22 + y* 94. r = a Cylinder with z-axis symmetry
tan 6 = % 6 = b Plane perpendicular to xy-plane
1=z z = ¢ Plane parallel to xy-plane
Cylindrical to rectangular: x = rcos 6
y=rsin @
2=z
95, Rectangular to spherical: p* = x® + y* + 22 Spherical to rectangular: x = p sin ¢ cos 8
tan =2 y = psin ¢ sin 6
x
z=pcos ¢
¢ = arccos| —_—
N AT
96. p = a Sphere 97. 2+ +22=16
6 = b Vertical half-plane (@) r2+ 22 =16
¢ = ¢ Half-cone ®) p?=16,p=4
98. 4(x* + y?) = z? 99. 2+ +22-22=0
(a) 4r* =22,2r =7z (@ rt+z2-22=0,r2+ (z~1)2=1
(b) 4(p?sin? ¢ cos? § + p? sin? @ sin? 6) = p? cos? ¢, ®) p2 —2pcosd =0, p(p — 2cos ¢) = 0,
4Si112¢=0082¢,tan2¢=i, p=2cos¢
tan ¢ = 1 ¢ = arctan-l-
C2 2
100. x* + y? =z 101 £ +y? = 4y
(@ r2 =gz (@ r?=4rsinf, r=4sin
(b) p?sin? ¢ = pcos @, psin? ¢ = cos ¢, (b) p? sin? ¢ = 4p sin ¢ sin 6,
cos p sin ¢{p sin ¢ — 4 sin 6) = 0,
pP=—7 P =CsCheot .
sin® ¢ =4sm6 = 4sin fcsc ¢
. pP Siﬂ ¢ y P
102. x* + y?2 =16

(@ r2=16,r=4
(b) p?sin? ¢ = 16, p?sin? ¢ — 16 = 0,
(psing — d)(psin + 4 =0,p=4dcsc ¢
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103. X2 —y*=9 (b) p?sin? ¢pcos? § — p? sin? P sin? 6 = 9,
(a) r?cos? 8 — r¥sin?9 =29, e 9
9 (AR cos? @ — sin? ¢
22
T cos2 0 — sin? 6 P = _ 9csctdp
cos? 9 — sin?

104. y = 4 105. 0 < @

(@) rsin@=4,r=4csc

(b) psingsinf =4, p=4csc pescd

106,_%7593%7 107. 0 < 9 < 27 108.
0<r<a
0<r<3
) r<z<a
0L z<rcosé
110. 111. 0 < os%’ 112.
w
=
0<¢s
0<p<2
114. Cylindrical: 115. Spherical 116. Cylindrical
075 < r <125 4<ps6 3srs3
0<z<8 : 0< 0= 27
-9 —-r <z V9 -1
z
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117. Cylindrical coordinates:
ri+z2<9,

r<3cosf0<6< 2w

119. False. § = ¢ represents a half-plane.

121. False. (r, 6,z) = (0,0, 1) and (r, 6,2) = (0, =, 1)
represent the same point (x, y, z) = (0, 0, 1).

123, z=sin 9, r =1

=sing=2=2=
z=sin6 STy

The curve of intersection is the ellipse formed by the
intersection of the plane z = y and the cylinder r = 1.

Review Exercises for Chapter 11

1. P=(1,2), 0=(41),R=(5,4
@u=P0 = (3, ~1)=3i - j,
v=PR = (4,2) = 4i + 2j
® v = V& + 22 =25
(©) 2u+ v =(6-2) + (4,2) = (10,0) = 10i

3. v = ||| cos 6i + ||v]|sin 8 = 8 cos 120°i + 8 sin 120°
= —4i + 4./3j

5.2=0,y=4, x=—-5: (—5,4,0)

7. Looking down from the positive x-axis towards the
yz-plane, the point is either in the first quadrant
(y > 0,z > 0) or in the third quadrant (y < 0, z< 0).
The x-coordinate can be any number.

9.@—92+@+2y+@—6y=(§f‘

0+40+64+0
2 02 2

10. Center: ( ) =(2,3,2)

118. Spherical coordinates:
p=22
p<3

0< <

N

120. True. They both represent spheres of radius 2 centered at
the origin.

122. True (except for the orgin).

124, p=2sec ¢ = pcos¢p =2 = z =2 plane
p = 4 sphere
The intersection of the plane and the sphere is a circle.

2.P=(~2,-1,0=(5,-1)R=(2,4)
(@ u=PQ =(7,0)="Ti, v="PR = (4,5) = 4 + 5j
®) v = V4 +52 = /a1

(€) 2u + v = 14i + (4i + 5j) = 18i + 5j

1 1
4. v = |V cos 6i + |v|sin 6j = 5 cos 225°1 + Esin 225°§

_ 2 2
4 41

6. x=2z=0,y=-7(0,~-7,0)

8. Looking towards the xy-plane from the positive z-axis.
The point is either in the second quadrant (x < 0,y > 0)
or in the fourth quadrant (x > 0,y < 0). The z-coordinate
can be any number.

Radius: V2 —02+(3—-02+(@2-4°2=/4+9+4=/17

-2+ (y—3R+(z~22=17
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11.

13.

15.

17.

19.

R-tx+ )+ (P -6y +9)+22=~-4+4+9
=22+ (y-3P+22=9
Center: (2,3,0)

Radius: 3

o

4, 4,-7

v=(-1-3,6-49+1)=(-42,10)
w=(5-33-4-6+1)=(,-1,-5)
Since —2w = v, the points lie in a straight line.

! e v N ) e
Unit vector: ol =~ /3% <J§§’ N ﬁs‘>

P=(50,0), Q=1(4,40), R=(2,0,6)
@ u=P0=(-1,40=—i+4,
v="PR = (-3,0,6) = —3i + 6k

() uev=(=1)}=3) + 40) + 0(6) = 3

ey vev=90+36=45

21,

u={(7,-23),v=(-145)
Since u - v = 0, the vectors are orthogonal.

Ji

37

% 3w 3w\ _ 547
.u—5<cos4i+sm4j)—-—-2—[i+j]

27

v=2(cos 3i+sin%71j)=—-i+\/§j

u-v=%—ﬁ(l+ﬁ)

Wi=s -2
cosezlu-vl =Q5~/§/2)(1 +J§)=J§+Jg
, [l {1v] 5(2) 4
o= arc;os—‘[—z—%'i—@= 15° [or,gﬁ—r-%g=1—7;or15°

12.

14,

16.

18.

22.

=52+ +3P+@E—-272=4

- 10x+25)+ (y2+ 6y +9)
+(2—4+4)=-34+25+9+4

Center: (5, —3,2)
Radius: 2

3,-3,8)

*

v=(8~5-5+45-7=(3,-1,-2)
w={11-56+43—7 = (6,10, —4)

Since v and w are not parallel, the points do not lie in a
straight line.

6,32 8, 1 (8 _2416
L e

L P=(2-13),0=051),R=(50)

@ u=P0 =(-2,6-2)= —2i + 6 — 2k,
v=PR =(3,6,-3) =3i + 6 — 3k

) u-v=(~2)3) + 6)6) + (—2)(~3) = 36
C©vev=9+36+9=54

u=(—4,3,-6), v= (16 -12,24)

Since v = —4u, the vectors are parallel.

LI <4; —1,5>1 VAT (312: _2>

u-v=0 => isorthogonal to v.

T
6= 2
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25. u=(10,-5,15), v=(-2,1,-3) 26. u = (1,0, —3)
u = —5v = u is parallel to v and in the opposite v=1{(2-21)
direction.
u-v=-1
0:
" lul = /10
vl =3
polo-vl_ 1
ol vl 3/10
9 ~ 83.9°
27. There are many cofrect answers, 28. W = F - PO = |[F| [FO| cos 6 = (75)(8)cos 30°
F v = - .
or example: v = (6, —5, 0) =300 /3t - b
In Exercises 29-38, u = (3, —2,1), v=(2, -4, -3), w=(-1,2,2).
. 11 u-w
29. u-u=303) + (-2)(-2) + (1)(1) 30. cos 6 = u-v] _ 31. proj,w = (———)u
2 W~ 7iav Proi® = \ e
= 14 = (V4) = uf? . s
0= a.rccos(—————-) =~ 56.9° = _—‘(3, -2,1)
V1429
=< 15 10 ___>
1414 14
< 155 >
147 14
32. Work=u-w=—-3-4+2= -5 i j k
) B.o=vxw=]| 2 -4 —-3]=-2—j
-1 2 2
I = V5
LI -1—(—2i -J unitvectororL(Zi + )
I /5 ’ V5
i J k
Mdouxy=3 ~2 1}=10i+11j— 8 35.V=lu-(vxw)
2 743 = (3, ~2,1) - (=2, ~1,0)] = |~4| = 4
i J k
vxu=|[2 =4 =3 =-10i ~11j+ 8k
3 -2 1
Thus, u x v = — (v x u).
i j k
b.ux(v+w =(3-21x{,-2,~-1)={3 =2 = 4i + 4f — 4k
1 -2 -1
i j kK
uxv=13 -2 1] =10i + 11j — 8k
2 -4 -3
i J ok .
uxw=| 3 -2 1I{ = —6i—7j + 4k
-1 2 2

uxv)+uxw)=4i+4j—4dk=ux(v+w




Review Exercises for Chapter 11 67

37. Area parallelogram = [ju x v]| = [(10, 11, =8)}| = /107 + 112 + (—8)? (See Exercises 34, 36)
= /285

38. Area triangle = %Uv xw|| = %\/i =22+ (-1)2= -‘é—g (See Exercise 33)

39. F = c(cos 20° + sin 20°%k)

PO = 2k
PO xF=10 0 2 | = —2ccos20%

0 ccos20° c¢sin20°

200 = |[PQ x F|| = 2c cos 20°

100
cos 20°

F = 5%;(«:05 20°j + sin 20°k) = 100(j + tan 20°k)

F| = 100/1 + tan? 20° = 100 sec 20° =~ 106.41b

2 1 0
4. V=|u-(vxw)|=10 2 1} =2(5) =10 41. v=(9—-3,11 -0,6 —2)=(6,11,4)
0-1 2 (a) Parametric equations; x = 3 + 6,y = 11,z =2 + 4

metri Looox=3 _y _2z2—-2
(b) Symmetric equations: —= = 17 = *—

2. v=(8+1,10—-4,5-3)=(9,6,2)

(a) Parametric equations: x = —1 + 9,y =4+ 6t,2=3 + 2

x+1=y—~4=z—3

(b) Symmetric equations: ) 3 2
443. v=] 44, Direction numbers: 1, 1,1
@x=1y=2+12z=3 @x=1+ty=2+tz=3+1
(b) None Dx—1=y—-2=z7-3
i j k
45. 3x -3y~ Tz=—-4, x—y+2z=3 46.uxv=|2 -5 1} = —21i — 11j — 13k
-3 1 4

Solving simultaneously, we have z = 1. Substituting z = 1

into the second equation we have y = x — 1. Substituting . Direction numbers: 21, 11, 13
for x in this equation we obtain two points on the line of
intersection, (0, — 1, 1), (1, 0, 1). The direction vector of
the line of intersectionis v = i + j. x y—1_z-4

@x=2lt, y=1+1lt, z=4+ 13t

@x=t,y=—1+t z=1

byx=y+1,z=1
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47.

49.

51.

53.

P=(-3,-42),0=(-341),R=(,1,-2)
PO = (0,8, —1), PR = (4,5, — 4)

I L I
n=PQxPR=10 8 —1|=-27i - 4j—- 32
4 5 —4

~27x+3) -4y +4) -32:z~-2)=0
27x + 4y + 32z = —33

The two lines are parallel as they have the same direction

numbers, —2, 1, 1. Therefore, a vector parallel to the plane

isv= —2i + j + k. A point on the first line is (1,0, —1)
and a point on the second line is (—1, 1, 2). The vector

u = 2i — j — 3k connecting these two points is also paral-

lel to the plane. Therefore, a normal to the plane is

i j k
vxu= -2 i 1
2 -1 -3

= —2i — 4j = —2(i + 2j).
Equation of the plane: (x ~ 1) +2y =0
x+2y=1

0(1, 0, 2) point
2x -3y + 6z=6
A point P on the plane is (3, 0, 0).

PO =(-2,0,2)
n = (2, —3, 6) normal to plane
|PO -n| 8
D T e — T —
(|n 7

The normal vectors to the planes are the same,
n= (5 -3,1)

Choose a point in the first plane, P = (0, 0, 2). Choose a
point in the second plane, Q@ = (0, 0, —3).

PO = (0,0, -5)
po[PO-ml _|-s|_ s _ /%

Wl = /A5 A7

48.

50.

52.

n=3-j+k
3x+2)—-1(y-3)+1z-1)=0
Ix—y+z+8=0

Letv=(—2,1+2,3~1)=(3,3,2)bethe
direction vector for the line through the two points. Let
n = (2, 1, — 1) be the normal vector to the plane. Then

i j k
vxn=]3 3 =(-5,7,-3)
2 1 -1

is the normal to the unknown plane.
~5(x~5)+7y~1)~3z-3)=0
=5x+T7y-3z+27=0

0(3, —2, 4) point

P(5,0, 0) point on plane

n = (2, —5, 1) normal to plane
PO =(-2,-2,4)

p-[P@-n_ 10 30
ff 30 3

. O(-5,1,3) point

u = (1, —2, —1) direction vector
P =(1,3,5) point on line
PO = (-6,-2,-2)

. i j k

PO xu={—6 —2 —2[=(-2,-8,14)
1 -2 -1

D= QXH=\/264=2m

] /6
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6

55. x+2y+3z2=6
Plane

Intercepts: (6,0, 0), (0, 3, 0),
(0,0,2)

58. y =cosz

Since the x-coordinate is missing,
we have a cylindrical surface with
rulings parallel to the x-axis. The

generating curve is y = cos z.

z

2 Y.
61.16 9+z 1
2_xX_ L
g 16 “!
Hyperboloid of two sheets
X
xyt:race.9 16 1

xz-trace: None

y2
yz-trace: e 22=1

63. x* + z2 = 4. Cylinder of radius 2 about y-axis

z

56.

59.

y=12%

Since the x-coordinate is missing,
we have a cylindrical surface with
rulings parallel to the x-axis. The
generating curve is a parabola in
the yz-coordinate plane.

X2 y?
e
69 ¢
Ellipsoid

X2 y?

- :—+—=
xy-trace TR 1
x2
-trace: ~— + 72 =
xz-trace T3 Z 1
y2
yz-trace: iy + 72 =1

1

~Z

57.y=2

Plane with rulings parallel to the
x-axis

60. 16x% + 16y — 922 =0
Cone
xy-trace: point (0,0, 0)

4x
xz-trace: z = i?

4y
B T
S

z=4,x*+y?=9

yz-trace:

X2 y? 2
B ol ras
62 25 4 100
Hyperbolbid of one sheet
2 2
XY
xy-trace: 3t 1
x2  Z2
xz-trace: E - '@
A
yz-trace: 7100 1

z

64. y? + z2 = 16. Cylinder of radius 4 about x-axis
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65. Let y = r(x) = 2/x and revolve the curve about 66. z? = 2y revolved about y-axis
the x-axis. /5=
e x-axi =%
X+ =[r(yf =
x4+ 72=2

67.

68.

69.

71.

73.

74.

(—Zﬁ, 2.2, 2), rectangular ‘
@ r= \/(_2\/5)2 + (2\/2—) =4, 6 = arctan(—1) = 4 z2=2, (4 3777,2), cylindrical

® p= \/(—2\/:'):)2 + (Zﬁ) + (22 = 2.5, 6= ¢> arccos 2\2/5 = arccos —= f (2\/_ , arccos {-5‘) spherical

£ 3 3v3 rcctan ular
4 s 4’ 2 ’ g
_ VIV (3¢ V3 7 _3/3 3 w33 o
(@ r= 4 + ) 2,0—-arctan\/§——3,z~ 2\ 2, , cylindrical
3\2 3\? 3V/3)? 30 v 3 V30 o 3 ,

) p \/< 4 ) <4) ( ) ) > 0 3 ¢ = arccos o’ ( 5 3,art:cos m) spherical
<100, —g, 50), cylindrical 70. (8 == 2T 971/3 ) cylindrical

= /1002 + 502 = 50./3 p = V6561 + 2187 = 54./3

-7 - _5m
6= G =%
¢ = arccos(s(io/g> = arccos(—\}—_g) = 63.4° or 1.107 ¢ = arccos(%z—:%) arccos % %T
(50f -, 63 4°> spherical or (50f ,—, 1. 1071) ) (54J§, ——6’1 %’) spherical

T 3 .
<25, 2 4 ), spherical 72. (12 —-2— 3 ) spherical
2 2

rl= (25 sm(?’I)) = r= 25—? r2 = (12 sm(%’)) = r=6/3

=T =T
9= 3 0 2
Z=pcos¢ = 25003147—T=—25£ z=pcos¢=12cos<2%r)=—6
(25 % ~—}, —252—‘/§> cylindrical (6f ) cylindrical
x2 — )’2 = 22

(a) Cylindrical: r?cos? 8 ~ r2sin® 8 = 2z, r2cos 20 = 2z
(b) Spherical: p?sin? ¢ cos? 6 ~ p? sin® P sin® @ = 2p cos ¢, psin? dpcos20 — 2cos ¢ = 0, p = 2 sec 20 cos ¢ csc

2+yr+2=16
(a) Cylindrical: r? + 22 = 16 (b) Spherical: p = 4
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75. r = 4sin 8 cylindrical coordinates 3
r? = 4rsin 6
X2+yl=4y
X2+y?—4y+4=4

x4+ (y — 2)* =4 rectangular coordinates

76. z = 4  cylindrical coordinates

z =4  rectangular coordinates

78. p=12cos 0 spherical coordinates
Because cos § = = = —%— we have
AN
VE+ Y+ 2= Z—E\ﬁ rectangular equation

Problem Solving for Chapter 11

1. at+b+c=0 Then,
bx(a+b+¢)=0 sind _ b x ¢ ¢ a
) 4 (b ) — o Jal = Tl ol
_ _ la xb b
I < bl = 1o x c| Tl b7 Ic]
Il = ) el sin 4 ~sin€C The other case ., is similar.
lla > bl = [afl {b] sin llelf ~ " flal bl '
2. flx) = f Vit 1 dr
)
() A ®) fx)=V/x*+1 () i<;/2:%’ ——{%>
T FUSEEIG (d) Thelineisy=x x=ty=1
_z
. s 0= 7

5
oI

1 2
= —(j + i) =
a4 u ﬁ(l J) <2 s
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3. Label the figure as indicated.

From the figure, you see that

S_ﬁ:la—lb:@ and ﬁ?‘=-1—a+lb=P_Q\.

2 2 2 2
Since SP = @ and SR = Fé PSRQ is a parallelogram.

4. Label the figure as indicated.

PR=a+b
?é=b—a

(a+b):(b—a)=|bP -~ JlaJ* = 0, because

lal] = Ibl| in a thombus.

5. (a) u = (0, 1, 1) direction vector of line determined by

P, and P,.
D= ]EIQ X u{
[
= ”<2' 0, 1) x(0,1, 1)“
J2
k-2 3 342
V2 Vo2
(b) The shortest distance to the line segment is
IP,Qll = 2,0, ~ )] = /5.
1
@ v= o] (Ae[5] -2
o o

L e alttude) = L1} = 1
Note: §(basc)(alt1tude) = 271(1) =57

(b) ;L; + g = z: (sliceatz = ¢)

S S
(Vea) * (Vo)
At z = c, figure is ellipse of area

'n'(\/za)(\/zb) = mabc.

k k 2
V= f Tqrabc < dc = [E?—C-z-] = gicot
0 2 1 2

© V= %(mbk)k = %(area of base)(height)

6. (n + PP,) L (n — PP,)
Figure is a square.

Thus, l|l_’?oﬂ = |nl} and the points P form a circle of radius
[nj] in the plane with center at P,

—_— —
n+PP, n-PP,

8. @ V= 2f w(r? ~ ) dx = qu[ﬂx = “3—3] = %ms
(4]

o
(b) Atheightz =d > 0,

2L A
2 ptaT!
S Y TY .
tEElTET Tz

x2

P
2@ - e
a 2

Area = \/<a2(c262— d’))<b2(c202— d2))

_mb ,
=™ -

=1.

-nfﬂﬁa 4 dd

27mb a*ie
2 [cz" B ?]o

= ﬁ’n‘abc

3
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9. (a) p=2sin¢

Torus

() z=r?cos28
R2=x -y

Hyperbolic paraboloid

10. (@) r=2cos 6
Cylinder

12.x=_t+3,y=—;-t+1,Z=21“‘1;Q=(4.3,5)

(a) u = (=2, 1, 4) direction vector for line
= (3,1, —1) point on line
PO =(1,2,5 +1)

(b) p=2cos¢
Sphere

11. From Exercise 64, Section 11.4,

- wl.

uxv)x(wxz)=[(uxv) zjw-[(uxv)

i j k
POxu=| 1 2 s+1|=(7T—-s)i+(—6—25)j+5k
-2 1 4
_POxu| _ JT—sP+(—6-252+25
o] V21
b) 10 (¢) Yes, there are slant asymptotes. Using s = x, we have

I

4

10

The minimum is D =~ 2.2361 ats = —1.

13. (@) u = Jull(cos 01 + sin 0 j) = [ulli
Downward force w = —j
T = || T}|(cos(90° + )i + sin(90° + 6)j)
= |IT|l(—sin i + cos 8j)

O0=u+w+T=|uli —j+ [T(—sin 6i + cos 6j)

D(s) = \/2— 5x2+10x+110"—\/x2+2x+ﬁ
V3 5
=Y=lx + 1> + 21 t\/———— +1
TR - TR
y== 2 1 (s + 1) slant asymptotes.
d 28

60

0

(e) Both are increasing functions.

full = sin 6|} ) 9}332 T'=ocand hm o] = o0
1 = cos 8||T|
If 6 = 30° ] = (1/2)|1T}| and 1 = (V/3/2)|T]|
1{ 2
= [T|| = —= =~ 1.15471b and |u| =={—=]=0.57741b
m - 2 = 3()
(b) From part (a), [lull = tan 6 and ||T|| = sec 6.
Domain: 0 £ 8 < 90°
(c) o (o] (e] (] (o] O O
0 0 10 20 30 40 50 60
T 1 1.0154 | 1.0642 1.1547 1.3054 | 1.5557 2
full | 0| 0.1763 | 0.3640 | 0.5774 | 0.8391 | 1.1918 | 1.7321
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14. (a) The tension T is the same in each tow line. (d) to.000
6000i = T(cos 20° + cos(—20))i + T(sin 20° + sin(—20°))j ’/
= 2T cos 20°
- 0000 °% %
T= 2 cos 20° 3192.5 1bs
. . (e) As 0 increases, there is less force applied in the
(b) As in part (a), 6000i = 2T cos 6 direction of motion.
T = 3000
cos 0
Domain: 0 < 6 < 90°
© 100 | 200 | 30° 0 | s0° | e0°
T | 30463 | 31925 | 3464.1 | 3916.2 | 4667.2 | 6000.0
15. Let 8 = a — B, the angle between u and v. Then

16.

in(er — g) = > vl _ v xul
sinle =B = R = T
For u = (cos a, sin &, 0) and v = (cos B, sin 8, 0}, ul| = ||v| = 1 and
i j ok
vxu=icosB sinf Of= (sinacosB — cos asin Bk.

cosa sina O

Thus, sin(e — B) = ||v x ul| = sin a cos B — cos asin B.

(a) Los Angeles: (4000, —118.24°, 55.95°) Rio de Janeiro: (4000, —43.23°, 112.90°)
(b) Los Angeles: x = 4000 sin(55.95%)cos{— 118.24°) Rio de Janeiro: x = 4000 sin(112.90°)cos(— 43.23°)
¥ = 4000 sin(55.95°)sin(— 118.24°) y = 4000 sin(112.90%)sin(— 43.23°)
z = 4000 c0s(55.95°) z = 4000 cos(112.90°%
(x,y,2) = (—1568.2, ~2919.7, 2239.7) (x,y, z) =~ (2684.7, —2523.8, —1556.5)

_u-v (~ 1568.2)(2684.7) + (— 2919.7)(—2523.8) + (2239.7)(*— 1556.5) -~
(©) cos 6= miv (4000)(4000) 0.02047

6 = 91.17° or 1.59 radians
(d) s = ré = 4000(1.59) ~ 6360 miles

(e) For Boston and Honolulu:

a. Boston: (4000, ~71.06°, 47.64°) ~ Honolulu: (4000, —157.86°, 68.69°)

b. Boston: x = 4000 sin 47.64° cos(—71.06°) Honolulu: x = (4000 sin 68.69° cos(— 157.86°)
y = 4000 sin 47.64° sin(—71.06°) ¥ = 4000 sin 68.69° sin(— 157.86°)
z = 4000 cos 47.64° z = 4000 cos 68.69° ’
(959.4, —2795.7, 2695.1) (—3451.7, — 1404.4, 1453.7)

e cos g e UV _ (959.4)(=34517) + (=2795.7)( 1404.4) + (2695.1)(1453.7)
o ] vl (4000)(4000)

@ = 73.54° or 1.28 radians
d. s = r6 = 4000(1.28) = 5120 miles

= (.28329
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17. From Theorem 11.13 and Theorem 11.7 (6) we have

p=1PQ 1|

[l
W @x v Jexv)ow _ fu- (v x w)
lh < v] Jh < v fha < v
19. x> +y2=1 cylinder
2= 2 plane

Introduce a coordinate system in the plane z = 2y.
The new u-axis is the original x-axis.

The new v-axis is the line z = 2y, x = 0.

Then the intersection of the cylinder and plane satisfies the equation of an ellipse:

x2+yr=1

2
2 + E) .
x (2 1

Z2
x? + 7= 1 ellipse

20. Essay.

18. Assume one of a, b, ¢, is not zero, say a. Choose a point
in the first plane such as (—d,/a, 0, 0). The distance
between this point and the second plane is

Do |a(—d;/a) + B(0) + c(0) + 4|
Jai + b+ 2
|—d, + dy _ |d, — dj
Jat + b+ 2 a + b+
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